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Abstract

Newton methods for nonlinear problems are known to require the solution of
a sequence of linear problems of the same type. For very large scale problems,
as understood herein, the arising linear sysiems can only be solved by iterative
methods. Then Newton’s iteration appears as outer iteration. The question
of interest will be to control the accuracy of the inner iteration such that the
convergence speed of Newton’s method is preserved. The purpose of the paper
is to combine the concept of inexact Newton methods with the concept of the
affine invariant exact Newton methods — which is important for problems with
ill-conditioned Jacobian matrices (such as typical 2-D or 3-D discretized partial
differential equations).
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0. Introduction

Newton methods for nonlinear systems are known to require the solution of lin-
ear systems per each iterative step. For problems up to moderate size standard
elimination methods will be sufficient. Beyond that, there is a class of large scale
problems that can be efficiently solved by sparse elimination techniques — this
class typically includes discretized partial differential equations (PDE’s) in one
space dimension (1-D). For even more complex problems, which are called very
large scale problems herein, iterative linear solvers may appear to be the only
methods of choice. This problem class includes, for example, discretized PDE’s
in 2-D and 3-D on sufficiently fine meshes or, in general, engineering systems
which consist of a large number of individual modules. As a typical common
feature of such problems, the system module structure permits an efficient way
of evaluating the associated Jacobian matrix times a given vector — which is
the essential prerequisite for the applicability of iterative linear solvers.

Assume now that an iterative method for a very large scale linear problem is
at hand. Then so—called inezact Newton methods can, in principle, be applied
to tackle the associated very large scale nonlinear problem. In this case, the
Newton iteration appears as outer iteration, whereas the iteration to solve the
arising linear system per each Newton step appears as inner iteration. In view
of an efficient implementation, the question of interest will be to determine the
accuracy required in the inner iteration such that the convergence speed of New-
ton’s method is preserved. In other words, a theoretically satisfactory matching
between the termination criteria of the inner and outer iteration is needed. This
question has been studied in some detail be DEMKO /EISENSTAT /STEIHAUG [2]
for local Newton methods. Their matching criterion is based on a comparison
of the norms of the residuals of the inner and outer iteration. However, there
is enough theoretical and empirical evidence (from moderate size up to large
scale nonlinear problems) showing that any convergence criteria based on resid-
ual norms will drastically slow down the iterative process whenever the arising
Jacobian matrices are ill-conditioned — a fact which led to the development of
so—called affine invariant Newton methods (compare DEUFLHARD (3], or the
more recent monograph [4]). For exact Newton methods, which are connected
with direct elimination methods, affine invariant local convergence theorems
have been given by DEUFLHARD /HEINDL [6]. For ineract Newton methods,
YPMA [9] presented local convergence results in an affine invariant setting. The
latter approach, however, has two serious defaults:

a) inexact Newton methods (with non-vanishing inner residuals) are formally
no longer affine invariant — hence, the motivation of [6] for an affine



invariant theoretical characterization is no longer given,

b) unless the not affine invariant matching criterion of [2], the affine invariant
matching criterion of [9] cannot be cheaply implemented.

It is the purpose of the present paper to derive a cheaply implementable exten-
sion of affine invariant exact Newton methods to the case of inexact Newton
methods. The extension is not affine invariant, unless all inner residuals vanish.
In Section 1, both local and global inexact Newton methods are analyzed in
theoretical terms. Recall that local Newton methods require “sufficiently good”
guesses of the solution points as starting points, whereas global Newton meth-
ods, by virtue of damping strategies, are applicable to “bad” guesses as well. In
Section 2, the theoretical results are used to work out details of an algorithmic

implementation.

1. Theoretical Background

Let F(z) = 0 with F: D € IR® — R", F € C'(D), be a nonlinear system to
be solved. Then inexact Newton methods are characterized by the fact that the
linear systems arising in each step of the Newton iteration (outer iteration) are
themselves solved by an iterative method (inner iteration).

