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1. Introduction

By definition, a homoclinic orbit z*(t) of a flow
z=F(z) , zeR™™" (1.1)

tends to the same equilibrium, say z = 0, F(0) = 0, for both ¢ —» F00. Homo-
clinic orbits are a key phenomenon for understanding more complicated dynamics,
including chaotic motions; see e.g. [GUCKENHEIMER & HOLMES 1, SPARROW].
For typical vector fields F', however, homoclinic orbits do not exist. The reason is
the following. Suppose z = 0 is a hyperbolic equilibrium, i.e. the eigenvalues of
F'(0) stay away from the imaginary axis. Then the m-dimensional stable manifold
W? of z = 0 consists of all those zy = z(0) for which

t—ginooz (t) = 0 ’

see e.g. [CHOW & HALE]. Likewise, the n-dimensional unstable manifold W* is
associated to
t_lix_nooz"(t) = 0.

By definition, W* and W?* intersect nontrivially (i.e. at some point
p = z*(0) # 0) if 2*(t) is a homoclinic orbit. Note that W* and W?* then inter-
sect all along the orbit z*(t). In particular, the tangent spaces T,W* and T,W*
intersect nontrivially,

In other words: W* and W* intersect nontransversely at p; and
codim (TpW* + Tp,W*) =1 (1.3)

or, even worse, > 1. Perturbing the vector field F' slightly, we can therefore push
W* slightly in the direction of that remaining codimension, keeping W* fixed.
Then W* and W* do not intersect anymore, locally, and the homoclinic orbit
has disappeared. A precise statement of this idea is the Kupka-Smale theorem
[KuPkA, SMALE]. This theorem asserts that for generic F € C*, stable and
unstable manifolds intersect transversely, if they intersect at all. By (1.3), this
excludes the possibility of homoclinic orbits. The word “generic” indicates that
the theorem may fail (and it does!) only for a subset of F' € C*, which is of the
first Baire category in the weak Whitney topology. In particular, the assertion
of the Kupka-Smale theorem holds for a dense set of F. See e.g. [ABRAHAM
& ROBBIN] for more details. Note that this situation contrasts markedly with
the case of discrete time flows viz. of iterating diffeomorphisms, where transverse
homoclinic points can occur — leading to Smale horseshoes and shift dynamics;
see e.g. [MOSER].






We have seen above, heuristically, how homoclinic orbits are a codimension 1 phe-
nomenon in the space of vector fields. Therefore, we now consider C* parametrized
vector fields.

2=F(a,2z) , z € R™*" (1.1,)

with parameter a. Below, we will consider parameters o = (a1, a;) € IR%. But for
the moment, let us discuss the case @ € IR. By the above reasoning, homoclinic
orbits will typically, i.e. generically, occur for isolated parameter values, say at
a = 0. What happens for small @ # 07 One possible scenario is the following.
For a < 0 we see a periodic orbit z,(t) of minimal period T,. For « 0, some
part of the periodic orbits approaches the equilibrium z = 0, e.g.

(lxl% z,(0) = 0,

while the remaining points approach the closure of the homoclinic orbit of
z=F(0, z) .

Simultaneously, the minimal periods 7, tend to infinity. For a > 0, both the
periodic orbits and the homoclinic orbit just disappear. This was termed a “blue
sky catastrophe” in [ABRAHAM & MARSDEN]. For z € R™" =IR? and under
certain additional assumptions also for m +n > 2, SHILNIKOV has shown that this
description holds true for generic one parameter families F. This work dates back
to 1962; see e.g. the survey [SHILNIKOV 5] (1968).

From now on we consider generic two parameter vector fields
F(a, ), a= (a1, o) € R? .

Since homoclinic orbits are codimension one objects, we expect them to occur along
one-dimensional curves a = a(r) in two parameter space a € IR?%. This point of
view makes homoclinic orbits amenable to a pathfollowing approach. We may now
follow curves of homoclinic orbits rather than hitting them “catastrophically”, out
of the blue.

The following illustrative example goes back to [ARNOLD, BOGDANOV 1-2] (1972,
1976) and to [TAKENS] (1974):

a = 2 (1.4)
Zz = 01+a221+23+0'2122 ,

where o = +1. In figure 1.1 we show the local bifurcation diagram of system (1.4).




homoclinic X fold
odic

Hopf

Figure 1.1: A B-point

To the left of the fold line, two equilibria co-exist. Crossing the fold to the right,
they merge and disappear. Crossing the Hopf line, one of the two equilibria under-
goes a Hopf bifurcation, giving rise to periodic orbits when we decrease a;. The
periodic orbits terminate by a blue sky catastrophe at homoclinic orbits, which
occur along a one-dimensional curve of parameters «. Following that homoclinic
curve towards a = 0, the homoclinic orbits shrink down to the equilibrium z = 0.
More generally, figure 1.4 describes the generic local bifurcation diagram associ-
ated to an equilibrium (ayp, z0) of (1.1,) where D,F(ap, 20) has an algebraically
double eigenvalue 0. These results are due to [ARNOLD, BoGgDANOV 1-2], (1972,
1976).

