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Element Code

Abstract

The paper presents the mathematical concepts underlying the new adaptive
finite element code KASKADE, which, in its present form, applies to lin-
ear scalar second-order 2-D elliptic problems on general domains. Starting
point for the new development is the recent work on hierarchical finite ele-
ment bases due to Yserentant (1986). It is shown that this approach permits
a flexible balance between iterative solver, local error estimator, and local
mesh refinement device - which are the main components of an adaptive
PDE code. Without use of standard multigrid techniques, the same kind
of computational complexity is achieved - independent of any uniformity
restrictions on the applied meshes. In addition, the method is extremely
simple and all computations are purely local - making the method partic-
ularly attractive in view of parallel computing. The algorithmic approach
is illustrated by a well-known critical test problem.
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0. Introduction

In the field of ordinary differential equations, adaptive techniques have been
standard for many years. In boundary value problems involving partial dif-
ferential equations, however, most of the work still concentrates on uniform
or quasi-uniform grids. Because of the additional complications arising
from the boundary geometry, this class of problems should even more be
attacked by adaptive techniques — in view of real life applications in science
and engineering.

The present paper focusses on the mathematical concepts underlying our
new adaptive finite element code KASKADE. In its present version, this
code applies to scalar self-adjoint second-order plane elliptic problems on
general domains. Among the most popular comparable codes in the field are
PLTMG dde to Bank [3] and NFEARS due to Mesztenyi/Rheinboldt [10].
Both of these codes apply to nonlinear problems and offer path continuation
facilities, whereas KASKADE at present just applies to linear problems.

Despite of this present restriction and a number of features that KASKADE
shares with PLTMG, the new code opens an independent line of develop-
ment — both in its concept and its implementation. Starting point is the
rather recent work of Yserentant [12] on hierarchical finite element bases.
Without use of standard multigrid techniques [8,11,4], the new code never-
theless achieves the same kind of computational complexity — independent
of any uniformity restriction on the applied meshes. An important feature
of the new method is its enticing stmplicity. All computations are local,
which implies small start-up times and no assembling of the global matrix.
This feature makes the method particularly attractive in view of parallel
computing. Conceptually, this simplicity permits a rather flexible balance
between the three main components of an adaptive PDE code, which are:
the iterative solver, the local error estimator, and the local mesh refinement.

The basic idea of the iterative linear equation solver implemented in
KASKADE is outlined in Section 1 — there in the simplified context of
uniform grid refinement. In Section 2, an edge-oriented estimator for the
local discretization error is derived. It is the basic tool for the local mesh
refinement strategy described in detail in Section 3. Moreover, this sec-
tion deals with the hierarchical basis construction for nonuniformly refined
meshes, the procedure nesting the termination criteria of the iteration with
the discretization error estimator, and a complexity estimate for the gen-
eral case. Finally, in Section 4, a critical numerical example illustrates the
efficiency of the new approach.



1. Basic Idea

Let 2 C IR? denote a bounded polygonal domain with boundary 91 com-
posed of two disjoint parts 9, 3. Consider the following elliptic bound-
ary value problem:

—V(a(z)Vu) + g(z)u = f(z), z € N
ul&fh: 0 (11)
n- a(x)Vu!anz= 0,

where a is a symmetric positive definite (2,2)-matrix, and a, ¢, f are as-
sumed ‘o be piecewise continuous. For simplicity, the assumption ¢(z) > 0
is made throughout this paper. However, an extension of the method to
the indefinite case (g(z) either sign) is possible along the lines worked out
in Yserentant [13]. The weak formulation associated with (1.1) is: find a
function U € H(N) satisfying

B(U,v) = [n f(z)vdz , ve H(Q) (1.2)

where
B(u,v) := /‘;[a(x)Vu - Vv +¢(z)u - v] dr . (1.3)

Herein the solution space H(Q) is defined as
H(Q) = {u e H'(q)| o, = o} (1.4)

where the Dirichlet boundary condition is understood to hold in the sense
of the trace operator. Assume that (1.2) has a unique solution (which
excludes, for instance, the case ¢(z) =0, 90, = 0). '

For a finite element treatment of (1.2), 1 is covered by a coarse triangu-
lation Tp. With Tp as initial grid, subsequent mesh refinements lead to
triangulations T3, Tz... . For ease of presentation, uniform mesh refine-
ments are assumed (throughout this section only), compare Figure 1.

e

Figure 1 Uniform mesh refinement.
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Figure 2 Nodal bases for §; in the 1-D case (homogeneous Dirichlet boundary
conditions). :

Each triangulation T; is associated with the piecewise linear element space
S; of dimension n;. Usually, S; is represented by its nodal basts — see Figure
2 for the 1-D case. The method to be described herein uses the alternative
representation in terms of hierarchical bases (compare Yserentant [12]). In
Figure 3, the corresponding 1-D case is illustrated. The essential feature
of this representation is that S;;; is partitioned according to

Siv1= S ® Vipr (1.5)

where the functions in V;,, vanish at the nodes associated with §;. The
hierarchical basis of §;;; is obtained by keeping the hierarchical basis of §;
and representing Vi;, by its nodal basis.

