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Abstract

The finite element discretization of many elliptic boundary value problems
leads to linear systems with positive definite and symmetric coefficient ma-
trices. Many efficient preconditioners are known for these systems. We
show that these preconditioning matrices can also be used for the linear
systems arising from boundary value problems which are potentially indefi-
nite due to lower order terms in the partial differential equation. Our main
tool is a careful algebraic analysis of the condition numbers and the spectra
of perturbed matrices which are preconditioned by the same matrices as in
the unperturbed case. ‘
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1. Introduction

The finite element discretization of many elliptic boundary value problems
leads to linear algebraic systems -

Az =b (1.1)

with positive definite and symmetric coefficient matrices A. The most
simple example of such a boundary value problem is the Laplace equation

—Au=f (1.2)

with boundary conditions
u=0 (1.3)

on a sufficiently regular subdomain of the R? or the R3.

Often systems like (1.1) are solved by applying a conjugate gradient type
method implicitly to a preconditioned system

B Y*AB Yy = B7Y% , (1.4)

Many efficient preconditioners B are known. Examples are different types
of multigrid methods [7,3], methods based on incomplete factorizations of
the coefficient matrix [1] or domain decomposition methods [4,5,11].

Typically all these methods get into trouble for equations like
—Au+tqu=7f _ (1.5)

with a selfadjoint lower order term forcing indefiniteness of the correspond-
ing linear system
(A+M).1:=b . (1.6)

For a direct application to (1.5) expensive modifications to these iterative
methods can be necessary. In addition for parameter dependent equations
the matrix M in (1.6) can change very often, whereas A remains fixed. In
this paper we show that the resulting problems can be avoided by using
the preconditioning matrices B arising from (1.1) also as preconditioners
for the linear system (1.6).

Our approach is based on two observations. First, that the spectral condi-

tion number of
B %A 4+ M)B7Y/? (1.7)

can be estimated in terms of the condition number of the unperturbed
matrix

B~124B~Y? | (1.8)



pe constant depends only on the stability properties of the boundary value
coblemm and of its discretization, not on the preconditioner B. Secondly,

d this is our main argument, the eigenvalues of the matrix (1.7) cluster
2 the intjerval bounded by the minimum and the maximum eigenvalue of
e matrix (1.8). The number of eigenvalues of the matrix (1.7) outside
pvery fixed small neighborhood of this interval is bounded independently
o the choice of the finite element space.

he remainder of this paper is organized as follows: In Section 2 the basic
cbraic estimates are derived. This section does not refer to the origin of
he matrices. In Section 3 the connection with the finite element discretiza-
on 18 established. Section 4 deals with the consequences for Krylov-space
,pethods and contains a simple example.



2. The Basic Algebraic Estimates

We begin with some notations. Let

n

(z,9) = X zws (2.1)

=1

be the Euclidean inner product of two vectors z,y € R" and let
|z| = (z,2)"/* (2.2)
be the induced Euclidean norm. The associated matrix norm

|A| = max|Az] (2.3)

is the spectral norm. The spectral condition number of an invertible square
matrix A4 is

x(4) = |4]| 47 . (2.4)

I denotes the identity matrix. Let A;,Az...,A, > 0 be the eigenvalues of
the symmetric and positive definite (n X n)-matrix A. Assume

Az = Nz, (zi,25) = &5, (2-5)

for 1,7 = 1,...,n. Then the symmetric and positive definite (n X n)-
matrices A® are given by

Az =7 X(z,zj)z; . (2.6)

i=1

In the remainder of this section we fix two symmetric positive definite
(r x n)-matrices A and B. In the application that we have in mind and as
mentioned above, A is a discretization matrix of an elliptic boundary value
problem and B a preconditioner for A. Define

_ . (z,Az) _ (z, Az)
o= i e Ba) B = max B3 ° (2.7)

Note that « is the minimum and f the maximum eigenvalue of the precon-
ditioned matrix B~Y/24B~1/?  and that

g = k(BY?AB'?) . (2.8)

Assume that A + M is another symmetric (n X n)-matrix, typically a dis-
cretization matrix of a modified boundary value problem with M repre-
senting a lower order part of the differential operator. Our question is:
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What can be said about the spectral condition number and the eigenvalue
distribution of
B YY A+ M)B~YV? | (2.9)

quantifying the efficiency of B as a preconditioner for A + M?
We remark that for B~! = HHT the symmetric matrices (2.9) and

HT(A+ M)H (2-10)

are similar and have the same eigenvalues. This is proved using the orthog-
onality of BY/?H.

