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Abstract

The hierarchical basis preconditioner and the recent preconditioner of BRAM-
BLE, PASCIAK and XU are derived and analyzed within a joint framework. This
discussion elucidates the close relationship between both methods. Special care
is devoted to highly nonuniform meshes; our theory is based exclusively on local
properties like the shape regularity of the finite elements.
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1 Introduction

An ideal preconditioner B for a discretized second-order elliptic boundary value
problem
Au=b (1.1)

(A and B symmetric positive definite) should have the following properties:

e The spectral condition number of the operator B~1/24B-1/2 should re-
main bounded independently of the dimension of the problem (i.e. the
gridsize) or should grow only logarithmically.

o The cost for computing B~!r should be proportional to the dimension of
the problem.

e The algorithm should be easily and efficiently realizable on scalar as well
as on parallel machines. ‘

e These properties should not depend (severely) on the shape of the domain
under consideration, on jumps in the coefficient functions or even on the
quasiuniformity of the grid.

Last but not least,

e the algorithm should be simple.

There are two preconditioners that meet these requirements especially well. The
first is the hierarchical basis preconditioner [11] together with its variant [2], the
hierarchical basis multigrid method. The second has been developed recently
by BRAMBLE, PAsCIAK & XU [4] and XU [10].

Both preconditioners utilize a multi-level structure. Assume that
So € & € ... CS;is a usual family of nested finite element spaces corre-
sponding to finer and finer subdivisions and let the discrete problem be the
finite element discretization with respect to S = §;. Let Iryu € Sk be the func-
tion interpolating u € S at the nodes defining Sx. Then the hierarchical basis
preconditioner is based on the splitting

J
w=Tou+ Y (Teu— Ip_yu) (1.2)

k=1

of the functions v € S. The Bramble-Pasciak-Xu preconditioner relies on a
related splitting

u = Qout 32(Qut — Qerw) (1.3)
k=1

of S where the Qi are Ly-like orthogonal projections onto Sx. In their fi-
nal form both preconditioners have a very similar structure. Contrary to the
hierarchical basis preconditioner, which deteriorates in the three-dimensional
case, the Bramble-Pasciak—Xu preconditioner works equally well for two- as for
three—dimensional problems.



One aim of this paper is to develop and to analyze the hierarchical basis and
the Bramble-Pasciak-Xu preconditioner in parallel and within a joint frame-
work. We hope that this discussion will improve the understanding of both
preconditioners, of their relationship and of their common roots.

Secondly, special care is devoted to nonuniformly refined grids. We attempt and
prove estimates which rely only on local properties like the shape regularity of
the finite elements but do not depend on the global quasiuniformity of the initial
or any following mesh. This requires a careful treatment of the initial level and
the corresponding subdivision of the domain under consideration. Compared to
the original papers [10], [4], one has to modify the L,-like inner product defining
the orthogonal projectors Q. In our version this inner product depends also
on the sizes of the finite elements of the initial subdivision.

The remainder of this paper is organized as follows:

e In Section 2 we discuss a special finite element discretization and give a
formal definition of the interpolation operators I, and the L,-like pro-
jections Q. We introduce discrete norms corresponding to the splittings
(1.2) and (1.3).

¢ In Sections 3 and 4 it is shown that these discrete norms are nearly equiv-
alent to the energy norm induced by the boundary value problem. These
results form the mathematical background of the hierarchical basis pre-
conditioner and of the Bramble-Pasciak-Xu preconditioner, respectively.
In Section 4 we utilize a simple, but apparently new technique for deriving
error estimates and H!'-norms for L,-like projections onto finite element
spaces.

o In Section 5 we derive the preconditioners and discuss some algorithmic
aspects.




2 A Finite Element Discretization

In this paper a two-dimensional model problem is studied in detail. We remark
that the theory developed here can be extended in a straightforward fashion to
other types of refinement procedures. Many arguments are dimension indepen-
dent and can be transferred to the three-dimensional case. If a result cannot
be generalized to three dimensions, this will be pointed out explicitly.

