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M. Wulkow P. Deuflhard 

Towards an Efficient Computat ional Treatment 
of 

Heterogeneous Polymer Reactions 

Abst rac t 

The discrete Galerkin method developed by the authors has turned out to be an 
efficient tool for the computational treatment of very large scale ODE systems 
arising in polyreaction kinetics. Up to now, this approach has been worked out in 
detail for homogeneous polymer reactions. The present paper deals with one line of 
possible extensions of the method to the case of so-called heterogeneous processes, 
which may appear e. g. in smog reactions. The associated mathematical models 
involve reaction coefficients depending on the chain length of the reacting polymer. 
The herein suggested extension is worked out in some detail on the basis of the 
earlier paper. In addition, a numerical example describing polymer degradation is 
included. 
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0. Introduction 
The mathematical modeling of polymer reaction kinetics naturally leads to count­
able infinite systems of ordinary differential equations. Approximations of finite 
dimensions will have to represent at least the maximum relevant polymer chain 
length, which may range from 104 to 106 in cases of practical interest. One of 
the most efficient computational techniques for such systems has recently been 
suggested by the authors in [7]. The approach advocated therein is a Galerkin 
method based on orthogonal polynomials of a discrete variable. In this context 
that discrete variable represents the polymer chain length or polymer degree. The 
efficiency of the method has been exemplified in terms of typical model problems 
in [7] and for a real life reaction system (MMA polymerization) in [4]. 
However, the above articles do not cover the situation when the reaction rate co­
efficients depend on fractional powers of the polymer degree - a typical feature of 
so-called heterogeneous reactions such as soot formation [8] , gel-effect modeling 
for free radical polymerization systems [13] or polymer degradation [2]. The aim 
of the present paper is to work out a possible extension of the discrete Galerkin 
method to this important class of problems. For this purpose a special modifica­
tion of the so-called discrete Laguerre polynomials is introduced first in Section 1. 
In Section 2 the analytical properties of these polynomials are applied to an ana­
lytic preprocessing of a heterogeneous degradation process. Finally, in Section 3, 
numerical results are presented. 
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1. Modified Discrete Laguerre 
Polynomials 

Let s £ N denote a discrete variable and ^(-s) a (positive) weight function. 
Then, by virtue of the discrete inner product 

oo 

' f,9 : N->IR , 

a separable Hilbert space Hy can be constructed under some mild theoretical 
assumptions on the weight function $ . This weighted sequence space may be 
spanned by a set of orthogonal polynomials {/AJA^O as basis functions. In con­
nection with the discrete Galerkin method suggested in [7], the weight function ^ 
may be normalized to be a probability distribution. In this way, the geometrical 
distribution generates the discrete Laguerre polynomials, whereas the Poisson dis­
tribution leads to the Charlier polynomials - for details see [7]. 
As will be shown in Section 2 below, some applications require the evaluation of 
scalar products of the form 

oo 

( ' - " '* , ' ; ) = £*-"**( ' ) ' ; (« )*(*) , (1-2) 
3 = 1 

where the polynomials lk(s) are orthogonal with respect to the scalar product 
(1.1). The fractional power s~a, 0 < a < 1 arises from the modeling of certain 
chemical processes mentioned in the introduction. The task is then the analytical 
computation of the expressions in (1.2). In order to do that one may proceed as 
follows : For a given set of orthogonal polynomials {Ik} connected with a weight 
function $ one tries to construct modified polynomials {/£} which are orthogonal 
with respect to a scalar product with weight function 

9(s) := ^ , 0 < a < 1 . (1.3) 

Then analytical relations between both polynomial systems can be derived, which 
permit an easy and convenient computation of (1.2). 
From the classical case of a real variable s it is well known, that such a modifi­
cation can be done successfully. As an example let $(s) = e~s , the associated 
polynomials being the Laguerre polynomials Lk(s) (after substituting the sum in 
definition (1.1) by an integral, of course). Then ^ generates the modified Laguerre 
polynomials ££(s ) . The construction of the L£(s) is a straightforward extension 
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of the polynomials Lk(s), if one uses standard techniques for orthogonal polyno­
mials (such as the Rodrigues formula). 
Things turn out to be more complicated for a discrete variable s. In principle, 
\& would generate a set of orthogonal polynomials as well (denned by means of a 
Gram-Schmidt orthogonalization) - however, without convenient analytical prop­
erties. Basically the reason for this undesirable occurrence is that the factor s~a 

nicely goes with the differential operator D in the Rodrigues formula for classical 
orthogonal polynomials. The construction of orthogonal polynomials of a discrete 
variable requires the validity of a discrete Rodrigues formula in terms of the dif­
ference operator (Af)(s) : = f(s + 1) — f(s) instead of D. The difference operator, 
in turn, naturally goes with the so-called factorial powers 

1 T(s - a) f s - l - a \ . . . 

with T the classical Gamma-function. These factorial powers can be regarded as 
asymptotic approximations of real powers. 

