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P. Deuflhard M. Wulkow

Computational Treatment of Polyreaction
Kinetics by Orthogonal Polynomials

of a Discrete Variable

Abstract

The paper presents a new approach to the computational treatment of polyre-
action kinetics. This approach is characterized by a Galerkin method based
on orthogonal polynomials of a discrete variable, the polymer degree (or chain
length). In comparison with the known competing approaches (statistical mo-
ment treatment, Galerkin methods for continuous polymer models), the sug-
gested method is shown to avoid the disadvantages and preserve the advantages
of either of them. The basic idea of the method is the construction of a discrete
inner product associated with a reasonably chosen probability density function.
For the so-called Schulz-Flory distribution one thus obtains the discrete Laguerre
polynomials, whereas the Poisson distribution leads to the Charlier polynomi-
als. Numerical experiments for selected polyreaction mechanisms illustrate the
efficiency of the proposed method.
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0. Introduction

In recent years, numerical simulation of chemical reaction systems has reached
a level of sophistication, which makes it interesting even for chemical engineering.
~ Mathematically speaking, simulation involves the numerical solution of systems
of ordinary differential equations — possibly large, usually nonlinear and “stiff”.
In principle, these systems can be efficiently treated by chemical kinetics pack-
ages such as LARKIN, which is especially designed for large systems (compare
DEUFLHARD /NOWAK [9] for a recent survey).

However, as soon as polyreactions arise and each individual polymer must be
computed up to technical accuracy, then both storage requirements and com-
puting times tend to increase beyond a tolerable level. In special situations, the
actual computation of statistical moments is a sufficient alternative — see e.g.
recent work by FRENKLACH [12, 13]. If the total polymer distribution function is
needed, then the moment treatment will appear to be unsatisfactory. As a fur-
ther alternative, continuous polyreaction models are often recommended with
the polymer degree as a continuous non-negative variable — see e.g. RAY [18].
This kind of modeling leads to partial differential equations, which might be
attacked by a Galerkin method based on Laguerre polynomials — see GAJEW-
SKI/ZACHARIAS [14] for a description and approximation study. However, mak-
ing the discrete polymer degree a continuous variable is somewhat artificial —
a feature, which shows up in poor approximations for small polymer degree.
Details are presented in Section 1 below.

In order to avoid this artificial modeling, the present paper proposes a differ-
ent approximation scheme, which preserves the discrete structure of the polymer
degree. This method is a Galerkin method based on orthogonal polynomials of
a discrete variable, the polymer degree. Such polynomials are generated by a dis-
crete inner product in terms of a weight function, which may be interpreted as
a probability distribution function. The basic approach and its connection with
the statistical moments are given in Section 2. For the Schulz-Flory distribu-
tion, one obtains the so-called discrete Laguerre functions, whereas the Poisson
distribution leads to the Charlier polynomials — see Section 3. In Section 4, the
Galerkin scheme is applied to a selection of typical polyreaction mechanisms.
Finally, in Section 5, numerical experiments are given that nicely illustrate the
attractive features of the approach advocated herein.



1. Mathematical Polyreaction Models -

1.1 Kinetic Equations for Selected Mechanisms

Let P,(t) denote the concentration of polymers of chain length s (also: poly-
mer degree s) at time %, and N,(t) the number of polymers of length s at time
t. For ease of writing, the notation does not distinguish between the chemical
species P, and its concentration P,(t).— the notation will be clear enough from
the context. If a polyreaction mechanism is known in sufficient detail, then the

associated system of ordinary differential equations can be generated, in princi-

ple. Throughout the paper, attention is focussed on simple model problems to
illustrate the special features of the new method to be proposed.

Chain addition polymerization. Examples of this mechanism are e.g. an-
tonic polymerization or free radical polymerization. Let M denote a monomer
and P, the polymer. Then the associated reaction mechanism is:

P,+M iﬂ, P,+1 s=1, 2,... s (11)

where k, > 0 denotes the reaction rate coefficient. The kinetics of the reaction
(1.1) is modelled by a system of ordinary differential equations of the form:

Pl = —k,MP,
P, = —k,M(P,—P,.;) s=2,3,... (1.2.8)
M' = —k,MY P, '
=1
with the given initial values
" :’ ?1(0) = Pro | : '
P,0) = 0, s=2,8,... (1.2.b)
M(0) = M, . *
Following RAY [18], the time variable ¢ may be rescaled according to
t — [kM(r)dr . (1.3)



In terms of this scaled time, also denbted by t here for simplicity, one obtains -

a) P = =P

' 12 ST L . . ¢ L
St R 2 O N
P! = —P,+P, s=2,3,...
o | o ’ (1.4)
b) Pl(o) = PIO ’ ” ) 27 : oo
L LB0) = 0 . Ts=23.. T T :
it e i - T
For the methods to be dlscussed and proposed hereln, the treatfnent of the model e
problem (1 4) is suﬁicmnt R ' Sk -y
N . < P R . },” o . "_ __vi,’?;v.‘f‘

Reversible polymerization [19]. W1th the notatmn as above, thls lieactxon 3
mechanism reads -

ky
;Y:P.9+M_ -_’C_("‘—‘—’:‘Pa+]_; 9 3=1,‘ Z,A‘-‘t Cur o (1 5)
with reaction coefficients k; > k; > 0. The assoc1ated S1mp11ﬁed model equauons
(analogous to (1.4)) are

a) Pll = k2 P2 - klpl

( Ps’ kl(P—l_Pa)+k2(P3+l"‘Ps) $§=2,3,..

b) Pl(O) - PIO »

P0) =0 s=2,3,...

