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Abstract

Grobner bases are the main tool for solving systems of algebraic equations and
some other problems in connection with polynomial ideals using Computer Alge-
bra Systems. The procedure for the computation of Grobner bases in REDUCE
3.3 has been modified in order to solve more complicated algebraic systems of
equations by some general improvements and by some tools based on the specific
resources of the CRAY X-MP. We present this modification and illustrate it by

examples. :



1. Grobner bases in REDUCE 3.3

1.1 Gro6bner bases and Buchberger’s algorithm

The concept of Grobner bases, a special kind of bases for polynomial ideals,
was introduced by Buchberger in his thesis (1965) and developed in forthcoming
papers. Using Grobner bases, many problems dealing with multivariate polyno-
mials, especially algebraic equations can be solved. For a survey see Buchberger
(1985). We assume familiarity with the basic notions of Grobner bases namely:
term ordering, leading term (It ), leading coefficient (Ic), reduction modulo a finite
polynomial set, irreducibility modulo such e set, and S-polynomial. For polynomi-
als over a field, we employ the same definition for Grobner bases as Buchberger,
i.e. G is called a Grobner basis if for any two f,g € G the S-polynomial S(f, g)
reduces modulo G to 0. For polynomials over Z, we define Grobner bases in the
same way but using pseudo-reduction for the S-polynomials as explained in 2.2.
This leads to a Grobner basis notion, which is called in Moller (1988) a weak
Grobner basis.

A Grobner basis G is reduced if every f € G is irreducible modulo G\ {f}. In
case of polynomials over fields, every ideal possesses exactly one reduced Grobner
basis F', where lc(f) = 1 for every f € F, cf. Buchberger (1985). Normalizing
every element of a reduced (weak) Grobner basis F over Z by dividing it by its le,
we get such uniquely determined Grobner basis, but now for the ideal generated
by F over @ instead over Z.

Given a finite polynomial set F’ generating an ideal I, Buchberger’s algorithm con-
sists essentially in calculating the S-polynomials, (pseudo-)reducing them mod-
ulo F' to irreducible, so called H-polynomials, enlarging F' by the nonzero H-
polynomials, removing from F' such polynomials, whose /¢ is a multiple of an /¢ of
an other polynomial in F', and then continuing by calculating new S-polynomials
until no more S-polynomials exist leading to non-zero H-polynomials. At termi-
nation, F is a Grobner basis of I. Buchberger (1985) gave criteria for predicting,

that some H-polynomials are 0. This allows to skip some S-polynomial calcula-
tions.

1.2 Buchberger’s algorithm in REDUCE 3.3

Buchberger’s algorithm was implemented in the Computer Algebra System SAC-
2, see Boge, Gebauer, and Kredel (1986). It is based on the description of the
algorithm given by Buchberger (1985). The implementation of the algorithm
in REDUCE 3.3 by Gebauer, Hearn and Kredel is based on a variant, which
differs from the original Buchberger algorithm by a more efficient testing of the
criteria for omitting S-polynomial calculations and reductions. This variant is
described by Gebauer and Moller (1988) and also implemented in the meantime
in SCRATCHPAD IIL

The REDUCE 3.3 irhplementation includes an internal package for the manip-



ulation of polynomials in a distributive representation. In this data structure a
polynomial is represented as linear sorted sequence of monomials. One advantage
of this kind of representation is the possibility to select an ordering of the mono-
mials by ordering the terms, i.e. the power products of the variables z, ...z,

in dependence of the desired application. In REDUCE 3.3, the following two
orderings are available.

The INV(erse) LEX(icographical) ordering:
m(ah...,an) > invles z(bl ""'b"),
=
, 3i<n:(‘v’j<i:aj=bj)/\a,->b,-
The I(nverse) T(otal) D(e)G(ree) ordering:

m(cu,...,a.,.) >itdg IE(bl yesesbn)

= _
Olai> Ny VO ai=> b:A gletrman) 50 g (brr-bn))

The INVLEX ordering is usefull for the solution of algebraic equations, see ex-
ample 5.5. These two orderings are the same as in SAC-2, c¢f. Boge, Gebauer,
Kredel (1986), but different e.g. from those in Scratchpad II, cf. Jenks et al
(1986), such that reduced Grobner bases in different systems, even if they are
normalized in the same way, can not be compared directly.

