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Abstract 

Induction heating of large steel slabs can be described by a coupled system of 
nonlinear evolution equations of Stefan type representing the temporal and 
spatial distribution of the induced magnetic field and the generated temper­
ature within the slab. Discretizing these equations implicitly in time and by 
finite differences in space, at each time step the solution of a system of dif­
ference inclusions is required. For the solution of that system two multi-grid 
algorithms are given which combined with a nested iteration type continu­
ation strategy to proceed in time result in computationally highly efficient 
schemes for the numerical simulation of the induction heating process. 
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tions, multi-grid algorithms. 
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1. Introduction 
In steel industry, for reasons of energy savings, induction heating of steel 
slabs is preferred to heating with fuel-fired furnaces, because approximately 
87 percent of the thermal energy is generated within the slab. The principle 
of induction heating is as follows: an aluminum or copper conductor, being 
wrapped around the steel slab along its longer side, generates an alternating 
magnetic field thus causing eddy currents in the slab which in turn heat 
the slab by Joule dissipation. Due to the skin-effect the eddy currents are 
concentrated below the surface which results in a non-uniform distribution 
of the temperature. Mathematically the temporal and spatial distribution 
both of the induced magnetic field and of the generated temperature within 
the slab can be described by a coupled system of two nonlinear evolution 
equations, an electromagnetic equation and a heat equation. Since carbon 
steel undergoes a phase transition at the Curie temperature of 760° C with 
a jump-like behavior of the enthalpy (Figure 1), the heat equation is of 
Stefan type. Likewise, the magnetization characteristics can be modelled 
as a discontinuous curve with a jump discontinuity at zero as long as the 
saturation flux density is positive which happens to be the case below the 
Curie temperature (Figure 4). Hence, also the electromagnetic equation is 
of Stefan type in regions where the temperature is below the Curie point. 
Altogether, we thus are faced with a coupled system of two Stefan type 
equations. 

As far as the analysis and numerical solution of the coupled system is con­
cerned, the most advanced work so far has been done by Bossavit [2], [3]. 
Note, however, that for the solution of the nonlinear electromagnetic equa­
tion in one space dimension, assuming a known temperature distribution, 
there are earlier approaches by Gillott and Calvert [8], who use an explicit 
finite difference discretization (with severe stability restrictions), by Lim and 
Hammond [14] whose scheme is based on a modified DuFort-Frankel finite 
difference method and by Schulze and Andree[16] using integral equation 
techniques. Since the right-hand side of the heat equation, where essentially 
the gradient of the magnetic field enters, is rapidly oscillating, in the approach 
taken by Bossavit [2], [3] different time-scales for the two equations are intro­
duced. Then, a limit analysis yields a model system with an averaged heat 
equation and a time-periodic electromagnetic equation the coupling being 
unilateral in the sense that the heat equation has the lead, and the elec­
tromagnetic equation is subordinated to it. Numerically the leading heat 
equation can be solved by a nonlinear Crank-Nicolsen type scheme requiring 
at each time step the evaluation of the averaged right-hand side. This can be 
done by performing a corresponding nonlinear Crank-Nicolsen scheme for the 
electromagnetic equation over a sufficient number of half-periods in order to 
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get a suitable approximation to the periodic solution of that equation. The 
resulting systems of nonlinear difference equations are solved by a nonlinear 
SOR technique with a local choice of the relaxation parameter u. In partic­
ular, u = 1 is chosen for grid points where a change of phase occours while 
overrelaxation is performed elsewhere. Note that a corresponding SOR tech­
nique has been proposed by Elliott [7] for the numerical solution of two-phase 
Stefan problems. It is well known that the convergence rate of such iteration 
schemes deteriorates considerably with decreasing step sizes. Hence, it would 
be preferable to use iterative methods with a reasonable convergence rate be­
ing independent of the chosen step sizes. Such methods can be provided by 
the application of multi-grid techniques. Multi-grid algorithms have been 
originally designed for the efficient solution of elliptic boundary value prob­
lems but have also proven their usefulness in a wide variety of other type of 
problems [10]. Concerning two-phase Stefan problems, the authors [12] have 
developed two multi-grid algorithms and have shown their superiority com­
pared to Elliott's single grid SOR technique by application to a model Stefan 
type equation. Actually, both algorithms solve a difference equation resulting 
from a discretization of the Stefan problem implicit in time and by standard 
finite differences in space. The first of the algorithms is based on an inter­
polation of the enthalpy function between its two phases in regions where a 
change of phase occurs and uses bilinear interpolation as prolongations and 
full weighted restrictions while the coarse grid correction is damped by a 
strictly chosen damping factor. The main features of the second multi-grid 
algorithm which can be derived by a duality argument from convex analysis 
are the use of nonlinear Gauss-Seidel iteration as a smoother and a different 
choice of prolongations and restrictions in regions close to the free boundary 
and off the free boundary. Finally, in both algorithms at each time step an 
approximation on the finest grid is obtained by a suitable nested iteration 
type continuation strategy. 

