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Arising in Induction Heating of Large Steel Slabs

Abstract

Induction heating of large steel slabs can be described by a coupled system of
nonlinear evolution equations of Stefan type representing the temporal and
spatial distribution of the induced magnetic field and the generated temper-
ature within the slab. Discretizing these equations implicitly in time and by
finite differences in space, at each time step the solution of a system of dif-
ference inclusions is required. For the solution of that system two multi-grid
algorithms are given which combined with a nested iteration type continu-
ation strategy to proceed in time result in computationally highly efficient
schemes for the numerical simulation of the induction heating process.

Keywords: induction heating, system of two coupled Stefan equa-
tions, multi-grid algorithms.
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1. Introduction

In steel industry, for reasons of energy savings, induction heating of steel
slabs is preferred to heating with fuel-fired furnaces, because approximately
87 percent of the thermal energy is generated within the slab. The principle
of induction heating is as follows: an aluminum or copper conductor, being
wrapped around the steel slab along its longer side, generates an alternating
magnetic field thus causing eddy currents in the slab which in turn heat
the slab by Joule dissipation. Due to the skin-effect the eddy currents are
concentrated below the surface which results in a non-uniform distribution
of the temperature. Mathematically the temporal and spatial distribution
both of the induced magnetic field and of the generated temperature within
the slab can be described by a coupled system of two nonlinear evolution
equations, an electromagnetic equation and a heat equation. Since carbon
steel undergoes a phase transition at the Curie temperature of 760° C with
a jump-like behavior of the enthalpy (Figure 1), the heat equation is of
Stefan type. Likewise, the magnetization characteristics can be modelled
as a discontinuous curve with a jump discontinuity at zero as long as the
saturation flux density is positive which happens to be the case below the
Curie temperature (Figure 4). Hence, also the electromagnetic equation is
of Stefan type in regions where the temperature is below the Curie point.
Altogether, we thus are faced with a coupled system of two Stefan type
equations.

As far as the analysis and numerical solution of the coupled system is con-
cerned, the most advanced work so far has been done by Bossavit [2], [3].
Note, however, that for the solution of the nonlinear electromagnetic equa-
tion in one space dimension, assuming a known temperature distribution,
there are earlier approaches by Gillott and Calvert (8], who use an explicit
finite difference discretization (with severe stability restrictions), by Lim and
Hammond [14] whose scheme is based on a modified DuFort-Frankel finite
difference method and by Schulze and Andree(16] using integral equation
techniques. Since the right-hand side of the heat equation, where essentially
the gradient of the magnetic field enters, is rapidly oscillating, in the approach
taken by Bossavit [2], [3] different time-scales for the two equations are intro-
duced. Then, a limit analysis yields a model system with an averaged heat
equation and a time-periodic electromagnetic equation the coupling being
unilateral in the sense that the heat equation has the lead, and the elec-
tromagnetic equation is subordinated to it. Numerically the leading heat
equation can be solved by a nonlinear Crank-Nicolsen type scheme requiring
at each time step the evaluation of the averaged right-hand side. This can be
done by performing a corresponding nonlinear Crank-Nicolsen scheme for the
electromagnetic equation over a sufficient number of half-periods in order to



get a suitable approximation to the periodic solution of that equation. The
resulting systems of nonlinear difference equations are solved by a nonlinear
SOR technique with a local choice of the relaxation parameter w. In partic-
ular, w = 1 is chosen for grid points where a change of phase occours while
overrelaxation is performed elsewhere. Note that a corresponding SOR tech-
nique has been proposed by Elliott [7] for the numerical solution of two-phase
Stefan problems. It is well known that the convergence rate of such iteration
schemes deteriorates considerably with decreasing step sizes. Hence, it would
be preferable to use iterative methods with a reasonable convergence rate be-
ing independent of the chosen step sizes. Such methods can be provided by
the application of multi-grid techniques. Multi-grid algorithms have been
originally designed for the efficient solution of elliptic boundary value prob-
lems but have also proven their usefulness in a wide variety of other type of
problems [10]. Concerning two-phase Stefan problems, the authors [12] have
developed two multi-grid algorithms and have shown their superiority com-
pared to Elliott’s single grid SOR technique by application to a model Stefan
type equation. Actually, both algorithms solve a difference equation resulting
from a discretization of the Stefan problem implicit in time and by standard
finite differences in space. The first of the algorithms is based on an inter-
polation of the enthalpy function between its two phases in regions where a
change of phase occurs and uses bilinear interpolation as prolongations and
full weighted restrictions while the coarse grid correction is damped by a
strictly chosen damping factor. The main features of the second multi-grid
algorithm which can be derived by a duality argument from convex analysis
are the use of nonlinear Gauss-Seidel iteration as a smoother and a different
choice of prolongations and restrictions in regions close to the free boundary
and off the free boundary. Finally, in both algorithms at each time step an
approximation on the finest grid is obtained by a suitable nested iteration
type continuation strategy.