Let  C IR? be a bounded polygonal domain. As a model problem, we consider
the differential equation

2
- Z Dj(a,-jD,-u) = f (21)

1,5=1

on 2 with homogeneous Dirichlet boundary conditions on the boundary piece
I' and homogeneous natural boundary conditions on the remaining part 9\ I"
of the boundary of 2. We assume that I' is composed of straight lines. The
solution space of this boundary value problem is

H={uve H'(Q)u=00nT} ‘ (2.2)

where the zero boundary conditions have to be understood in the sense of the
trace operator. The weak formulation is to find a function v € H satistying

a(u,v)=/fvd:v, veEH, | (2.3)

Q

where the bilinear form a is defined by

2
a(u,v) = / > a;;DiuDjvda . (2.4)

Q t,7=1
We assume that the a;; are measurable and bounded functions and that

Ay = dj; . (25)

By a triangulation 7 of the polygonal domain {1, we mean a set of triangles
such that the union of these triangles is Q and such that the intersection of
two such triangles either consists of a common side or a common vertex of both
triangles or is empty. Here we start with an intentionally coarse triangulation
To of O with the property that the boundary piece T' is composed of edges of
triangles T' € To. We assume that there are positive constants 0 <6 <1 < M
and w(T) > 0 with

2 2 2
Sw(T) n? < Y ais(@)nim; < Mw(T)) (2.6)
=1 i=1

ig=1

for all T € Ty, almost all z € T and all 5y € IR?. Clearly, the constants M and é
will enter into our estimates, but we try to keep the estimates as independent
of the w(T') as possible.



By (2.5) and (2.6) @ is a symmetric, bounded and coercive bilinear form on H.
lu]|? = a(u, ) (2.7)

defines a norm on M, the energy norm induced by the given boundary value
problem. This norm is equivalent to the norm

s = 3 [I(Dw) (@) | (28)

110

on H. Since H is a Hilbert space under the norm (2.8), the Riesz representa-
tion theorem guarantees that the boundary value problem (2.3) has a unique
solution.

In addition to the (semi-)norms (2.7) and (2.8), we use the weighted H!'-
seminorm

ufig =Y Sl [ (Dw)@)Pde (2.9)

1=1T€eTp GNT

(G a subset of Q) and the weighted Ly-norm

lullbe = (u,w)a (2.10)

which is induced by the inner product

(w,0)e = 3 w(T)h(T)™? / w(z)o(e)de . (2.11)

TeTo GnT

h(T) denotes the diameter of the triangle T'. Note that the (semi-)norm (2.9)
and the norm (2.10) depend on the initial triangulation 75 and on the coefli-
cients of the boundary value problem. They have to be dlstmgmshed from the
seminorm (2.8) and the usual L,—norm

Il o = [ Iute)ds | (2.12)
G

respectively. For G = Q or G = 1, we omit the subscript G and write (u,v)
instead of (u,v)g, for example.

The triangulation 7g is refined several times, giving a family of nested trian-
gulations 7o, 7y, T2, .... A triangle of 74y is either a triangle of 7, or is
generated by subdividing a triangle of 7 into four congruent triangles or into
two triangles by connecting one of its vertices with the midpoint of the opposite
side. The first case is called a regular refinement and the resulting triangles
as well as the triangles of the initial triangulation are regular triangles. The
second case is an irregular refinement and results in two irregular triangles.

The irregular refinement is potentially dangerous because interior angles are
reduced. Therefore, we add the rule that irregular triangles may not be further
refined. This rule insures that every triangle of any triangulation 7; is geo-
metrically similar to a triangle of the initial triangulation 7y or to an irregular
refinement of a triangle in 7.