In this paper, we will show how these multi-grid schemes can be effectively 
applied to the coupled systems of Stefan type equations describing induction 
heating of large steel slabs. The paper is organized as follows: in chapter 2, 
following Bossavit's approach, we will introduce and discuss the averaging 
based model system. Then, in chapter 3 the multi-grid algorithms will be 
presented in detail and finally, in chapter 4 numerical results will be given 
documenting the whole spectrum of physical phenomena arising during the 
induction heating process. 
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2. The Coupled Stefan Equations 
We consider a steel slab of width 2a, length 26 and height c (26 > c^> 2a) oc­
cupying the domain [0,2a] x [0,26] x [0, c] in Euclidian 3-space (typical dimen­
sions are a = 0.05m, 6 = 2.5m, c = lm). Denoting by B = (Bi,B2, B3), E = 
(Ei,E2,E3),H = (H\,H2,Hz) and J = {J\,J2,Jz) the vector fields repre­
senting the magnetic induction, the electric field, the magnetic field and the 
eddy currents density, respectively, by Faraday's law we have 

dB 
— + rot£ = 0 . (2.1) 
at 

According to Ohm's law, the electric field E is related to the eddy currents 
density J by 

E = QQJ (2.2) 

while by Ampere's theorem we have 

J = rotH (2.3) 

where in (2.2) the scalar function g& stands for the electric resistivity de­
pending on the temperature distribution 0 = Q(x,y, z,t) within the slab 
(Figure 2). Finally, the magnetic field H is related to the induction B by 

^ = J7e(|B|)sgn(5) (2.4) 

with a temperature dependent monotone function TJQ satisfying TJQ{0) = 0 . 
In the subsequent analysis, for the inverse ß% — r/©1 , called the magnetiza­
tion characteristics, we will assume the simplified Fröhlich's model 

ße{s) = p0s + 6esgn(s), s € IR (2.5) 

with fi0 denoting the magnetic permeability in vacuum and 6e the tempera­
ture dependent saturation flux density. In view of the geometric configuration 
of the problem - the conductor is wrapped around the longitudinal axis of 
the slab - the induced magnetic field H is parallel to the z-axis, i.e., 

H3 = h(x,y,t)t 0<x<2a, 0 = < y < 26 . 

Moreover, due to symmetry reasons we may assume 

h(x,y,t) = h(2a-x,y,t),0<x<a 

h{x,y,t) = h(x,2b-y,t), 0<y<b. 
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Consequently, the problem is basically a two-dimensional one in the domain 
R = (0, a) x (0,6), where in view of (2.2, 2.3, 2.4, 2.5) and (2.6) the governing 
electromagnetic equation (2.1) reduces to 

p\ 
TT-/MM*, y> *)) - V • (g& VÄ(X, y, i)) = 0 , <> 0 . (2.8a) 

Taking (2.7) into account, the boundary conditions are given by 

h(x,y,t) = hsinut , (x,y)£d\R 
d (2.8b) 