In this paper, we will show how these multi-grid schemes can be effectively
applied to the coupled systems of Stefan type equations describing induction
heating of large steel slabs. The paper is organized as follows: in chapter 2,
following Bossavit’s approach, we will introduce and discuss the averaging
based model system. Then, in chapter 3 the multi-grid algorithms will be
presented in detail and finally, in chapter 4 numerical results will be given
documenting the whole spectrum of physical phenomena arising during the
induction heating process.



2. The Coupled Stefan Equations

We consider a steel slab of width 2a, length 2b and height ¢ (2b > ¢ > 2a) oc-
cupying the domain [0, 2a] x [0, 2b] x [0, ¢] in Euclidian 3-space (typical dimen-
sions are a = 0.05m,b = 2.5m, ¢ = 1m). Denoting by B = (B,,B;, B3), E =
(£1, E, E3),H = (Hy,H,, H3) and J = (Ji, J2,J3) the vector fields repre-
senting the magnetic induction, the electric field, the magnetic field and the
eddy currents density, respectively, by Faraday’s law we have

0B

T +rotE=0 . (2.1)
According to Ohm’s law, the electric field E is related to the eddy currents
density J by

E= geJ (22)

while by Ampére’s theorem we have
J =rotH (2.3)

where in (2.2) the scalar function pe stands for the electric resistivity de-
pending on the temperature distribution © = ©O(z,y, z,t) within the slab
(Figure 2). Finally, the magnetic field H is related to the induction B by

H = no(|B|)sgn(B) (2.4)

with a temperature dependent monotone function ne satisfying 7¢(0) =0 .
In the subsequent analysis, for the inverse fo = 1g' , called the magnetiza-
tion characteristics, we will assume the simplified Frohlich’s model

»

Bo(8) = pos + besgn(s),s €ER (2.5)

with g0 denoting the magnetic permeability in vacuum and bg the tempera-
ture dependent saturation flux density. In view of the geometric configuration
of the problem - the conductor is wrapped around the longitudinal axis of
the slab — the induced magnetic field H is parallel to the z-axis, i.e.,

HlEO, H,=0 (26)
H; = h(z,y,t), 0<z<2a, 0=Xy<2b. '
Moreover, due to symmetry reasons we may assume
=h - z,y,t), 0<z<
h(z,y,t) = h2a - z,3,1), 0<z < a -

h(z,y,t) = h(z,2b—y,1), 0 <y < b.
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Consequently, the problem is basically a two-dimensional one in the domain
R = (0,a) x(0,b), where in view of (2.2, 2.3, 2.4, 2.5) and (2.6) the governing
electromagnetic equation (2.1) reduces to

2 folbla,u,1) ~ V- (20 Vh(z,u,) =0, >0, (28a)

Taking (2.7) into account, the boundary conditions are given by

k(z,y,t) = hsinwt, (z,y) € HR

(;inh(z,y,t) = 0, (z,y) €E0R
where & R = {(z,0)|0 <2 <a}U{(0,9)|0 <y <b},0:R = {(z,0)|0 < z <
a} U {(a,¥)[0 < y < b}, h denoting the amplitude and w the frequency of
the applied magnetic field. Since B¢ has a jump discontinuity at the origin
as long as bg > 0, the electromagnetic equation (2.8a) is of Stefan type and
thus has to be interpreted in a suitable weak sense [13].

(2.8b)

For the temperature distribution © within the slab we may also assume
that it is constant in z-direction satisfying the same symmetry (2.7) as h.
Neglecting heat exchange by radiation or convection at the slab surface, the
heat equation takes the form

7]
(—%—q(G(w,y, t)) — V- (ke VO(z,y,t)) = 0o|Vh(z,y,t)]*, (z,y) € R (2.9a)
with zero Neumann boundary conditions
0
565,;@(323 yat) =0 ) (.’L‘, y) € aR ’ (29b)

where ¢ = ¢(©) denotes the enthalpy and xe the thermal conductivity (Fig-
ures 1,3). Since the enthalpy ¢ exhibits a jump discontinuity at the Curie
temperature of ©, = 760°C, the heat equation (2.9a) is also of Stefan type.