The term B-point was used in [FIEDLER 2] for equilibria like (ao, 20). An index
for B-points seemed to indicate a possibility for some global pathfollowing results
on homoclinic orbits, cf. [FIEDLER 2, p.74]. Indeed, B-points give rise to branches
of homoclinic orbits in generic two parameter flows just as Hopf bifurcations give
rise to branches of periodic orbits in generic- one parameter flows. It is then a
necessary first step, towards global results on homoclinic orbits, to understand
local bifurcations which a branch of homoclinic orbits can undergo on its way. We
will resume this aspect at the end of the discussion in section 7.
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We now specify two such bifurcations: the resonant side-switching and the resonant
homoclinic doubling (see Theorem A and Theorem B below). We fix some notations
and some assumptions. First of all, we assume

F : R* xR™*" — R™"
(a, 2) — F(a, 2)
is a generic CM*® vector field with

(1.5)

two parameters o = (o, a3) €IR? ,2< M < o0 .

As before, genericity means that our results will hold for a residual subset of
CM+5(R? x IR™*",IR™*") in the weak Whitney topology of C*-convergence, i.e.,
uniformly for compact sets and bounded sets of k < M + 5.

Our second assumption concerns the existence of a homoclinic orbit I' with real
principal eigenvalues. We assume

the vector field F(0, -) at a =0 admits a homoclinic orbit
I'={z*(t): t €R}

such that
t_lirinooz t)=0.
Furthermore, the linearization D, F(0, 0) at the equilibrium (1.6)

z =0 has simple real eigenvalues — g < 0 < v such that
any remaining eigenvalue p of D, F(0, 0) satisfies

either Re p< —; < —po <0

or Rev>uy >p>0 .

We call —pq, v the principal eigenvalues of D,F(0, 0), for the following reason.
There exist submanifolds W** (“strong stable”) and W** (“strong unstable”) of
the m-dimensional stable manifold W* and the n-dimensional unstable manifold
W* of z = 0, respectively, such that

t-yr—noo el/'xlflz(t) =0 on W*, and
(1.7)
lim e”'2(t)=0 on W?* .
t—+00
It turns out that dimW?** = m — 1, dimW"* = n — 1. The tangent spaces at
z = 0 are given by the parts of the spectrum of D,F(0, 0) with real part < —i;
and > 7y, respectively. Moreover, for any z(0) € W*\ W**, the limit

Jim ()] |=(t) | # 0 (18)




exists and is a unit eigenvector of the principal stable eigenvalue —po. An analo-
gous statement holds for z(0) € W*\W** and the principal unstable eigenvalue vo.
For a reference see [HIRSCH & PUGH & SHUB, SHUB, BRUNOVSKY & FIEDLER
1).

We now assume the resonance condition

o = 1o (19)

for the principal eigenvalues —po < 0 < vo. We remember that we expect homo-
clinic orbits to occur along one-dimensional curves in parameter space. Therefore,
resonance condition (1.9) will not contradict our genericity assumption (1.5). Of
course, here we have shifted the associated equilibrium (v, 2o), where (1.9) holds
to (0, 0).

As a final prelude to our main results, we distinguish between twisted and non-
twisted homoclinic orbits (cf. figures 1.2.a,b where m =1, n = 2).

a) non-twisted b) twisted

Figure 1.2: Homoclinic orbits

Let I' = {2*(t) : ¢ € IR} denote a homoclinic orbit of a vector field with simple
real principal eigenvalues, as in (1.6). Choose points p, q € I sufficiently close
to the equilibrium z = 0 associated to T, say p = 2*(0), q = 2*(T). We assume
nondegeneracy of T',

codim (TpW* + Tp,W?) =1 , (1.10.a)

in accordance with (13) Motivated by the convergence result (1.8), we further



assume the following general position of I':

p¢g W , p¢ W . (1.10.b)

Obviously, assumptions (1.10.a,b) imply the same statements for q. Define the
two unit vectors

et = itli;nmé‘(t)/ l2*(t) . (1.11)
By (1.10.b), et € ToW* is a unit eigenvector of vy > 0, and e~ € ToW* belongs to
—pto < 0. Now define the hyperplanes