I

(1.6)

Polymer Degradation [11]. In the present notation, this process leads to the
model equations tos ‘ :

s—-1 0
N;:-—(Zk,,) N,+2 2 k.sN, s=1, 2, .0, T (J.Z)

r=1 r=s+1

Let the initial distribution N, (0) be given. In [2], the followmg a.dd1t10na1 speci-
fications are discussed:

SN
-}

a') ke =
. . . 1 '
Ca b) ksr = = kP -8% 'aw='_§ e 5(1'8‘) B
C) ksr = E,. + Ea-r

Lol I
« xS

An example described by such mo;:lels is the acid hydrolysis of deztrane. The
specifications (1.8.a,b) permit a formal analytic solution of (1.7), which is quite
simple in case a), but prohibitively complicated in case b) — compare [2].

-
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Coagulation [12] and irreversible polycondensation [18]. These pro-
ces8es cari- be modelled by the followmg system of nonhnea,r ordma;ry dlﬁ'erentxal
equatlbns T

S . . o .
1 Zk r,8—71 N N,,_r N Ek’f N , :9 - 1,, 2’ B _— (1 9)
! 1‘=1 r=1 )
Let an initial d.lstnbutmn N,(0) be given. With the additional speclﬁcatlon

ke =k, (1. 10)
this modeéliissglso referred to as Smoluchowski coagulation model. At the same
time, RAY [18] uses (1.9) with (1.10) to model the polycondensation of A-B type
monomer. As an example of this mechanism, [18] mentions the production of
polyesters from hydrozy acids in a well-stirred batch reactor. Note that under
the specification (1.10) the nonlinear system (1.9) can be solved in closed a.na.lytic
form. - L -

‘In the case of heterogeneous reactions, fractional powers like in'(1.8.b c) may also )
arise in model (1.9) — e.g. in soot formation [13]
i :

Mass conservation. For the first two models, (14) and (1.6), one easily ver-
ifies that ‘

Y. P#)=0 , t>o0, - (1.11)
. which means mass conservation:

ZP (1) = ZP (0) , t>0. (1.11')

s=1

For the other two models, (1.7) and (1.9), mass conservation shows up in the
form . :

o0
o ) Y sNJ(t)=0 , t>0, (1.12)
s=1
which is equivalent to
3 SO S 2 o0 : o0 . . f ) N
TR D sN,(t) =) sN,(0) , t>0., , (1.12")
i SR =1 s=1 e e

5

1.2 Standard Comﬁutational Approaches

Large scale stiff integration. On the basis of chemical insight into a spe-
cific polyreaction process, the infinite system of differential equations may be
truncated. The arising finite systems are usually still large and stiff — with
a rather full Jacobian matrix. As a consequence, th1s kind of s:mu]a.tlon leads to
prOhlbltxve array stora.ge and computing tune ‘

-

4



o I
Lumpmg. A popula.r method to reduce thela.;ge number of (stlff) ordipary dif-.
ferential equations is the so-called lumping technique. In this approach, pelymer
species of chain lengths within certain prescribed intervals are “lumped” together
to certain superspecies. It is clear that an appropriate interval definition requires
a lot of a-priori insight into the chemical process (cf. [11]). Nevertheless, even in
the best cases, this lumping technique introduces a modeling -error of unknown -
size — which may be totally unacceptable especially in nonlinear models.

Statistical moment treatment. . The classical statistical moﬁenté_a;e deﬁoed N

as . ) " » ] 4 B . 'h.;b b

‘ u,,(t) = ZskP (t) k=0, Looon o (1 13) ,
) s=1 -

Insertlon of thxs deﬁmtlon into the kinetic models (cf. Section 1. 1) lea,ds tc

a system of ordinary differential equa.tlons for Hoy H1y - - -

Mathema.tlca.lly speaking, the (bounded) infinite sequence Lo, Ui, ... essentially .
determines the distribution density P, — which is the well-known Stieltjes prob-
lem of mathematical statistics [20]. If, however, only a finite number of moments
Lo, ..., WN is known, then associated approximations P(V) of the exact dis-
trlbutlon P, may vary within an extremely wide ra.nge' A detailed theoretical
discussion of this fact and its consequences will be given in Section 2.2 below,
a numerical illustration in Section 5.

For the sake of completeness, recall that mass conservation shows up in thxs
treatment as
,uo(t) = const. ,

if {1.11) holds, or as
pa(t) = const. ,

if (1.12) holds. (Herein, P,(t) in (1.13) must be replaced by N,(t), of course).

Continuous Models. In this kind of model, the polymer degree appears as
a continuous real variable s > 0. The polymer distribution P,(t) = P(s, t)
is then determined by a partial integro-differential equation. For example, the
kinetic equations (1.4) are transformed to (see RAY [18]):

1 ! ey v bt © 4

3 3 1{a)\
— = —= —| =] P(s,t
fa) atP(s’ t BsP(s’ H+ 2(38) (s’ ) N (1_14)
b) P(s,0) = Pio-6(s=1), .
where § means the Dxrac-dxstnbutlon However, RAY a.lready indicates that the
number of terms used in the Taylor expansion of the above right-hand ‘side needs”