In order to clarify the coupling between the electromagnetic equation (2.8a)
and the heat equation (2.9a) we introduce a new time scale according to

T=wt (2.10)
and we transform the domain R onto the unit square = (0,1) x (0,1) by
z=af, y=by. (2.11)

Furthermore, normalizing the electric resistivity po and the saturation flux
density bg by
oo = por(0©), be = byv(0O) (2.12)

7



and setting _
h(z,y,t) = hu(€,n,7) (2.13)
the transformed boundary value problems (2.8, 2.9) are given by

agmmwmntm

(2.14a)
—52——( (@) )—a —-(?‘(9) )=0, (¢n) e
u(é,n,7)=sint , (£, o
gf n,7) = sin (¢im) € (2.14b)
where
i = {(§0)0<E<13U{(0,7)]0 <n <1},
0 = {({(D0<E<1}U{L,n0<n <1}
229 oy _ 29, 90 20 090,
) Ve ;uae 07" 9 (2.152)
=mﬂw%r @Izl Emen
593—'9(57 7]77) =0 ’ (§7 77) €0Q. (215b)

Note that in (2.14a) the constants a, (! are given by a = (wbya?b?)/(goh)
and ¢! = (poh)/bo. (¢ is commonly referred to as the Stefan number of the
problem).

Since w > 1 in (2.10) (a typical value is w = 1007), we thus have a coupled
system of two equations with significantly different time scales. In particular,
the variation of the temperature © with time is slow as compared to the rate
of time variation of u and the right-hand side of the heat equation (2.15a).
Such systems can be conveniently handled by the method of avaraging. Fol-
lowing Bossavit’s approach [3], we consider the time-periodic electromagnetic
equation

056;(7(9)8@1(") + (M) = Loy (u) =0, (6,7) €9, 0<T <2 (216a)

u(i»n,T)=SinT ) (6177)68197 0<7<2r

8 (2.16b)
5’;{“(57"777)=0 ’ (617])60291 0<r<2n

u(&v’hf) = u(g’"’T + 27")

8



and the “averaged” heat equation

42 4(0) ~ Ley(©) = fo, (EMER, >0 (2172

D 0(Em,1) =0, (En) €00, t>0 (2.17b)

where the differential operators L, LT and the source term fg in (2. 17a.) are
given by

L o)(u) = bza_E (r((‘))-gg) + az% (r(@)a_:;) (2.18a)
2 0 9 )
Lie)(©) = b5z (x(6) 86) 51}(”(@)3_77) (2.18b)
fo = oob’(fs + 12,
O . ) (2.19a)
= wr(e)-z—l; [ggnofds,
2 = e)— / ] f,n,s)lzds. (2.19b)



3. The Multi-Grid Algorithms

In this section we will discuss the application of two multi-grid algorithms
in the numerical solution of the coupled system (2.16), (2.17) which have
recently been developed by the authors for the solution of the classical two-
phase Stefan problem [12]. Both algorithms are based on a discretization of
(2.16), (2.17) implicit in time with step sizes A7, At and by standard finite
differences in space with respect to a hierarchy (Q)i_, of equidistant grid
point sets. As we shall see below, the discretized problems can be inter-
preted as difference inclusions being equivalent to variational inequalities of
the second kind and unconstrained minimization problems for convex subd-
ifferentiable functionals, respectively.

We denote by Ge and @ the functions given by
Go(s) = ofy(O)sgn(s) + ¢ 's], s €R (3.12)

Q(s) = a®b%¢(s), s €R* (3.1b)

where the graph of the enthalpy function ¢ is shown in Figure 1. Due to -
the jump discontinuity of the enthalpy at the Curie temperature, @) must
be interpreted as multivalued function. Moreover, in view of sgn(s) =
[-1,+1] for s = 0 , the same applies to Gg for temperatures below the
Curie point.

Now, we choose step sizes AT =27/M , M €N, and At >0, and we
denote by ©® , u™™ approximations to © , u at times t, = nAt, n €N,
and 7, = mA7T, 0 < m < M, respectively. Since the variations of x(0)
and r(0) are small during a full time period of the electromagnetic equation,
we may choose £(0) = £(O") and r(O©) = r(O") in (2.17a). Moreover,
we discretize f§. , f2. by approximating the integrals in (2.19) by the
summarized trapezoidial rule for periodic functions, i.e.

AT 1 3u"° M-t gunrm 1 au

for = ¥r(0") (512 5| 'g;ll F+3l I), (3.2a)
" WAT 1 Gu M1 gynm 1,8u™M
3 = @) GGG+ T TP 5T (s2b)

Then, if we select some appropriate G§n» € Gen(u™™),0 < m < M — 1,
where u™® = u"~'M for n > 1, and Q™ € Q(O"),n > 0, the implicit time
discretization of (2.16a), (2.17a) results in the differential inclusions

G&n + ATL (gmy(u™™) € Gon(u™™*?) (3.3)

10



Q" + AtL (@,.,(6"“) + Atfon € Q(G)““) (3.4)
where f3. = poh?(f5n + f57) -

Remark. In view of the results by J. Jerome for the classical two-phase
Stefan problem [13], for sufficiently small A7, At the differential inclusions
(3.3), (3.4) with corresponding boundary conditions (2.16b), (2.17b) admit
unique solutions. Moreover, for A7 — 0 and At — 0 the piecewise linear
prolongations in time of these solutions converge in the L?-sense to weak
solutions of (2.16) (with v(©) = 7(0"),r(0©) = r(O")) and (2.17) (with
£(0) = £(0),(0) = r(07)).