The finite element solution of (1.2) requires the determination of a function
U; € §; satisfying

B(U;,v) = / fl@)vdz, veS: . (1.6)
Q
In nodal basis representation, this is equivalent to the linear system
A, =b; . (1.7)
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Figure 3 Hierarchical bases for §; — to be compared with Figure 2.

In hierarchical basis representation, one obtains -
A,‘ﬁ,‘ = E,‘ (18)

where
u; = S;u; , B; = S,Tb, s /L = SiTA;S; . (1.9)

Assuming natural ordering of hierarchical basis functions, one may define
the symmetric positive definite (n;,n;)-matrix

_ A O
D= = LLT , (1.10)
0 D

where the diagonal matrix D; contains those diagonal entries of A; that are
not contained in Ao. It has been shown in [12] that for

A= L7'AL7T = L7'STAS LT (1.11)
the spectral condition number « satisfies

k(A) < Cp-(i+1)? (1.12)
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where C, is bounded independent of ¢ and of the regularity of the boundary
value problem — see also [5]. Recall that in nodal basis representation one

has

K(A;) =Cy- 4" . (1.13)
In view of result (1.12), the matrix
| S7TD;s! (1.14)

may serve as an efficient preconditioner for the linear system (1.7). This
means that the linear system

A,-&,- = 5,' ) 8,‘ = L'_IS’Tb. (1.15)

can be solved in a fast way by means of conjugate gradient iteration. The
solution u; in nodal basis representation is

U = S.-L'-‘T&; . (1.16)
Let
| = B(x,w)"?, v e H(Q) , (1.17)

denote the energy norm. Let € be the user prescribed reduction factor
from the initial to the final error - measured in the energy norm. Then the

number m;(e) of necessary cg-iterations is well-known [1] to be bounded
by

mi(e) < 2k - loggl . (1.18)
Upon inserting (1.12), one thus obtains
mi(e) < Cs- (i +1) - 1og§| . (1.19)

As shown in {12}, neither A; nor b; need to be computed explicitly. Rather
routines for the fast evaluation of matriz ttmes vector with the matrices

Li_l ’ Lg_T ’ St' ’ SgT ) Ai (120)

are sufficient. Surprisingly, the evaluation of S;w , SFw can be performed
recursively and requires only 2n; additions and n; divisions by 2 each. This
means that the amount of work per cg-iteration is proportional to n;. As
a consequence, the total amount of work sums up to

ale) < C4-n.--(i+1)-|log—;-‘ . (1.21)

Of course, in order to avoid unnecessary computational work, the value
€ should reflect the discretization error on level ¢. In the best case, the
discretization error for linear elements behaves like O (h;) with

hi = ho - (B (1.22)
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for uniform refinements. This means that a prescribed reduction factor ¢
less than
7 & = (3)° (1.23)
is unreasonable. To achieve the reduction €; one needs at most
m;(e;) < Cs- (1 +1)? (1.24)
preconditioned cg-iterations and, at most,

ai(e) < Cy-ny- (i +1)? (1.25)

operations.

A rough interpretation of (1.23) is that level ¢ supplies, in the best case, ¢
binary digits of accuracy. However, ¢+ — 1 bits can be obtained on coarser
grids at lower cost. This naturally inspires the following implementation,
reminding of the nested multigrid iteration process [8] : rather than solving
(1.7) for 7 = 7, a cascade of linear systems (1.7) for £ = 0,1...,7 is solved
successively. For 1 = 0, i.e. on the coarsest grid, Cholesky decomposition
may be applied, yielding Uy € Sy, thus initializing the cascade. On finer
levels, certain approximations of U;, say U; e S;, are determined b¥ precon-
ditioned cg-iteration. The iteration on level ¢ is started with U,~(0 =U;_4
and terminated when

I10; — Us|| < & |Tiea — U (1.26)

for some reduction factor € to be discussed below. Recall that the norm on
the right-hand side of (1.26) measures the distance between the solution U
of the continuous problem (1.2) and the last iterate on level ¢ — 1.