The REDUCE standard quotients are used as coefficients for the polynomials.
Standard quotients can be rational numbers or rational functions over variables
or formal functions (more general: kernels). So the algorithm in REDUCE 3.3
can be applied to polynomials over @, the field of rational numbers, and to
polynomials over fields of rational functions.

1.3 Cray computer usage for Grobner calculations

In 1986 REDUCE 3 was implemented for Cray 1 and Cray X-MP computers, Me-
lenk and Neun (1987), based on Portable Standard LISP (PSL 3.4), see Anderson
et al. (1987) and Melenk and Neun (1986), and with Version 3.3 of REDUCE the
Grobner package became available for these computers too. The objective was
to use the combination of REDUCE and the supercomputer for the enlargement
of the application range of Grobner bases calculations towards 'larger’ problems,
especially for the solution of systems of algebraic equations.

1.4 introducti'on of new facilities

It soon became clear that the increased computing power alone was not sufﬁcxent
to reach our goal. So we started a four level approach:



refinement of the Buchberger algorithm,

— improvement of the implementation,

special tuning of basic package parts for the target machine and

optimization of the underlying LISP.

The first two groups will be discussed in the following sections. They are machine
independent (in fact we developed the software using Sun and IBM computers
as workstations). The Cray specific parts will be mentioned only briefly.

2. Refinement of Buchberger’s algorithm and of its
environnient

2.1 The coefficient domains

We enlarged the range of applicable coeflicient domains and fixed for any specific
coefficient domain an adequate normalization. In the field case all polynomials
are normalized internally to have a leading coeflient 1, in the ring case (no gen-
eral division available) the normalization reduces in general the contents of the
polynomials to 1.

Normalization of the leading coefficients to 1

i) rational numbers
®(a1,...,a,) rational functions in ay,...,a, over @
Zz, - integers modulo a prime number p

Content of polynomial coeflicients normalized to 1
Z integer numbers of arbitrary length
Z|ay,...,a,] polynomialsin ay,...,a, over Z

Other normalizations

M(py,...,ps) Cartesian product of the prime fields Z,, i.e. M(p1,...,p;) =
Zy % ...% Z,,. Here the leading coeflicient is an s-tuple. It is
normalized to (1 mod py,...,1 mod p,), see 2.6.3.

H(p, f) hybrid numbers, i.e. pairs of an integer modulo a given prime p
and a floating point number. The leading coefficient is here nor-
malized to a hybrid number of type (1 mod p,z),z a floating point

; number, see 2.6.2.

Experiments have shown, that for Grobner basis calculations with non modular

coefficients the ring version of the algorithm is faster than the field version. Of
course, the calculations based on Z tend to produce bigger coefficients compared
to the @ applications, but this fact is not so important if a fast arithmetic is

available, see the statistics in 5.3. So the ring version is the default and input
polynomials are converted from @ and @(ay,...,a,) to Z and Zlay,...,a,)



by multiplying every coefficient of a polynomial with the lem of all coefficient
denominators (and using the identity a/l = a for alla € Z or a € Z]a,,...,a,)
resp.). ‘

2.2 Polynomial reductions

A single reduction step modulo a finite set G of non-zero polynomials reduces a
polynomial f to a polynomial h := f — tg, with g € G,t a monomial, such that
the monomial m in f with lt(m) = lt(t)-1t(g) is canceled by t-g, but h contains in
addition some more monomials of lower order. A pseudo-reduction step modulo
G reduces f toc- f—t-g, with ¢ € G,t a monomial and c a constant coefficient,
such that again the monomial m with lt(m) = l#(t) - It(g) in f is canceled. This
pseudo-reduction is installed in addition to the existing reduction and used for
polynomials over Z and Z[a,,...,a,]. '

For testing the efficiency of reduction procedures, we installed also the so called
lt-reduction. This is also a reduction in the sense explained before, but the
monomial m in f which is canceled must be maximal: t(m) = l{(f). This
reduction is already sufficient in Buchberger’s algorithm for obtaining a Grbner
basis, see for instance Moller (1988). However, as our tests in 5.3 indicate, the
“1t-reduction is in general slower.