The triangles in Ty ave level 0 clements, and the regular and irregular triangles
created by the refinement of level & — 1 elements are level & elements. It is im-
portant to recognize that not all elements in 7x_y need to be refined in creating
Ti.. The mesh Ty may contain unreflined elements from all lower levels, and thus
it may be a highly nonuniform mesh. We require that only level k — 1 elements
are refined in the construction of Ty.

The described triangulations are meanwhile standard; we refer to [1] and to [3] .
We remark that our levels usually do not reflect the dynamic refinement process
in an adaptive algorithm, although the final triangulations can be decomposed
a-posteriori as described above; sce [6] for a detailed discussion. Due to the last
rule, this decomposition is unique.

Corresponding to the triangulations 7y, we have finite element spaces S;.. Sk
consists of all functions which are continuous on §2 and linear on the triangles
T € T and which vanish on the boundary piece I'. Clearly, Sy is a subspace of

S for I > k.
Let My = {2i,...,2.,} be the set of vertices of the triangles in 7y not lying on

the boundary piece I'. Then S is spanned by the nodal basis functions 1*,
1 =1,...,ng, which arc defined by

P ay) = b, 2 € N ' (2.13)

The hierarchical basis functions are v
b=, wi€No, y (2.14)

and '
i =N 2 € N\ Nt ' (2.15)

i, 1 =1,...,n, is the hierarchical basis of Sk.

We fix a final levelj and sct § = §;. The interpolation operators I, : & — S
are defined by

(Iyw)(z;) = u(z:) , z: € Ny . (2.16)
Because of u = [;u, one has the splitting (1.2)
J
u=ITou+ Y (liu— Iroyu) (2.17)
k=1

of the functions u € S. The L,-like projections Qx : § — S are given by
(Qru,v) = (u,v), veS. (2.18)
The corresponding splitting (1.3) of S is
]
U= Qou+ Y (Qru — Qr-ru) . (2.19)
k=1

With the splittings (2.17) and (2.19) we associate the discrete norms

Nlull?; = Houll + z4k”1ku — Tiaull} (2.20)

k=1

)



and

lulls = l1Quull® + 3 4*1Qcu — Qr-rulls (2:21)
k=1

on §. In the next two sections we show that these discrete norms essentially
behave like the energy norm (2.7) or the norm (2.9).

The generic factors 4% result from the fact that a triangle of level & has half
the size of his father of level & — 1. They depend on the refinement strategy
and have to be replaced, for example, by the factors 9%, if the diameters of the
triangles are reduced by the factor 3 from one level to the next. These factors
are not dimension dependent and replace the spectral radii Ay in [4], [10].



3 Estimates for the Interpolation Operators

In this section it is shown that for two-dimensional problems the discrete norm
(2.20) essentially behaves like the encrgy norm (2.7).
The basic tools are the following norm estimates for the interpolation operators

I.

Theorem 3.1 There are constants Cy and C; with
| eullr < Co(7 — b+ {4 uldr + [|ullar) (3.1)

and
{Iku[f;T <Ci(yg—k+ l)lulf;T (3.2)
for all functions w € S, for k = 0,...,5, and for all triangles T € T,. Thesc

constants depend only on the shape regularity of the triangles T', that means a
lower bound for their interior angles, but not on j.

Proof. By [11], Lemma 2.3, foru e &

Il <o (10g 00+ 1) Pty + Illar} 3)
holds, and by [11], Lemma 2.2, one has
[Tiult o0 < C (108 ﬁ%_) + i) |l 27 (3.1)
where
he = min{(THT" € T;, T'CT}.
Because of

j_k gl /
(1) h) < (T
forall ' € 7T, , T' C T, the logarithmic term can be estimated by

M) Lo gy, (3.5)

log h. 4

With (3.4) and this estimate, by construction of the weighted (semi-)norms
(2.9) and (2.10), the proposition (3.2) is already proved.