We begin our analysis with:
Lemma 1 Assume that A+ M s nqnsz'ngular. Then
k(B A+ M)B™Y?) < k(I + ATVAMA™Y?) k(B2 AB %)  (2.11)

Proof: For all nonsingular (n X n)-matrices A;, A; one has
x(A14;) < k(A)x(A4;) .
Therefore
x(B~Y?*(A + M)B~/?)
< &(B7YVRAVA)K(I + ATVEIMATV?)k(AV2BTY?) |

Using
ICl =|c™| ,|cl* =|c7C]

one gets
'c(B—l/2Al/2)n(A1/ZB—1/2) = N(B—lleB_l/z) ,

and the proposition follows. n

To state our first result we need the energy norm

Izlly = (z, Az)"/? = | A} 2] (2.12)
and its dual norm
fll-1 = jmax (f,2) = A=Y (2.13)

Theorem 1 Let A+ M be nonsingular, and assume

(z,(A+ M)y) < erlizllillyll:» =,y €R", (2.14)
and
14+ M) flli <eallfll-1, fER™. (2.15)
Then
k(B~Y*(A+ M)B %% < ¢1e;x(B"Y*AB7Y?) (2.16)
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Proof: Because of
z,(A+ M
s R )y)
= | Imﬁ( I(A—llzz, (A+ M)A-l/zy)
Z|=|=
= |I+ A V2MA

and .
A+ M)
max (4 -+ M) 1],
= max |AYVY(A+M)TIAVIAT
|A-1/3f|=1
— |(I+ A—l/zMA—I/Z)—1|
we have
K(I + A_lleA_i/z) <ecjecy .
The theorem now follows from Lemma 1. n

Remark: The symmetry of M does not enter into the proofs of Lemma
1 and Theorem 1.
Now we examine the eigenvalue distribution of the matrix (2.9).

The eigenvalues A; < A; < ... < A, of an arbitrary symmetric (n x n)-
matrix S are given by the min-max characterization

M= i 557 z17)

and for m = 2,...,n by the max-min characterization

Am = min (z,5z) , (2.18)

- max
dimV=m-1 zevl’lzlzl

where U and V, respectively, run over all subspaces of R™ and V' is the
orthogonal complement of V with respect to the Euclidean inner product.
We refer to [6,10,12). '

Lemma 2 Let py < pg < ... < u, be the eigenvalues of the symmetric
matriz

~ Q=1I+AYMA (2.19)
and A; < A; ... < A, be the esgenvalues of

B-—l/?(A + M)B—l/z .
Then for all indices m with u,, >0
apm < A < Blbm (2.20)

where a and B are given by (2.7).



Proof: Let z,,z;,...,z, be an orthonormal basis of the R" with
Qzr =gz , k=1,...,n .
Form=1,...,n we set
ém = span {z1,...,Zm} .
For the proof of the lower estimate we define the spaces
Vm = {B"V2AY?yly € €.}
and utilize
Vi ={B*AYylye ér} .
By the max-min characterization (2.18) of A,,,m > 2, we have

Am > min (z,B7Y*(A+ M)B V*3)
€Y

m -1
l=l=1

= min (AY*B"?z,QA'*B /1)

sevi

m—1
is]j=1

= min (y,Q) .
el
IBI/,A—‘/21|=1

Assuming u,, > 0 one gets

(y’ Qy) 2 ﬂmlylz 2 Bm Ilflil'll |z[2

491/?‘4-1/24:1
for all y € £1_, with |BY/24~1/2y| = 1 . Therefore

Am > fm min |[AYV2B V2z)?
e
= Um ‘1;111{1'1_ (=, B“’“AB“W:D)
jzi=1

= Hma .
Similarly, for u; > 0, the characterization

M = min(z, B Y* A+ M)B~'/?z)
€

{sl=1

leads to
AL 2 o .