1.1 Local inexact Newton method

The ordinary inexact Newton method may be written as (k =0,1,...)

a) Flah)st = —F(2*)+r*,
(1.1)

b) $k+l — xk + sk .

in terms of the Jacobian matrix F'(z*), the outer residual F(z¥) and the inner
residual 7*. The termination criterion of the inner iteration controls the size of
the inner residual. The question of interest is to produce an efficient matching
between the termination criteria of the inner and outer iteration. The main the-
oretical results of DEMKO/EISENSTAT /STEIHAUG [2] are that local convergence
can be obtained under the assumption

I |

< <<l (1.2)
| F(z*)|l



and that superlinear convergence can be assured if
klim m=0. (1.3)

The characterization (1.2) is not affine invariant. An affine invariant local con-
vergence analysis has been given by YPMA [9]: there (1.2) is replaced by the
condition

|1
TP ()" *F(wk =

Accordingly, superlinear convergence shows up under the condition

<y <v<l. (1.4)

kllm v =0. (1.5)
Unlike (1.2), the condition (1.4) cannot be cheaply monitored in the computa-
tional context described above.

The approach to be followed herein is to treat inexact Newton methods within
the frame of Newton-like methods (compare the basic paper of RHEINBOLDT (8]
and the more recent paper of DEUFLHARD /HEINDL [6]). This can be done by
formally defining some nonsingular Jacobian approximation M(z¥) such that

(1.1) reads

M(z*)s* = —F(zF) . (1.6)
Herein the nonsingularity of M(z*) is a natural assumption, as long as the
inner iteration is realized as an ezplicit recursion. This formulation takes into

account that the Jacobian F'(z) is formally available, but its inverse F'(z)~! is
unavailable and must be approximated — by M(z)~!. Hence, the condition

(et
M) IF( o] =

<6 <é<1 (1.7)

can also be monitored in the computational process. One may easily observe
that
|ME) | MR (M(ak) — Fr(ab))st 19
[[M (%)= F (4] lIs*l '

The reformulation as a Newton-like iteration leads one to the following asymp-
totic convergence results.

Theorem 1 Notation as just introduced. Let M(z),z € D, be nonsingular,
defined by (1.1) and (1.6). In addition to (1.7) assume that

[]AI(xk)‘l(F’(a:k +t-5F) - F'(:ck))sk” < wit||s*||*, teo,1] . (1.9)



Then the asymptotic convergence rate of the inezact Newton iteration (1.1) can
be characterized by

koo ||k — gk=1|| = koo Ok (1.10)
In particular, superlinear convergence arises, when

kl_l*l'glo&k =0 . (1.11)
Proof. Let || - || denote a vector norm in IR". Then
le** — ¥ = ||s*| =| M(a*)™ [F(a¥) - (F(a*?) + M(a*1)s+1)] |

= My

11

(F’(J:"‘l +t-sk1) — M(xk_l))s"‘ldt "

<[ aaty
t

+ || M(z*

(Fl(zk-—l +t- Sk-—l) _ F’(J,‘k'l))sk"ldt ”

g\v— g\.v-

-1 (F’(:z:"’l) _ M(:):k'l))sk_l "

~—

Now, with é;_; from (1.7), wi-; from (1.9) and the Kantorovitch quantity

(ct [7], [4])

hi_q = wpq|ls¥72), (1.12)
one concludes that
=5 = 5| _ lls*l ky—1 k-1 1
o =) = ey < IMEDTME (Jhecr + 8ma)  (113)
From this, the result (1.10) and the condition (1.11) follow directly. =

Remark. For the sake of clarity, note that the above theoretical characteri-
zation is not affine invariant, unless §; = 0 for all iteration indices k.

One is now ready to address the crucial question for an inexact Newton method
more specifically: how should the sequence {6;} be chosen in order to preserve
the local convergence properties of the ordinary Newton method. A natural
requirement will be that inner iteration errors should not dominate the effect
coming from the nonlinearity of the problem. From the right-hand side of
(1.13), this requirement can be formulated in terms of the local condition

’SlcSPhkv PS%, (114)



where p is some safety factor to be specified in Section 2 below. Under this
condition, (1.13) guarantees local quadratic convergence. Of course, the purely
theoretical Kantorovitch quantities {h;} are computationally unavailable in re-
alistic problems. They must be replaced by cheaply available computational
estimates -— compare Section 2 below.