Tza(t) = th(t)W’ + Tzo(t)Wu . (1.12)

Note that codim T,.) = 1, by assumption (1.10.a). For simple real principal
eigenvalues, it is now a consequence of the strong A-Lemma, that generically

lim Tzo(t) = ToW”EBToWu

t——o00

im Toeqy = ToW* @ ToW™ .

t—+4-00

(1.13)

See the strong inclination property in [DENG 1]. This is illustrated in figure 1.2,
where W?** = {0} since m = dimW?* = 1. For a precise statement of the strong
A-Lemma see lemma 3.3 below. Choosing p, q € T close enough to z = 0, as
above, (1.13) implies

e ¢ Tp , R™" = T, ®span(e”)
et ¢ Tq , R™" = T, ®span(et) .

(1.14)

Finally, note that T+ , 0 <t < T, defines a homotopy from T}, to Ty, justifying
the following definition of a twist.

Definition: Let I’ be a nondegenerate homoclinic orbit in general position and
with real principal eigenvalues, that is (1.6), (1.10.a,b), (1.13) hold.

We call T twisted, if e~ and et point to opposite sides of T, and Tg, respectively.
See figure 1.2.b.

If e~ , et point to the same side of Ty, , Ty, respectively, then we call I' non-twisted.
See figure 1.2.a.

Clearly, twisted homoclinic orbits can occur only in space dimensions > 3. Homo-
clinic orbits in planar flows are always non-twisted. Note that the twist can also
be expressed by watching the winding of the bundle of normal vectors to T;+(;) as
z*(t) moves from p to q.



We need a final piece of terminology. Fix a small tubular neighborhood U of our
(twisted or non-twisted) homoclinic orbit clos ' = TU{0}. An N-periodic orbitis a
periodic orbit which is contained in U and has winding number N in U. Similarly,
we define an N-homoclinic orbit. In particular, I' itself is a 1-homoclinic orbit.
As long as U is chosen small enough, the above definition is independent of the
particular choice of U. The terminology extends canonically to small perturbations
of the original vector field F(0, -). We can now state our main results.

Theorem A: Resonant side-switching.

Let F = F(a, z) of class CM*5 | 2 < M < oo, be a generic two parameter
vector field with a non-twisted resonant homoclinic orbit at « = 0. Then resonant
side-switching occurs at o = 0 (see figure 1.5.a).

In more detail, let assumptions (1.5), (1.6), (1.9) be satisfied for a non-twisted
homoclinic orbit I' (cf. definition 1.1). Let U denote a sufficiently small tubular
netghborhood of I'.

Then there ezist a CM diffeomorphic local change of parameters

€ = (€1, €2) = €(a@)

at a =0 and a function

€2 = k(&) for (1.15)
> 0 € > 0

of class CM for €, > 0, such that the numbers of 1-periodic (1-per) and of 1-
homoclinic (1-hom) orbits in U for the parameter regions 0, I-VI are given by
table 1.1. Moreover, there exists a constant ag = a(0) > 1 such that the following
finite limit exists

. 1 1/

(1]11\1}) k(€) - oG >0 . (1.16)
The constant ag is given explicitly by (4.9), (4.14.c) evaluated at @ = ¢ = 0. For
the value of the limit, see (5.10).

The I1-per and 1-hom orbits, viewed as sets, depend continuously on € in the obvious
sense. Specifically: crossing line III along a one-dimensional curve from Il to IV,
two 1-per orbits merge and disappear at a saddle-node (or saddle-saddle) type
bifurcation. Crossing I or V, one encounters a blue sky catastrophe.

Stnce the 1-per orbits bifurcate to different sides from the I1-hom curve e; = 0 for
€1 < 0 respectively €; > 0, we call this bifurcation a resonant side-switching.



(III)

(IV)

o ////

Figure 1.3.a: Resonant side-switching

(V)

(VII)

0

(VIII)

Figure 1.3.b: Resonant homoclinic doubling



Region Definition #1-hom | #1-per
0 6=0, =0 1 0
I >0, e&=0 1 1
I1 e >0,0< e <k(a) 0 2
I a >0, € ==x(e) 0 1
v e €R, & >k(q) 0 0
V |ea<0, =0 1 0
VI g €eER, <0 0 1

Table 1.1: Resonant side-switching; numbers of homoclinic
and periodic orbits

Theorem B: Resonant homoclinic doubling.

Let F = F(a, z) of class CM*5, 2 < M < oo be a generic two parameter vector
field with a twisted resonant homoclinic orbit at « = 0. Then resonant homoclinic
doubling occurs at a = 0 (see figure 1.3.b).