This proves the first part of the lemma.
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For the proof of the second estimate we introduce the spaces
Un={BYV?A yly e &n} .
The min-max characterization (2.17) of the eigenvalues A, gives

Am < max(z, BV} (A+ M)B/’z)

l=]=1
— ma‘x(AllzB«-llzx’ QAI/ZB—I/Zz)
2€Um
|zj=1
=  max (y,Qy) .
1B8Y/34=1/3y|=1
fun>0,
(ys Qy) S Mm|y|2 < Hm ma.)'s |z|2
IBI/Q'A'I/21|=1
for all y € &, with |[BY/2A-1/2y| = 1. This estimate leads to the desired
upper bound
Am < Hm max |[AV2B7V2g]?
e

= pm, max(z, B‘l/zAB'l/zz)
zER"

1=1=1
= pmf .
|
Now we can prove our second main theorem.
Theorem 2 Assume 0< 6 <1 and
> dimker(A—AM)<m . (2.21)
|Al<1/6
Then at most m eigenvalues X of the matriz
B™Y*(A+ M)B™'?
are located outside the interval
1-8)a<r<(1+8)8. (2.22)

Proof: In the notations of Lemma 2 one has for u # 1

(Q—phz=0
if and only if
1
(A + ‘i—-_—I"M)A'.l/zx =0.
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Therefore

Y dimker(Q—pI)= Y dimker(4 — AM)

1—-u|>6 0<[A|<1/s

or
1“5SP«S1+5: i=m1+1$"-an_m2 ’

with m; + my < m. By Lemma 2
(1—6)a5A.$(1+6)ﬁ N i=m1+1,...,n—mz N

follows. n

Remark: For the application of Theorem 2 the matrix A + M does not
need to be nonsingular.

Similarly as in Theorem 2 one can estimate the number of eigenvalues of
the matrix (2.9) less than (1 — §)c, greater than (1 + 6)8 or less than zero.
Note that by Sylvester’s law of inertia the number of eigenvalues less than
or equal to zero of the matrix (2.9) is independent of the choice of the
preconditioner B.

Our last theorem allows to give upper bounds for the number m in (2.21)
for indefinite matrices M.

Theorem 3 Let N be a symmetric (n X n)-matriz with

+ (z,Mz) < (z,Nz) , z€R" . (2.23)
Assume 6 > 0 and
> dimker(A—AN) <1 . (2.24)
0£A<1/5
Then
Y dimker(A—AM) <2l . (2.25)
Al<1/6

Proof: Because of

(z, A"V*MA~Y?2) < (z,A"V*NA"V?z), zeR",



and the min-max characterization (2.17), the k-th eigenvalue of A"YIN A2
is greater than or equal to the k-th eigenvalue of A=1/2M A~Y/2. Therefore

Y~ dimker(4 — AM)
0<A<1/6
= Y dimker(A™Y/*MA™'? — puI)
u>8
< Y dimker(ATY2NATY? — uI)
n>8
= Z dimker(A — AN) .

0<A<1/§

Replacing M by —M one gets

> dimker(4A — AM)

~1/6<A<0
= ) dimker(A+ AM)
0<A<1/8
< ). dimker(A—AN) .
0<A<1/8
Combined these two estimates give the proposition. [

The bounds given in the theorems of this section are sharp. For Lemma 1
and Theorem 1 as for Lemma 2 and Theorem 2 this is shown by the trivial
example B = A. For Theorem 3 consider the matrices

c(od)m-(0)- = (00)



3. Finite Element Equations

Let RCR?, d=2 or d=3, be a bounded polygonal domain. As an exam-
ple of application we consider finite element discretizations of the elliptic
boundary value problem

d
~ >_ Dj(a;;Div) +qu={ on 0, (3.1)
ig=1
u=0o0ndN. (3-2)

We assume that the coefficient functions a;; and ¢ are bounded and mea-
sureable, that

a;; = Gj; , 2',]'=1,...,d, (3.3)
and that
d d
Y wi(z)mn; > ud_n? (3.4)
i,j=1 i=1

for almost all z € 1 and all n € R®. u is a given positive constant.