1.2 Global inexact Newton method

The above local convergence results for the ordinary inexact Newton method
0 is available. In
most nonlinear problems of interest, however, an algorithm will have to cope
with “bad” initial guesses as well — or, at least, will have to find out whether
a given initial guess z° is “sufficiently good” or “bad”. In this situation, global
Newton methods, which include a damping strategy, may be applied. In the
above introduced notation, the associated iteration now reads

cover the situation when a “sufficiently good” initial guess «

a) M(z*)s* = —F(zF)

1.15
b) zFl:=aF 4+ Nsk, 0< A <1 ( )

in terms of a damping factor A\;. Assume now that condition (1.11) holds, hence
formally M(z*) = F'(2*). Upon following the theoretical lines for global exact
Newton methods (cf. [4]), one may derive the subsequent theorem to model
global convergence of inexact Newton methods with damping strategy.

Theorem 2 Let F': D C R® —» IR*, F € C*(D), D open, convezr. Assume z°,
z* € D and z* unique solution of F in D with F'(z*) = M(z*) nonsingular.
Moreover, assume that

a) M(z) is nonsingular for allz € D,
b) the path-connected component Dy of G(molF'(z")‘l)
in z2° is compact and contained in D |
o) | Fa) (Fluts-v) = F(w) |< s walvl]
s€l0,1], u+s-veD (1.16)
d) hi = w.s¥|| || F'(z*) 7 F'(z*)|| < oo for z* € Dy,
e) r(z¥):= F'(z*)s* + F(z¥),
[ (=) (=)
[[F"(e*)" F(z*)[| —

§.(c*) <8< 1 for z* € Dy.



Then the damped inezact Newton iteration (1.15) with

_ k
Ak € [6, min(l,Q(l—:‘ﬁ)—)—e)J f0r0<5<;l17 (1.17)
k k

converges globally to z*. An associated locally optimal damping strategy comes

out to be
1—8,(zF
Az = min (1 , (—————E‘(x—))) . (1.18)
k

In addition, there exists an inder ko > 0 such that

Ar=1forallk > k. (1.19)

The proof is omitted here — for details see [4]. In fact, the essence of Theorem 2
can be obtained from the estimation

- A? -
|F(z*) " F(z* + As)| < (1 - A(1-6.(z%) + 7;;;) | Fe*) P | -

(1.20)

At this point the main idea of affine invariant global eract Newton methods

may be recalled. One replaces the computationally unavailable Jacobian inverse

F'(z*)™! iteratively by F'(z¥)~'. For global inezact Newton methods, one will

additionally formally replace F’(z¥)~! by an appropriate approximation in the

framework of Newton-like methods.

In orderkt? fix notation, let Az* denote the ordinary exact Newton correction

and Az ' the simplified exact Newton correction such that

a) F'(z*)Az* = —F(z¥)

—_— 1.21
b) F(z*) Bz = —F(zF*) . (121
Then the damped exact Newton iteration
¥ =2k 4 N AZE, 0< A <1 (1.22)

requires damping factors Ax such that the so—called natural monotonicity test

—— k41
I3z < ||azk| (1.23)

holds for £ =0,1,.... Ina damped inexact Newton method (1.15), the closest
approximation of the monitonicity test (1.23) will be

55411 < 11s*) (1.24)



in terms of the simplified inexact Newton correction
M(z*)s*H = —F(a*) . (1.25)

Of course, the approximation M(z*) may well differ from the approximation
M(z*) defined in connection with s*. The structure of the monotonicity test
(1.24) is now analyzed in detail.