Lemma 1 Let l / ( s — 1)(°) be defined as above. Then for a < 1 and s > 1 the 
following estimation holds: 

Proof. Straightforward application of Stirling's formula [3]: 

In T(s) = (s - 1/2) ln(s - 1) - s + 1 + In V ^ (1.6) 

and Taylor expansion of In around argument 1. • 

As an illustration of the lemma the approximation l / ( s — 1 ) ^ is compared with s~a 

in Fig. 1 for several a—values of practical interest. The straight lines indicating the 
factorial powers intersect roughly at 5 = 2. Already for s = 5 the approximation 
is correct up to 5% for the case a = 1/3 regarded in Section 2. 
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Figure 1: Fractional versus factorial powers for a = \ , \ , § . 

As the polymer models under consideration are also only asymptotically correct 
in the factor s~a, one may take the freedom to replace $ from (1.3) by weight 
functions of the type 

^ ) : = Ä = * ( * ) ^ , - 1 , V - - (1.7) 
(5_i)(«) -^' r(s) 

This modification opens the door to exploit associated special functions with nice 
analytical properties, which are essentially known in modern literature [12]. 

The most promising candidates in the present context are the modified discrete La-
guerre polynomials lk{s\p), s € IN , which have been studied by LESKY ([10],[11]) 
as a discrete analog of the classical polynomials L%(s) , 5 G IR . They can be 
interpreted as special Meixner polynomials - see e.g. the recent textbook of NIKI -

FOROV, UVAROV [12]. The associated normalized weight function is 

¥(*; Pya) := ~ ^ ) • (1 - P)^1 , 0 < p < l , 0 < a < l , 

with the normalizing constant 

C(p,a):=(T(l-a)(l-Prr1 • 

(1.8) 

(1.9) 
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Observe that $(s;p, 0) is the geometric distribution (Schulz-Flory distribution). 
In what follows, several properties of the polynomials l%(s;p) are listed - even 
though only part of these properties will be used in Section 2. 
Starting with 

r x : = 0 , / £ : = 1 , (LlO.a) 

the whole set of the /£(s; p), k = 1, 2, . . . , can be built up by means of the three-
term recurrence relation 

(k + l)la
k+1(s;p) = [(k-a+l)p + k-(l-p)(s-l)}lt(s;p)-(k-a)pla

k_1(s;p). 
(l.lO.b) 

In view of (1.2) we define the inner product 

oo 

(f,g)a:=Y,f(s)9(s)V(s;p,<x). (l.n) 

Then the orthogonality relations can be written as 

( ? • . $ „ = 7?«* , rt:=Pk(k~a)- (1.12) 

Sometimes the following series representation is useful : 

u=0 xk - v)\ p ) \ v «<«iri-/E r : m r: • ^ 
which can be obtained by regarding lk(s;p) as a hypergeometric function [9] : 

lt(s\P) = pk{^~a) 2^(^,-3 +1,1-a;l--p). 

In Section 2, mutual representations of {/£} and {/£} will play a role : 

TO = X>fc'>)l°(*) , 0 < Q < 1 , (1.14) 
i /=0 

and, in reverse direction 

l°k(s) = £ &*•"(-«) /?(*) , 0 < a < 1 , (1.15) 
i/=0 

with 

6*'*(a) := ( - l ) * - " / - * ' ( . " ) , * > " > Ö . (1-16) 

The transformation formulas (1.14) and (1.15) can be proven by use of a general 
relation for Meixner polynomials, which can be found in [9]. 
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2. Analytic Preprocessing of a 
Polymer Degradation Model 

The basic idea of Section 1 is now applied to the special example of polymer 
degradation - compare [7], (1.7) and (1.8.b). 
In a degradation reaction of the type 

Ps ^ Pr + P3.r , s > r > 1 , (2-1) 

a polymer Ps of chain length s breaks at position r into two polymers of length r 
and length s—r. Following [2] the reaction rate coefficients ksr depend on the degree 
of the polymer s and the location r of the breaking bond in the polymer chain. 
Modeling hydrolytic cleavage of dextrane leads, under special assumptions (Model 
II in [2]), to the following countable system of ordinary differential equations: 

K(t) = - * , {l _ 1)(i) N.{t) + 2kp £ _ Nr{t) , « = 1 , 2 , . . . , (2.2) 

where Ns(t) denotes the number of polymers of degree s at time t. Herein the 
original rate coefficient kST = ks = kp/s

a , kp constant, a = 1/3, from [2] has been 
substituted by ka = kp/(s — l)(a) in view of the considerations of Section 1. An 
initial distribution Ns(0) is given. 
In the framework of the discrete Galerkin method [7] one will represent the number 
chain length distribution (NCLD) of the polymer, here also denoted by Ns(t), by 
the series 