We now consider finite difference discretizations of the differential inclusions
(3.3),(3.4) with respect to a hierarchy (Q4)i_, of grid point sets O, = QNIRZ
where

Rz = {(§i> 77])'61 = ihky ;= jhk, Z’] € Z}

with step sizes hryy = hr/2, 0 < k < 1—1, given hg = 1/2. For grid functions
ur on QU = QﬂlRi we denote by Df'g and D,tn the standard forward and
backward difference operators

DEcur(€,m) = hi* [Fua€ £ heyn) Fualé, )]s (€1) € D,
Dz‘,ﬂ defined similarly. The normal derivative Ou/dn on 0f) is then approx-
imated by Dj,ux on 0Q; = 00 ﬂlRZ where Dy u; = D,tguk [Dk‘nuk =
D;:,r,“k] in (¢,7) = (0,7;) [(5,77) = (&',0)] and Dynup = —Dj cuy [Dk.nuk =
—Diqui] in (6,m) = (L) [(6m) = (&,1)], 1 <45 S Ne—1, Ne = 1/hs
while at the corners we use Dy nur = (D qur + D}t ui)/2in (€,7) = (0,0) [

with similar definitions in (0,1),(1,0) and (1, 1)] We approximate the ellip-
tic differential operators Lr(@") and Ln(@"} by ﬁmte difference operators L}
and Li’ where L! is given by

Li(uk) = Dy C(T(ek: 1/2)Dk¢”k) + Dy, {(r((—)k,ﬂ-l/‘z)Dk guk)
+ sz T)(r(@k] 1/2)Dk r;uk) + b2Dk n(r(gk ]+1/2)Dk nuk)

with r(07:412) = [r(OF(¢ £ hw,m)) + r(OF(6,m))] /2 and (07 j41y2) =
[r(©2(6n + hy)) + r(e;;(.g,n))] /2 while LI is defined analogously with
b*> and r(-) replaced by a? and k(-), respectively. Finally, we discretize
|0u/OE?, |0u/On]? in (3.2) by (|Dfcux|* + |Dj cux|?)/2, where

(|D{ yur*+| D ,ukl?)/2 is denoting the resulting grid functions by f,:"'é,,, 1<
t < 2, and fJgn. Then the fully discretized problems (2.16, 2.17) can be writ-
ten as the following system of difference inclusions

» + ATLi(up™") € Gop(up™ ) (3.5a)

11



U™t = sinrpe, Uy) €drie = dUNR

) (3.5b)

D™ =0, ((r)edny = iR

Q" + AILINGF)  + A</E., € Q(0£'Y) (3.63)
Dk,ne”k+1=0, U, )edUk (36b)

Remark: If uE"(x) = 0 or O£(x) = O.,x € O, we choose Ggn(x),0 <
m < M — 1, respectively Q"(i) by

G%(x) G%n'(x) +  ATL[(U)(2)
() = Qe-'(x) + AN(0]J)(x) + Ai/ry_y

where GEl = Ggt*.

Identifying  grid  functions on Q¢ with vectors in R*,
Ny —card 0, with respect to the lexicographic ordering of grid points
and incorporating the boundary inclusions, the conditions (3.5), (3.6) can be
algebraically written as

6i-4«r*t€Ge,(ur*t) (3.7)

hit- As®@?* € WITH (3.8)

where the (N, iVfc)-matrices A,, Aj? denote the matrix representations of the
difference operators —ArLj[, —AtLj/ and bbl' are appropriately defined
vectors in

In the sequel we will present two multi-grid methods for the numerical solu-
tion of (3.7) and (3.8). For simplification the schemes will only be described
as applied to (3.7). Furthermore, for notational convenience the superscripts
/, nand m+ 1in (3.7) will be omitted.

The first multi-grid algorithm is based on the idea to replace the inclusion
(3.7) by an equivalent nonlinear algebraic systems which isthen solved using
Brandt's FAS algorithm [4 combined with damping of the interpolated coarse
grid correction. Setting Ax = (afj),j=i and

Am(ue) = (bei - £ @.tisg + a7(Orc,t) ) /287(€¢c1-) , 1< < Ng ,
\ =i iH |

it iseasily seen from (3.1a) and (3.7) that the two phases u/®* < 0, W,->0
and the change of phase uqi = 0 can be characterized by \j(u) according

12