In more detail, let T’ be as in theorem A, but twisted, and let U again denote a
sufficiently small tubular neighborhood of its closure clos I'. Then there exists a
CM diffeomorphic reparametrization ¢ = e(a) and two functions

=0 €1 S 0
€ = k(&) for (117)
>0 € > 0 5

¢ € {hom, per}, of class CM for ¢; > 0, such that the numbers of N-periodic (N-
per) and of N-homoclinic (N-hom) orbits in U with N = 1, 2 for the parameter
regions 0, I-VIII are given in table 1.2. The curves k, have the universal limit
property

Khom(€1) _ e

€1\0 'cper(fl ) 5

Moreover, there ezists a constant ag = a(0) < —1 such that the following finite
limit exists

= 136... . (1.18)

lim, Kper(r) lao//* > 0 . (1.19)

€1

The constant ao is given ezplicitly by (4.9), (4-14.c) evaluated at o = € = 0. For
the value of the limit, see (6.8).

All homoclinic and periodic orbits depend continuously on € as sets. Specifically:
crossing lines I, V, VII yields blue sky catastrophes. Crossing line III, one en-
counters a period doubling bifurcation of the I-per orbits to a sheet of 2-per orbits.
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The set of 2-per orbits contains a two-dimensional continuum C of orbits which
extends from the period doubling 1-per orbits at parameter curve III to the blue sky
catastrophe at the curve of 2-hom orbits along line V.

Region Definition #1-hom | #2-hom | #1-per | #2-per |
0 =0, e&=0 1 0 0 0
I a>0, e=0 1 0 0 0
II € >0, 0< e < Kper(€r) 0 0 1 >0
III >0, € =Kp(€r) 0 1 1 >0
v €6 >0, Kper(€1) < €2 < Khom(€1) 0 0 1 >1
A" e >0, € = Knom(€1) 0 0 1 >0
VI € €R, € > Khom(€1) 0 0 1 >0
VII <0, =0 1 0 0 0
VIII aq €R, e<0 0 0 0 0

Table 1.2: Resonant homoclinic doubling; numbers of
N-hom and N-per orbits for N =1, 2.

By a continuum, we mean a relatively compact connected set. For our notion of
dimension of C, we refer to [ALEXANDER & ANTMAN] and to lemma 6.5 below.

Our statements concerning 2-per solutions are somewhat weak. Actually, 2-per
solutions can occur only in a wedge region which is shaped like the wedge region
IV between £,e and kpom but which is somewhat wider. For a precise statement
see lemma 6.4 below. Due to the topological methods which we use, we cannot
determine the exact number of 2-per solutions in these regions.

Both theorems, A and B, are new results as they stand. The basic underlying idea,
however, that resonant principal eigenvalues gy = v can lead to bifurcation, is not
new. The non-twisted case was studied before by [LEONTOVICH, NOZDRACHEVA,
SANDERS & CUSHMAN] (1951, 1979, 1984) for planar vector fields (z €IR?). We
refer to section 7 for a more detailed discussion.

At this stage, it is high time to mention the pioneering results by Yanagida
[YANAGIDA] (1986) on homoclinic doubling in the case of a single unstable di-
mension (n = 1). In a somewhat less geometric setting Yanagida already gave
algebraic conditions for existence and inexistence of 2-hom orbits. In the reso-
nant case, these conditions amount to our twist condition. The proofs, however,
are based on local C'-linearization in the spirit of the Grobmann-Hartman theo-
rem. But such a linearization may be inappropriate at resonant eigenvalues. Still,
we devote section 2 to an exposition of the (non-rigorous) approach by complete
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linearization, for illustration purposes. The gap concerning ("-linearization was
pointed out and closed inIR® by Kokubu, see [KOKUBU 1,2] (1987, 1988). These
results, although based on "Shilnikov variables", are obtained by a methodology
which differs from our approach. For a more detailed discussion we refer to sec-
tion 7.

Replacing complete linearization, we build our approach on a careful analysis of
Shilnikov's parametrization of the flow near the origin; see [SHILNIKOV 5, DENG
1] (1968, 1987). This background material issurveyed in section 3. In section 4, we
then derive a Ljapunov-Schmidt type reduction of the bifurcation problem down to
an iV-dimensional system of bifurcation equations, for Af-per and A'-hom solutions.
These systems are highly transcendental: the bifurcation parameter enters as an
exponent in the leading term. This fact causes the exponential smallness of the
curves n in theorems A and B. Theorem A is proved in section 5, discussing the
case N —1. For aproof of theorem B, alias N = 2, see section 6. After a detailed
discussion in section 7, we conclude with an appendix which recalls the explicit
form of all our genericity assumptions.
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