The weak formulation of our boundary value problem is: find a function
u € W3*(Q) satisfying

B(u,v) = f*(v), veW;*(n). (3.5)

Here f* is a given bounded linear functional on Wy*(2) and the bilinear
form B on Wy?(Q) is defined by

d
B(u,v) = /;{ > aijDiuDjv + quv}d:r . (3.6)
t,5=1
Let 4
Bo(ﬂ,t)) =/ E a,«,-D.-uDjvd:c . (3.7)
Bij=1

Under the given assumptions
llulli = Bo(u,u) (3.8)

defines a norm on Wg**(11) which is equivalent to the usual Wy (Q)-norm
of this space. There exists a constant C; > 0 with

B(u,v) < Cillullsllo]lx (3.9)

for all functions u,v € Wp?(0) .
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We assume that for all bounded linear functionals f* on W;**(1) the bound-
ary value problem (3.5) has a unique solution u € W, 'z(ﬂ) satisfying
ffulls < C: P [£*(v)] (3.10)
v|l1=1
with a constant C, independent of f*. For ¢(z) > 0, z € {1, one can
choose C; = 1.

To produce an approximate solution of the boundary value problem (3.5) we
specify a finite element space S C WO1 ’2(0) and look for a u € S satisfying

B(u,v) = f*(v), vE€S . (3.11)

We require that the discrete boundary value problem (3.11) is uniquely
solvable and that, corresponding to (3.10), there exists a constant c; inde-
pendent of f* with

lulls <e2 sup |f*(v)] . (3.12)

vES, jjv|l1=1

This condition holds uniformly for all sufficiently accurate finite element
spaces S; see [8] and [14]. For ¢(z) >0, =z € 11, (3.12) is satisfied with the
constant ¢; = 1 , as in the continuous case.

For a given basis ¢y,. .., ¥, of S the discrete boundary value problem (3.11)
is equivalent to the matrix problem

(A+M)z=b, (3.13)

where the coefficients of the (n X n)- matrices A and M and of the right
hand side b are defined by

Al = Bo(¥r, %) (3.14)
M= [ qbutida (3.15)
ble = f* () (3.16)
and where n
u=) z|th (3.17)
k=1

is the solution of (3.11).

For these matrices A and M the assumption (2.15) in Theorem 1 is equiv-
alent to (3.12) and means stability of the finite element discretization. Be-
cause of (3.9) (2.14) holds with ¢; = C;. Therefore for every symmetric
and positive definite matrix B the condition number of the matrix

B™'*( A + M)B™/? (3.18)
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is bounded in terms of the condition number of the matrix
BY*ABY? (3.19)

The constant is the same for all (sufficiently accurate) finite element spaces
and independent of the preconditioner B.

Let w : 1 — R be a bounded measurable function satisfying

lg(z)] < w(=) (3.20)

and
w(z) >0 (3.21)

for almost all z € 1. If ¢(z) # 0 almost everywhere in 01, w(z) = |¢(z)] is
a possible choice. The linear space of all measurable real-valued functions

u on 2 with
lul} = [ w(@)lu(z)Pdz (3.2

being finite is a Hilbert-space under the norm (3.22). The solution space
Wol'z(ﬂ) is a compactly embeded subspace of this Hilbert-space. There-
fore there exists a complete system of eigenfunctions u, € W3*(Q), k =
1,2,3,..., and eigenvalues 0 < A\; < A; < A3 <... with

Bo(us, v) = A /n wurvdz, vE W (), (3.23)
/;]wuku;dz = &y (3.24)

and
klixgo Ar = +o0 . (3.25)

Corresponding to this eigensystem there exists a set of discrete eigenfunc-
tions #y,...,u, € S and eigenvalues 0 < A; < A < ... < A, with

Bo(‘&k, v) = :\,,/th'ikvdz , VES, (3.26)

[ winiudz = 6 . (3.27)
11

It is a well-known fact [10], which can be proved using an appropriate
generalization of the min-max principle (2.17), that

<A, k=1,...,n . (3.28)

If we define the (n x n)-matrix

NIH = /ﬂ wtbkthda: (3.29)
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with the basis functions ¢; of S introduced above, this means that for all
given 6 > 0
> dimker(A — AN) (3.30)
0<A<1/8
is bounded independently of the finite element space S. By the choice
(3.20) of the weight function w (2.23) holds for the matrices (3.15), (3.29).
Therefore by Theorem 3 for every given § > 0 also the number

> dimker(A — AM) (3.31)
[Al<1/6 )
is bounded independently of the choice of the finite element space.