Repeated induction leads to

1 - ) < (@Y~ U (1.27)

=0

This means that for the choice

™

E=p-2, 0<p<1, (1.28)

the errors introduced on coarser levels are damped sufficiently fast so that
the iterates U; achieve discretization error accuracy. To see this, assume
that, for0<a <1,

|U: —U|| < Cs-hg = Cs - hg - (3)"> . (1.29)

Then insertion of (1.29) into (1.27) yields

|0; —U|| < Cs - hg - (1 — (3)1-2p%) "1/ (1.30)

6



Note that in this estimate the usually critical case of small a is uncritical,
whereas the best case a = 1 appears to be the critical one.

As shown above, the crucial condition nesting the different levels is (1.26).
Because of U;_; = U,-(O) and

100 v = u® - U2 + |U: - U > U - Ti)? (1.31)
the condition B
10: — Ui < e U - U (1.32)

is sufficient for (1.26). Therefore, the number
mi(€) <Cs-(i+1)- llog gl (1.33)

of cg-iterations needed to satisfy (1.32) is an upper bound for the number of
cg-iterations needed to satisfy (1.26). The total amount of work to compute
U; from U, can be estimated by

@gém@. (1.34)

For further estimation, assume geometric progression for the number of
nodes, i.e. ‘

N1 >8n;, §>1. (1.35)

Note that s = 4 for uniform refinement of grids (this section only). By
(1.21), one obtains

&j n; . €
- <« Cy-— - 1) - llog = <
n; Z: Y on (+1) °g2l"

< foe(3) G- foug

Hence,

(1.36)

Withn=n; ~ 47, one obtains a computational complexity of

O(nldn) .



2. Error Estimation

An actual realization of the cascade iteration described in the preceding
section requires an estimator for both the discretization error and the it-
eration error — compare the crucial criterion (1.26). At the same time, a
discretization error estimator is anyway required for the construction of
nonuniform meshes. In principle, the highly efficient and reliable triangle
oriented local error estimator of Bank and Weiser [7], which is realized in
PLTMG |[3], could also be applied in the context here. However, in the
hierarchical basis framework, a much simpler edge ortented local error esti-
mator seems to be worth discussing. This alternative is the subject of this
section. The method to be developed has certain similarities with ideas of
Zienkiewicz and Craig; see [14], for example.

Let T be a fixed triangulation, which is either the initial triangulation or
a triangulation obtained in the course of the adaptive process described in
Section 3. Let Sg and Sq denote the spaces of piecewise linear and piecewise
quadratic finite element functions associated with 7. In what follows, the
distance between the approximate finite element solution §; and the exact
finite element solution in Sg will be estimated. Sg can be decomposed into
a direct sum

Sq=S.®YVq . (2.1)
The functions of Vg vanish at the vertices of the triangles in T and can be
characterized by their midpoint values on the edges of these triangles. One
immediately observes that this construction corresponds to the splitting
(1.5). Now, assume that a hierarchical basis of S is given (for details of
its construction compare Section 3). Then the hierarchical basis of Sg is
naturally defined by adding the usual nodal basis functions of Sg spanning
Vg. For an illustration in the 1-D case see Figure 4. With respect to this
hierarchical basis of Sg every function has a coefficient vector

v= ( oL ) (2.2)
vqQ

with v, representing the linear part in S; and vg representing the quadratic
part in Vg.

The finite element equations corresponding to the boundary value problem
(1.2) and to this hierarchical basis of $g are

( ALL ALQ ) u‘i _ bL (2 3)
AQL AQQ ub bq ’

Au* =b . (2.4)

or, in short form,



Figure 4 Hierarchical basis representation of SQ = & © VQ

The finite element equations with respect to SL only are
A|_|_U|_ = 6|_ . (25)

Assume that an approximate solution u, of (2.5) isat hand. In the hierar-
chical basis of SQ the coefficient vector (ux,0) represents the same function.

CH:;)-m

represents the difference between the exact piecewise quadratic finite ele-
ment solution in SQand the given approximate piecewise linear solution in
> It satisfies

(AL Ao\ Fd\ -/ \ @7)

with
n = b|_ - ALLug s (28)
fo 1= bQ - AQLUL . (29)

Of course, an exact solution of (2.7) would be far too expensive. To estimate
CLL and rfg, (2.7) is substituted by a much simpler system

BLL BLQ
BOL BQQ

(2.10)