00 

#.(*) = * ( ' ) E «*(')'*(«) . (2-3) 
fc=o 

wherein \P is a probability density function to be chosen on the basis of chemical 
insight and analytical convenience. The {Ik} are the set of orthogonal polynomials 
generated by \P. Special attention must be paid to the fact that the series in (2.3) 
converges (with good approximations already for few terms), which means that 
the sequence {Ns(t)/ty(s)} is contained in the Hilbert space Hy spanned by the 
{Ik}. The theoretical verification of this requirement for the present model will be 
given elsewhere in a more general setting. 
As demonstrated in the earlier paper [7], one can derive a differential equation for 
each expansion coefficient aj(t) by use of the orthogonality and certain properties 
of the polynomials {lk} after insertion of the representation (2.3) into the countable 
system, multiplication of each equation by the basis element lj(s) and summation 
over s - this is called analytic preprocessing. For the first right-hand term of the 

6 



degradation system (2.2) this yields the expression 

Tx := D ak(t) kp £ J — > IfcMsms) . (2.4) 
k=o 5=1 v5 lr 

At this point, the choice 

y(s) = V(s;p,0) = (l-p)p°-1 , 0 < / > < l . 

turns out to be the only efficient one for two reasons: First, as shown in [7], the 
(experimental) initial distributions Ns{0) considered in [2] and the solutions of 
(2.2) for a = 0 can be approximated very well with discrete Laguerre polynomials 
lk(s',p) generated by ^ ( s ; p, 0). Second, with this choice T\ can be rewritten as 

Ti = _ Z _ g . 4 W ((.-!)«,!?). , (2.5) 

by using the modified scalar product (1.11). After insertion of the three-term 
recurrence relation (1.10) for a = 0, essentially terms of the form 

need to be calculated. The above reformulation motivates the representation of 
the products l°k /J , k, j , > 0, as a series in terms of the polynomials {If}. Since a 
similar strategy successfully applies to the second term of the right-hand side in 
(2.2) as well, the remaining task is the calculation of the coefficients dk

p^a. 

L e m m a 2 The terms dk^a from (2.6) can be expressed as 

where the index set I(k,j,i) is defined by 

I(k,j,i):= {v <ElM I v >rn&x{k,j,i} Nlv < k + j + i} . (2.8) 

Proof. In a first step the coefficients C(k,j,i;p) of the product linearization 

k+j 

l0
k(s;p)Pj(s;p) = Y,C(k,3,i;p)lUs;p) 

t=0 

are required. With a result of A S K E Y / G ASPER in [1] for Meixner polynomials one 
can find: 
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Then the transformation (1.15) connecting the sets {1°} and {If} is inserted. This 
leads to the expansion 

k+j i 

l°k(s; P) I'M p) = £ C(k, j , i; p) £ V'(-a) lf(s; p) . (2.10) 
t'=0 i/=0 

Due to the orthogonality of the {If} the calculation of the scalar product in (2.6) 
only requires the knowledge of the /g-part of the representation (2.10). Thus one 
has 

k+j 

i=0 

This is the assertion. Finally, noting that the factorials in the inner sum of (2.7) 
are only defined for v in the index set (2.8), the proof is complete. • 

Let fi(s) and fi(s) now denote the series of the s-components of the two terms 
on the right-hand side of the countable ODE system (2.2). Then the analytic 
preprocessing can be described as the evaluation of the relations 

1 (N's, t}{s;p)) = 1 (h + h , JJ(*;P)) , 3 > 0 , 
ij ij 

in terms of the Euclidian inner product 
oo 

3=1 

The result for the left-hand side can be taken from [7], formula (4.3). The param­
eter p is assumed to be time dependent in such a way that ty(s; p(t), 0) is a moving 
weight function. This can be used for an adaptive control of p by the algorithm. 
For the first right-hand term f\ one obtains with (1.10): 

1 U ~3 °° 

7 (fl' V = (1-rtCfoa) £°* ( ( ) l(* + 1)*W + *"£•''' " ((* + 1)" + k)d'ü 
(2.11) 

For the treatment of / 2 , the relation (3.12) from [7] and proper reordering of the 
summations over s and r are employed: 

Thus one ends up with the countable ODE system (a_j := 0): 

*' + < Ä < « " «-'> = (T^bS^^ ' ̂  ° ' (2.13) 
9% = (k + 1 K + 1 J + kpdfcJ - 2^;i+1 - ((* - 1)/, + k)d% , 
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with initial values a/(0), j > 0. At first glance, this new system might look more 
horrible than the original system (2.2). However, unlike (2.2), the new system 
(2.13) can be truncated after a few terms (see below). 
For numerical computations one replaces the infinite sum in the ansatz (2.3) by 
the Galerkin approximation 