As an optional feature we can start the algorithm by first reducing cyclically
the input polynomials with themselves, i.e. reduce each f € F modulo {g €
Fllit(g) < It(f)} beginning with an f with maximal l#(f) and resulting in a
reduced polynomial set F’, which can be reduced again in the same manner, etc.
Such a specific reduction phase can eliminate redundancies more efficiently than
the main algorithm. A similar prereduction takes place, immediately before a
Grobner basis calculation for a subproblem as described in 2.5 is started.

2.3 Extraction of power product factors

When Grdbner bases are needed only for the solving of a set of algebraic equa-
* tions, multiplicities of zeros may be ignored. Therefore multiple factors of a
polynomial may be reduced to simple ones by polynomial division. We installed
for the situation, when such multiple factor is a power product, a procedure
following a proposal of Davenport (1987). If f has a power product factor,

ky .k k
f=ziz? -z,

then f is replaced by

f=giey - zng, |
withl;:=1ifk; > 1,and ;:=0if k; = 0,2 = 1,...,m. (The new f has the same
zeros as the old one but the multiplicity is reduced at all hyperplanes z; = 0,
where the old f vanishes with multiplicity greater than 1). This causes, that the
algorithm calculates no longer a Grobner basis of the ideal generated by the input
polynomials but of an ideal between this ideal and the radical ideal, which consists

6



of all polynomials vanishing at the common zeros of the input polynomials. Such
power product factor can be detected easily in the distributive representation:
its exponent vector is the vector of the componentwise minima over all exponent
vectors. This vector is computed during the normalization of each polynomial
and held in its data structure.

2.4 An additional criterion for detecting redundant pairs

If two polynomials p; and p; are known to have a common factor g,

p1=gf1,p2 = gf2,

and if

ged{lt(f1),1¢(f2)} = 1,
then we know in analogy to criterion 1 of Buchberger (1985), that the S-polynomial
from p; and p, will reduce to 0. This criterion will be used for power products
divisors g (see 2.3). This gives a new criterion for omitting superfluous reductions
cf. Buchberger (1985) or Gebauer and Moller (1988). It can lead in cases, where

many polynomials with common factors occur, to a better performance of the
algorithm.

2.5 Grobner factorization

For solving a system of algebraic equations

fl(z) = 0)""f1'($) =0,

this means, for finding Z(f1,..., f.), the set of common zeros of all po-lynomia,ls in
Ideal(f1,..., f.), Gebauer and Méller tested in a preliminary version of REDUCE

3.3 the following procedure. If in the algorithm a polynomial h € Ideal( fi,..., f;)
*is found, which can be factorized into

h=h1'...'hm,
then Z(fy,..., f;) is the union of the sets
Z(fla""frvhk)ak =1,...,m.

Thus when the algorithm did actually compute &, it branches. For each A in
place of h it is continued resulting in the Grobner bases for Ideal( fy,. .., f;, k), k =

1,...,m. This factorization of the Grobner basis calculations is also investigated
by Davenport(1987).

2.5.1 Factorization tree

In the present package we have elaborated this approach by consequently testing
all polynomials (input, intermediate and result) for power product factors and



by calling the REDUCE factorizer. If a factorization is detected, the state of the
algorithm is encapsulated and for each of the factors a subproblem is generated
and stacked into a list of open problems. Of course, the set of all such problems
constitutes a tree with the initial problem of computing Z(f1,..., f,) as root.