—h(x,y,t) = 0, (x,y)ed2R 

where & # = {(x,0)|0 < x< a] Ö {(0,y)\0 <y <b},d2R= {(x,b)\0 <x< 
a) U {(a, y)|0 < ?/ < 6}, /i denoting the amplitude and tx> the frequency of 
the applied magnetic field. Since ße has a jump discontinuity at the origin 
as long as 69 > 0, the electromagnetic equation (2.8a) is of Stefan type and 
thus has to be interpreted in a suitable weak sense [13]. 
For the temperature distribution 0 within the slab we may also assume 
that it is constant in ^-direction satisfying the same symmetry (2.7) as h. 
Neglecting heat exchange by radiation or convection at the slab surface, the 
heat equation takes the form 

^q(e(x,y,t))-V-(KeVe(x,y,t)) = Qe\Vh(x,y,t)\2, (x,y) G R (2.9a) 

with zero Neumann boundary conditions 

« e ^ 0 ( x , y, t) = 0 , ( x , y ) e d R (2.9b) 

where q = q(Q) denotes the enthalpy and KQ the thermal conductivity (Fig­
ures 1,3). Since the enthalpy q exhibits a jump discontinuity at the Curie 
temperature of 0C = 760°C, the heat equation (2.9a) is also of Stefan type. 

In order to clarify the coupling between the electromagnetic equation (2.8a) 
and the heat equation (2.9a) we introduce a new time scale according to 

r = ut (2.10) 

and we transform the domain R onto the unit square Q. = (0,1) x (0,1) by 

x = a£, y = btj. (2.11) 

Furthermore, normalizing the electric resistivity £e and the saturation flux 
density b@ by 

Qe = eor(e), be = bol(e) (2.12) 



and setting 
h(x,y,t) = hu{t,Ti,T) (2.13) 

the transformed boundary value problems (2.8, 2.9) are given by 

aö-(7(Ö)sgn(u) + C 1 " ) -

Ja . ,^dux 2 d, , ^ d u . n ,, , n (2-14a) 
- ^ ( r ( 0 ) ^ ) - « 2 ^ ( r ( 0 ) ^ ) = O, (e , . ) e f i 

«(£> *?>T) = sin r , (£, ?/) G djfi 
Ö (2.14b) 

where 
0 i« = {(€,0)|0 < e < 1} U {(0,r7)|0 < 77 < 1}, 

d2n = {(e,i)|o<f <i}u{(i , i7) |o<i7<i} 

2.2 # ,rx\ 12 d i ^0 2 9 / d® \ 

= ^2[62 | | |2 + a2|^|2], ( ( , ^ n 
(2.15a) 

« e ^ e U , r ? , r ) = 0 , (e,7?)GÖÜ. (2.15b) 

Note that in (2.14a) the constants a, C_1 are given by a = (ub0a
2b2)/(g0h) 

and £ - 1 = (poh)/b0. (£ is commonly referred to as the Stefan number of the 
problem). 

Since u> ^> 1 in (2.10) (a typical value is u = lOOx), we thus have a coupled 
system of two equations with significantly different time scales. In particular, 
the variation of the temperature 6 with time is slow as compared to the rate 
of time variation of u and the right-hand side of the heat equation (2.15a). 
Such systems can be conveniently handled by the method of avaraging. Fol­
lowing Bossavit's approach [3], we consider the time-periodic electromagnetic 
equation 

a—( 7 (0)sgn(u) + C_1u) - Li(e){u) = 0, (£, r/) £ ft, 0 < r < 2TT (2.16a) 

U{£,T],T) = sinr , (£ , r?)edif t , 0 < T < 2TT 
d (2.16b) 

—u(Z,rj,T) = 0 , (£,*?) <Ed20, 0 < T < 2 T T 

"(£ ,*? ,T) = u(£,77,T- | -27r) 
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and the "averaged" heat equation 

a 2 & 2 J^(0) - Lj j e ) (e ) = / e , (€,17) € ft, * > 0 (2.17a) 

| - © ( 6 I M ) = 0 , (f, 1?) e a n , * > 0 (2.17b) 

where the differential operators L1, Ln and the source term f& in (2.17a) are 
given by 

Ll(e)(u) 

^(e)(e) 