N(n,m){t) .= vj>(5;M)f><ro)(*)^;/>) (2.14) 
*;=0 

with a projection index n and a truncation index m > n controlling the projec­
tion error and the truncation error, respectively. The (relative) projection error 
tp (t) arises from the termination of the series (2.3) after n + 1 terms. This 
can be regarded as a orthogonal projection of N^t)/1® € Hy to the subspace 
span{/o, . . . , /°} C H$. It is well known that 

oo 

£ «*(02T2 
l(n){t)2 = te£l ^ ( 2 > 1 5 ) 

k=Q 

using the norm in Hy induced by the scalar product (1.11) for a = 0. In what 
follows the theoretical approximation errors will be indicated by a bar, computa­
tional estimates of these errors without the bar. After the truncation (closure) of 
an open system such as (2.13) by setting ajt(i) = 0, k > m + 1, the projection 
described above is no longer an orthogonal projection. The introduced truncation 
error for a Galerkin approximation with projection index n then reads: 

E(«lm)(0-«*(0)a72 
# ' m ) ( 0 2 = k-^~iz • (2-16) 

X>(027*° 
jt=o 

Recall that for closed systems one has a^^t) = afc(f). In order to estimate the 
total error of the Galerkin approximation N(n'm\t), the principle error term is 
computed (compare (2.20) in [7]). The estimated relative approximation error 
e (n ,m)(0 is then given by: 

E(«l" ,(«)-«i"+,,w) ,T! + («£S , ))'A. 
£(».»)(j)2 ._ 4=2 (2.17) 

E (aim+1,M)\2 
Jt=0 
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In order to justify a truncation of the system, an examination shows that the 
factors gkfa in (2.13) decay rapidly for k > j , the leading term of | dk

pfa | being 
approximately pk (~_aJ r ~ ~a) . In actual computations even the choices m = n 
or m = n -f 1 turn out to be sufficient. The dependence of the truncation error on 
m will be illustrated in Section 3. 

Init ial values. For a general initial NCLD Ns(0) the coefficients ÖJ(0) , j > 0, 
with respect to the basis {l^(s;p)} can be computed by 

1 OO 

«;(O) = - Ö 2 > . ( O ) ?(*;*)• (2.i8) 
lj s=l 

For the models treated in this paper, initial distributions of the form 

N.(0) = - ps , p := e-1 / r , s > 1 , r given , (2.19) 

are in sufficient accordance with realistic data [2]. The maximum of the distribu­
tion Ns(0) roughly occurs at chain length s = r, the number average is 2r. 
For p(0) according to the moving weight function condition (3.15) in [7]: 

Pit) = 1 - £ § (2-20 

in terms of the statistical moments 

CO 

MO ==E ***.(*) 

one obtains p(0) = 2p/( l + p) and 

It has been demonstrated in [7], that t(p] < 1.2 • 10~2 for n > 8. 
With the preprocessing being complete now, the system (2.13) can be integrated 
numerically for given n, m, r by an ODE solver. In the sense of a moving weight 
function an ODE for the variable p substitutes the ODE for the variable ai. 
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3. Numerical Results 
In this section numerical results obtained by application of the above ideas to 
degradation processes will be presented. In particular, the following items will be 
addressed: 

- the modeling error introduced substituting fractional powers by factorial 
powers 

- the behavior of the truncation error 

- the approximation error of the Galerkin method 

- the numerical results in a realistic degradation example. 

The first three items will be discussed by means of a reduced toy-like example, 
small enough to allow a direct numerical integration of the truncated original 
countable system. Recall the countable ODE arising from a general degradation 
process 

s m a x 

KW = - ( * - 1) ksr N,(t) + 2 £ K.Nr{t) , 5 = 1 , 2 / . . . , smax , (3.1) 
r=s+l 

with either reaction coefficients from the original modeling [2] 

Ksr = Ksr : = Kpj s 

or coefficients as suggested in Section 1 

ksr = *<? := K/(s - 1)W . 

Due to [2], throughout this section a = 1/3 is set. System (3.1) can be closed 
by choosing the maximum polymer degree smax as a finite number. The initial 
distribution Ns(0) used in this paper is given by (2.19). 

For the time being, consider the model problem with 

kp = 1 , r = 100 smax = 1000 . 

With this choice the maximum of the initial distribution arises at polymer degree 
r = 100. As NSmix(0) is small compared to that maximum, a truncation of system 
(3.1) at 5max will lead to a reasonable approximation of the infinite system [5]. 
With the choice of kp = 1 the degradation is essentially finished after one second . 
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