We can apply Theorem 2 and see that the eigenvalues of the preconditioned
matrix (3.18) cluster, for every symmetric and positive definite precondi-
tioner B, in the interval bounded by the minimum and maximum eigenvalue
of the unperturbed matrix (3.19).
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4. Consequences for Krylov-Space Methods

We attempt to solve the linear system
(A+M)z=b (4.1)

with the (n x n)-coefficient matrix of Section 2 (or Section 3, respectively)
by a residual minimizing Krylov-space method (see [9], for example) using
the matrix B as preconditioner. It is well-known that these methods exploit
the eigenvalue distribution of the preconditioned matrix. One of their basic
properties is the estimate

[B~/2r;| < min max |P;(A)||B7ro (42

for the error of the j-th iterate z;.
ri=b—(A+ M)z; (4.3)

is the residual corresponding to z;, IT; denotes the set of all polynomials P;
of a degree less than or equal to j with P;(0) =1,and \; <X, <...< A,
are the eigenvalues of the preconditioned matrix (2.9).

To get a rough idea of the performance of these methods we fix a value
5 € (0,1) and set
od=(1-68)a, fA=(01+6)8, (4.4)

where a and 8 are the constants (2.7). Let
A
PR = I1 (t-3) (45)
);glal'ﬁl] t

be a m-th order polynomial and set

¢ |P*(A)] - (4.6)

= max
A.'G[a',ﬂ']
Restricting the minimum in (4.2) to all polynomials
Pi(A) = P*(A\)Pj-m(}) s Pj-m € jom , (4.7)
one obtains for y > m

-1z, * i . NNIB-Y2r,] . 4.8

B rj| < et min | max, |Fiom(A)[[BTrol (4.8)

Provided that m is small, as in the application of Section 3, after a short
starting phase the speed of convergence of the iteration should be deter-

mined by the eigenvalues A; € [/, §'] . Defining

)
p_ o _ 146 oz, g1 4.9
n—ﬂ,—l_sn(B AB™?%) (4.9)
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and

Ve -1

q=\/;7+1<1 (4.10)
one has 2g*
| gin max [PV =177 (411)
as it is shown in [1], for example. Therefore for j > m
|B~Y?rj| < 2¢*¢ ™| B~V ?rg| . (4.12)

Up to the factor ¢*/¢™ and the factor (1 + 6)/(1 — 6) in (4.9) this is the
same well-known estimate for the speed of convergence as one gets for the
case M = 0. A bound for the constant ¢* in terms of

a= min |\|, b= max [\l (413)
and ,
2 = KB4+ M)B (4.14)
18 -
< (1+)" (4.15)

Often this bound can be improved. If, for example, the matrix M is positive
semidefinite, A\; > ' for all X; ¢[o/, 8'].

<1 (4.16)

follows.

For a detailed evaluation of the formula (4.2) and for related questions we
refer to [2] and the papers cited therein.

As a simple standard illustration we consider the boundary value problem

—Autwu = f on.ﬂ,
u = 0 ondf},

where (1 = [0, 1]? is the unit square of R? and w is an arbitrary real constant.
To discretize the boundary value problem we subdivide the square Q into
small squares of sidelength h. As the discrete solution space we use the
space S of all functions being continuous on the unit square and piecewise
bilinear on the small subsquares. Using the standard nodal basis of S this
discretization leads to the matrices A and M represented by the difference
stars

SOl COpmm L0t

O OO0 €O
Wit Ol ¢l

et
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and

—

©
oW b © -
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L élé
respectively. Asa preconditioning procedure we switched to the hierarchical
basis formulation [13,14] of the linear system to be solved. We counted the
number j of iteration steps necessary to reach

|E~"?ry| < £|B-Y%r¢] .
Note that for B~ = SS', because of the orthogonality of S'B",

|9B-1/2,] = \sTA

The results for some representative values of u; and e, the gridsize h = 1/80,
a (6 x 6)-grid as initial grid for the construction of the hierarchical basis
and the right-hand side
I(*,y) = i

are listed in Table 1. The condition numbers C\C% of the associated con-
tinuous problems differ considerably, and the fact, that the eigenvalue 27
of the Laplace operator is very near to 20, explains the relatively large
number of iterations for u = —20. But as a general observation we can
conclude that after a certain starting phase the speed of convergence does
not depend very sensitively on the choice of wu.
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