/ e = 

fe -

fl -

9 

4(«°>£W£(Ke)£) ae ae> 
l 2 9 / , ^ d 0 \ , 3 / . . . Ö 0 \ 

Of 5e 

drj 

,d_ 

dr] 

dr\' 

de 

(2.18a) 

(2.18b) 

(2.19a) 

(2.19b) 



3. The Multi-Grid Algorithms 
In this section we will discuss the application of two multi-grid algorithms 
in the numerical solution of the coupled system (2.16), (2.17) which have 
recently been developed by the authors for the solution of the classical two-
phase Stefan problem [12]. Both algorithms are based on a discretization of 
(2.16), (2.17) implicit in time with step sizes Ar, At and by standard finite 
differences in space with respect to a hierarchy (SlkYk^o of equidistant grid 
point sets. As we shall see below, the discretized problems can be inter­
preted as difference inclusions being equivalent to variational inequalities of 
the second kind and unconstrained minimization problems for convex subd-
ifferentiable functionals, respectively. 
We denote by GQ and Q the functions given by 

Ge{s) = a[7(e)sgn(5) + C1*] , s GIR (3.1a) 

Q(s) = a2b2q(s) , s 6 l R + (3.1b) 

where the graph of the enthalpy function q is shown in Figure 1. Due to 
the jump discontinuity of the enthalpy at the Curie temperature, Q must 
be interpreted as multivalued function. Moreover, in view of sgn(s) = 
[—1,+1] for s = 0 , the same applies to GQ for temperatures below the 
Curie point. 

Now, we choose step sizes A T = 2n/M , M (E IN, and At > 0 , and we 
denote by 0 n , un,m approximations to 0 , u at times tn — nAt , n € IN , 
and rTO = mAr , 0 < m < M, respectively. Since the variations of «(0) 
and r (0 ) are small during a full time period of the electromagnetic equation, 
we may choose K ( 0 ) = /c(0n) and r ( 0 ) = r ( 0 n ) in (2.17a). Moreover, 
we discretize fQn , /@„ by approximating the integrals in (2.19) by the 
summarized trapezoidial rule for periodic functions, i.e. 

A T 1 riii71'0 M~l riiin'm 1 f)un'M 

&=°M°")£(ii^ri'+£ i V 2 + s 1 V | 2 ) • (32b) 

Then, if we select some appropriate GQ„ € Ge°("n , m))0 < m < M — 1, 
where un'° = u n _ 1 ' M for n > 1, and Qn G Q ( 0 n ) , n > 0 , the implicit time 
discretization of (2.16a), (2.17a) results in the differential inclusions 

Gg„ + Ar# ( e n ) ( t i n ' m + 1 ) E Ge"(«n , m + 1) (3.3) 
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Qn + A*Z, ;^)(0 n + 1 ) + A t / g . e Q(0 n + 1 ) (3.4) 

where /g„ = p0h
2(f$ + /©J?) . 

R e m a r k . In view of the results by J. Jerome for the classical two-phase 
Stefan problem [13], for sufficiently small A T , At the differential inclusions 
(3.3), (3.4) with corresponding boundary conditions (2.16b), (2.17b) admit 
unique solutions. Moreover, for Ar —-> 0 and At —> 0 the piecewise linear 
prolongations in time of these solutions converge in the L2-sense to weak 
solutions of (2.16) (with 7 ( 0 ) = 7 ( 0 n ) , r ( 0 ) = r (0 n ) ) and (2.17) (with 
K (0) = /c(0n) , r(0) = r (0 n ) ) . 

We now consider finite difference discretizations of the differential inclusions 
(3.3),(3.4) with respect to a hierarchy (Qk)'k=0 of grid point sets Qk = üf\\R2

k 

where 

lR£ = {(&, r)Mi = ihk, Vj = Jhk, i,j G 2 } 
with step sizes hk+\ = /tjt/2, 0 < k < I — 1, given h0 — 1/2. For grid functions 
uk on Q,k = Ü D'Rfc w e denote by Df^ and Dkr) the standard forward and 
backward difference operators 