If T'€ Ty is a triangle of level k and if T C T, T" € Ty,
WT) < (3)7 Ty (3.6)

2
By (3.3), (3.5) and (3.6) the proposition (3.1) follows.

If T € Ti is a triangle of a level less than k, by the rules given in Section 2 it
will not be refined any more in the transition to 7;. Therefore, Iyu|T = u|T for
all u € § and (3.1) becomes trivial. n

An easy consequence of (3.1) and the Poincaré-inequality is the following error
estimate.



Theorem 3.2 There is a constant Cy with
lu = Leullgr < Co(5 — b+ 1) *ul}r (3.7)
for all functionsu € S, for k =0,...,7, and for all triangles T € Tp.. C; does
not depend on j, but only on the shape regularity of the triangles T.
Proof. As in the proof of (3.1), it is sufficient to consider a triangle T € 7} of
level k. The proof relies on the fact that for all constants «
u—Ilu=(u+a)- Luta).

Because of
igf lu+ allozr < ¢ h(T)ul1,2,r

and since 7' is a triangle of level k, by (3.6) one obtains
. L\ k-1
inf |lu+ allor < c (5) lulyr -
Utilizing (3.1) the proposition follows. ]

Finally we need the following inverse estimate:

Lemma 3.3 For all functions v € S; and all triangles T € T
ol < Kot* o]z l (38)
with a constant Ko > 1. This constant depends only on the shape regularity of
the finite elements T'.
Proof. (3.8) is an immediate consequence of the usual inverse estimate
ol 2ir < ch(T)*[jvllo 2
and of the fact that for T C T, T € Ty, T” € Ty, one has

(2)h(T) < A(T) .

2

It should be noted that (3.1), (3.2), (3.7) and (3.8) are local estimates which refer
to a single triangle. This is the reason why the constants in the corresponding
global estimates

(1 Teull2 < Co(5 — k + 1){47* [uff + lull3} , (3.9)
|Luf? < Cy(F =k + Duf? (3.10)

and
lu — IxullZ < Co(j — &+ )4 ful? (3.11)

8



for the interpolation operators I} and the functions « € S and in the inverse
estimate

Jolf < Kod*Jlvllg (3.12)
for the functions v € Sk do not depend on the constants w(T') in (2.6) and are

absolutely insensitive to jumps of the coefficient functions across the boundaries
of the initial triangles.

Now we are able to prove the theorem which forms the mathematical background
of the hierarchical basis preconditioner.

Theorem 3.4 There are positive constants K, and K, with

) I(l 2 2 M , 9

i el <l < Kl (3.13)
for all w € S§;. These constants depend only on the shape regularity of the
triangles of the initial triangulation and are independent of the number j of
refinement levels.

Proof. Utilizing (3.2) and (3.7) for v € S and the triangles T' € 7} one obtains

J + 1 2
el + 344w — e < CE gz
k=1 1
By (2.6) the first estimate
M J + 1
pulfy < 5 S (3.14)

follows.

The splitting (2.17) and the CauchywSchwarz inequality lead to

) < (G + 1) { Houl® + Z Zu — Tiogul®} .

With (2.6) and the inverse estimate (3.12) and utilizing M > 1 and Ko > 1 one
obtains .
lufl® < MKo(j + Dllul - (3.15)

With respect to j, (3.15) is a slightly weaker estimate than the right-hand side
M
fJul® < —(S—Azlllulll% (3.16)

of (3.13). (3.16) itself is proved using certain orthogonality properties of the
spaces Vi, = range (I, — Ix21). We refer to [11], [12]. =

The estimates (3.1) and (3.2) of Theorem 3.1 and (3.7) of Theorem 3.2 are
dimension dependent. In the three-dimensional case the factor 7 — k + 1 has to
be replaced by an exponentially growing factor. Therefore, the estimate (3.14)
is restricted to two-dimensional problems and therefore the hierarchical basis
preconditioner deteriorates in the three-dimensional case. (3.15) and (3.16)
can be generalized to the three-dimensional case. A detailed discussion of the
3D-hierarchical basis preconditioner can be found in [8] and a discussion from
a more general point of view in [9].