2.5.2 Cancelling of redundant branches

Consider the subproblem for calculating Z(gy,...,9,) and let h € Ideal(g;,...,g,)
possess a factorization

h-":h]‘...'hm.

yielding the subsequent subproblems for calculating the sets Z(gy,..., g, ht), k =
1,...,m. It may turn out, that Z(g,,..., g, hx) is void, i.e. 1 € Ideal(gy,...,gs, hi),
or that Z(gy,..., s, hx) is contained in a previously computed set of zeros, such
that its computation is superfluous. In order to avoid such superfluous sets
of zeros, we associate to every problem a set of polynomials, starting with
the empty set for the initial problem. If the set P is associated to the prob-
lem of calculating Z(g1,...,9s), then P is associated also to the problem of
calculating Z(gy,...,¢s,h1). If P’ is associated to the problem of calculating
Z(g1,-++19s, ki), 1 < k < m, then P'U {ht} is associated to Z(gi,...,gs, hrs1)-
This gives the following criterion

(C): If we start calculating the Groebner basis of Ideal(g,...,g,) and detect
a polynomial in it, which belongs also to the polynomial set associated to
Z(g1y.--49s), then we stop the Grobner basis calculation and remove the
problem of computing Z(g,,...,g,) from the set of open problems.

The usage of this criterion is justified by the following reason. If f belongs to
the polynomial set associated to Z(¢y,...,9s) and f € Ideal(gs,...,9,), then a
J < s exists by construction, such that f and g;;, are both factors of g;, f the
lower indexed factor. Since f € Ideal(g,...,q,), we have Ideal(gy,...,9; f) C
Ideal(g,...,9s).- Therefore Z(g1,...,9s) € Z(g1,-..,9;, f) holds, i.e. the prob-
lem of computing Z(g;,...,gs) is superfluous:

2.5.3 Restrictions imposed by the application

In some applications only solutions are of interest which fullfill certain algebraic
restrictions. In some examples, we are only interested in nonnegative (real)
solutions. (For instance negative mass makes no sense.) So we implemented a
hook for the used to decide via a procedure whether a polynomial violates these
restrictions. As a standard procedure the testing for nonnegative solutions is
present and can be activated on request

- A polynomial ¥ a;z! - ... zi* + ao with all a; and ao positive has no zero
(z1,...,2,) with all z; nonnegative (and real). So the calculation branch
can be cancelled.



- A polynomial J2 0-i”Ni »« s ««**n without an absolute term a, and with all
a positive can vanish only if all of its summands vanish. This is possible
only if in any summand at least one variable is zero. In most cases there
are several possible combinations. The list of combinations play the same
role as a factorization and is handled in the same manner.

Although this approach isindependent from factorization, it plays its most impor-
tant role in this context: the main problem of factorization is the fight against
the great number of branches. The earlier a polynomial without (component-
wise) nonnegative zeros is detected in a branch, the earlier the computation in

this branch may be interrupted (at the expense of an additional branching or a
complete cancellation of the branch).

2.6 Modular coefficients

Modular techniques are helpful, when the coefficients of the output polynomials
are expected to be of the same (moderate) size as the input coefficients, but
intermediate polynomials with big coefficients occur. We have three methods for
computing a Grébner basis over the rationals by means of modular techniques.

2.6.1 The direct method

Take a (sufficiently big) prime p. Transform each input polynomial to a polyno-
mial over 2Zp by substituting its coefficient c/d by a, such that c = a-d mod p,0 <
a < p. Compute areduced Grébner basis over 2Zp with each leading coefficient
normalized to 1. Reconstruct each Grobner basis coefficient a mod p to a rational
number by means of the algorithm of Wang (1981). The resulting polynomials
constitute the reduced normalized Grébner basis over Q, if p is a sufficiently big
lucky prime.

2.6.2 The hybrid method

Many polynomials come from scientific applications, where the coefficients are
only approximations to some 'real life' quantities. So the coefficients are typ-
ically floating point numbers. On the other hand Buchberger's algorithm re-
quires exact coefficients. Therefore we compute via REDUCE rational numbers
approximating the floating point values and from that we produce a modular
number. The modular number and the floating point value then are paired for
Buchberger's algorithm to a hybrid number. The arithmetic is defined compo-
nentwise. The modular number now controls Buchberger's algorithm allowing
exact calculations, while the floating point values are calculated as side effects.
At termination of the algorithm, the polynomials with the modular part of the
hybrid numbers as coefficients constitute a Grobner basis. The polynomials with
the float number parts as coefficients are then expected to be approximations to
the Grobner basis polynomials of the initial 'real life problem. Because we do