£&«*(£> V) = Kl [±uk{Z ± hk, r?) =F uk(£, i/)], ({, TJ) eük, 

Dfv defined similarly. The normal derivative du/dn on 0 0 is then approx­

imated by Dkinuk on dCtk = d£lf)\Rl where DktUuk = D^^uk \Dktnuk — 
Dtr,uk] in (£,r?) - (0,7k) [(£,77) = (&,0)] and Dkynuk = -D^uk [Dk<nuk -

-Dlnuk\ in (t,V) = (l>>7i) [(£,77) = (6,1)] , 1 < i,j <Nk-l,Nk = l/hk 

while at the corners we use Dkynuk = (D^uk + D%vuk)/2 in (£,17) = (0,0) 

with similar definitions in (0,1), (1,0) and (1,1) . We approximate the ellip­

tic differential operators LLe„x and L^Q^ by finite difference operators Lk 

and Ll
k
l where Lk is given by 

+ b'Dlv(r(eh-x/2)Dl,vuk) + b2Dktr)(r(QlJ+1/2)Dlvuk) 

with r (0» I ± 1 / 2 ) = [r(en
k(t ± A*,i?)) + r ( 0 ^ , 7 , ) ) ] / 2 and r ( 6 j J ± 1 / 2 ) = 

[r(e*(£>>7 ± Äfc)) + r(0J(^,i7))]/2 while L? is defined analogously with 
62 and r(-) replaced by a2 and «(•), respectively. Finally, we discretize 
\du/d(\\ \du/drj\2 in (3.2) by (\Dl(uk\

2 + |D^tz fc |2)/2, where 
(\D£vuk\

2 + \Dkr)uk\
2)/2 is denoting the resulting grid functions by /^©n, 1 < 

i < 2, and /£ e »- Then the fully discretized problems (2.16, 2.17) can be writ­
ten as the following system of difference inclusions 

Ggn + ArL{(un
k'

m+1) e G&~(un
k'

m+1) (3.5a) 
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un
k'

m+1 = s inrm + 1 , U,V) € drük = d1Üf)\Rl 
(3.5b) 

Dktnun
k'

m+1 = o, ((,r1)ed2nk = d2ür]\Rl 

Qn + AtLl'iGf1) + A</£e„ € Q(0£+ 1) (3.6a) 

Dk,ne
n
k
+1=0, U,V)edÜk. (3.6b) 

Remark: If u£m(x) = 0 or 0£(x) = 0 c , x € 0fc, we choose Ggn(x),0 < 
m < M — 1, respectively Q n ( i ) by 

G%(x) = G%nl(x) + ATL[(unr)(z) 

Q»(x) = Q«-1(x) + A ^ ( 0 ] J ) ( x ) + Ai /^ 1
n _ 1 

where G£l = Ggt* . 

Identifying grid functions on Qk with vectors in 1R *, 
Nk — card ük, with respect to the lexicographic ordering of grid points 
and incorporating the boundary inclusions, the conditions (3.5), (3.6) can be 
algebraically written as 

6 i - 4 « r + 1 € G e 2 ( u r + 1 ) (3.7) 

hi1 - A»®?1 € W I T 1 ) (3.8) 

where the (Nk, iVfc)-matrices Ak, Aj? denote the matrix representations of the 
difference operators — ArLj[, — AtLj/ and b^bl1 are appropriately defined 
vectors in 

In the sequel we will present two multi-grid methods for the numerical solu­
tion of (3.7) and (3.8). For simplification the schemes will only be described 
as applied to (3.7). Furthermore, for notational convenience the superscripts 
/ , n and m + 1 in (3.7) will be omitted. 

The first multi-grid algorithm is based on the idea to replace the inclusion 
(3.7) by an equivalent nonlinear algebraic systems which is then solved using 
Brandt's FAS algorithm [4] combined with damping of the interpolated coarse 
grid correction. Setting Ak = (afj),tj=i and 

AM(ufc) = (bk>i - £ aj.tifcj + a7(0 fc, t) ) /2a7(efcl,-) , 1 < i < Nk , 
\ ;=i iH l 

it is easily seen from (3.1a) and (3.7) that the two phases uk^ < 0 , u*,,- > 0 
and the change of phase ukti = 0 can be characterized by \kj(uk) according 
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