4 Estimates for the L,—like Projections

The proof that the discrete norm (2.21) essentially behaves like the energy normn
(2.7) corresponds completely to the proof of Theorem 3.4: It is based on a norm
estimate

|Qrult < Cilul? (4.1)

for the projections (2.18), on an error estimate _
lu — Qrull2 < Cod™F|ul? ' (4.2)
and on the inverse estimate (3.12).

Proofs of estimates like (4.2) and indirectly also of estimates like (4.1) usually
are based on the Aubin-Nitsche lemma. As we have in mind a theory which
applies not only for regular problems, such proofs have to be ruled out here.
A careful discussion of the general case can be found in Xu’s thesis [10]. For
stability results like (4.1), we refer also to [5)].

Here, we utilize a simple technique which is based on the linear operators

My 2 Ly(2) — Sk given by

- (Uﬂ/)u)) (k) | .
Myu =3 2 Ly 4.3)
=2 (1) (

where the nodal basis functions d)fk) arc defined by (2.13) and the inner product
is given by (2.11) with G = Q. The main property of the My is that they locally
reproduce locally constant functions. [or every triangle 7' € 7 let

U(T, k) =\ {T" € T|TNT" +0} ; (4.4)
be the union of the triangles 7' € 7y intersecting T'. Then for u[U(T', k) = a, a
constant, and for TNT" = @ one has Myu|T = a. .

To get estimates for the My the local quasiuniformity of the triangulations 7
will be utilized. We assume that for all levels k and all triangles T', 7" € 7 with
TNT 0
h(T")
h(T)
holds. Remembering (2.6), for T' € 7; we define

max{w(IT)T" € Ty, T'NT +0}

<K (4.5)

o(T)= min{w(T)T"€To, T'NT #0} (4.6)
and set
= max o(T) . (4.7)
Note that
max o(T)<7. (4.8)
Lemma 4.1 For all triangles T € Ty of level k and all functionsu € §
llw — MyullS.r < co(T)4* |uliyu - (4.9)

10



Proof. Because of (4.12), it is sufficient to prove (4.13) for the triangles'/' G Tk
of level k; for the other triangles T of Ty, one has MKu\T = WT. For this
purpose, we first prove an estimate like (4.10) for the operators Mk

Let Xi be a common vertex of atriangle T G Tk of level k with triangle T' G 'Tk
of alevel less than k, that means a node with (Mku)(xi) = u(x,). Assume that
Xi is also avertex of T* GTj, T' CT, Asu G<Sislinear on T",

li(T")u(z,)| < clullo,ZT" < cllullo,2;r
Because of T' G7} (°°¢ above) and - GT' DT" by (4.5) we have
fi(T") < ICA(r")
and because of a- GT D 7*
fi(T) < A'fz(r) .

Therefore
fi(r)w(x,-)| < cllullo,air
It follows that
|(Mcu) (x,-)||IW <l o;r<c]|«|[oi T.
For the nodes Xi GT fl jvic\ fU, one has

(Mu)(iO = KOI")/(i,A®)
and therefore likewise

OU(TK) -
Together
(4.14)
As M reproduces locally constant functions in the same sense as Mk, one can
proceed as in the proof of Lemma 4.1 and gets (4.13). .
Theorem 4.3 For all functions u GS the error estimate
\u-Quui\%p< C; AUl (4.15)

holds. The constant C\ depends only on the local geometry of the initial trian-
gulation.

Proof. By definition of an orthogonal projection and by Lemma (4.2)

ll« - QU < \Wu- Myullo < c8d~* £ \uMiyrug
Ten
m

To discuss the stability (4.1) of the projections Qk, we utilize an additional
result on the operators Mk-

Lemma 4.4 For all functions u GS and all triangles T G Tk
\Mku\\,s < ca('l')\u\lu(Tik) . (416)
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