Lemma 3 Notation as just introduced and assumptions of Theorem 1. Then
the following estimate holds

IS5+ < I (F) 7 M () - (1= M1 = 6) + 3X%ha) [Is*]] (1.26)

Proof. One follows standard lines of such proofs:
S = —M (k) (F(a*) — F(a*) — M(z*)s*)
= —M(z*)! [(1 — MM (z*)s* + /\(F’(x") - M(ac"))s’C

+/(F’(:z;"+t-sk)—F'(zk))skdt} ;

i=0

Upon inserting the quantities 8 from (1.7), wi from (1.9), and A, from (1.12),
one will obtain (1.26). n

The above result (1.26) inspires the locally optimal damping strategy

— g 1=6
Ak .—mm(l, - )

: (1.27)

which obviously is the local analogon of (1.18). Moreover, Lemma 3 permits
one to extend condition (1.14) for A < 1: if one, once more, requires that inner
iteration errors should not dominate the effect coming from the nonlinearity,
then (1.26) leads one to the condition

6k S p/\hk y P S -;— . (128)

Clearly, for Ah; < 1, i.e. for an inefficient damping strategy, the above criterion
turns out to be rather restrictive. If, however, the “optimal” strategy A\x = Az
is inserted, then (1.28) is equivalent to

p .

1
G < —  if hy > —. .
k_.1+p)1 k_1+p (129)



2. Derivation of the Algorithm

The theoretical results of Section 1 are now applied to derive a global ineract
Newton algorithm. The basic idea to be followed is to mimic an efficient global
ezact Newton algorithm — based on papers by DEUFLHARD [3] and by Bock [1]
— in terms of leading binary digits. The implementation of this basic idea means
that the above theoretical quantities §; and ki have to be replaced by cheaply
available computational estimates. The global ezact Newton methods due to
[3], [1] are already based on the replacement of the Kantorovitch quantities A
by cheaply available computational estimates [hi] such that

(ki) < he . (2.1)

Therefore, attention will first focus on the computational estimation of é;.

Let an iterative linear solver supply the ordinary inexact Newton corrections s

as appreximations of the ordinary exact Newton corrections Az*. Then, in the
notation of Section 1, the absolute error can be represented as

lIs* — Azk|| = [|M(z*) 7 (F'(z*) — M(*)) Az®| . (2.2)

Assume now, replacing s* by Az* in (1.7) and (1.8), that
1M (%) (F/(*) - M(z*)) Azk| < &l|azk|| . (2:3)
This is certainly reasonable for sufficiently small §; < 1. Upon combining (2.2)

and (2.3), one obtains

” slc A Ek”
—_—t < $ . 2.4
“Axk” S0 < 1 ( )

On the other hand, let the iterative linear solver yield a reasonable estimate of
the relative error of the form

_ st = adk

(2.5)

lis*l

Then the quantities €, é; are connected by
Tk <g < —k (2.6)

l14+e ™ kml—Ek.
Hence, the matching strategy to be derived involves an appropriate control of
the quantity €.

In order to perform the inexact natural monotonicity test (1.24) and to obtain
the Kantorovitch estimates [hi], one needs to compute the simplified inexact



Newton corrections 3%*! as approximations of the simplified exact Newton cor-

rections Azk l. Let
I ey -

Ekt1: “:.S.k_',] ” (2‘7)

denote the associated relative error to be obtained from the inner iteration. In
order to be able to exploit Lemma 3, assume that

M (%)~} (M (z*) - M (a4)) | < B < 1, (2.8)

which implies that
1
1—6

On this basis, the difference between the formal Jacobian approximations M (z*)

1M (*)"* M ()| < (2.9)

and M(z*) will be subsequently ignored.

One is now ready to replace the purely theoretical locally optimal damping
strategy (1.27) by its estimate

— . 1-&
a) Ak = min (1, W)
with ‘ (2.10)

b) & = —F

I—-Ek.

Observe that (2.6) implies
o <& . (2.11)

Moreover, an accuracy matching strategy can be derived from (1.28) and (2.11):

£, < pmin (%/; [hk]) . (2.12)

This strategy turns out to have desirable properties. For A; = 1 in (2.10), one
obtains

6 <& < plhi] < phye
which is just (1.14). For A; < 1, which implies

1
> Ayl > ——
—{k]—-l_*_p»

one obtains

5k<5k__1_f_p75kgl_:2p (2.13)



which is (1.29).

The derived matching strategy will lead to the following pattern of iterative
behavior: as long as the outer iterates z* are still far away from the solution
point z*, only few inner iterations are required to realize the Newton method
with damping; once the outer iterates are close to z*, then the number of inner
iterations increases superlinearly according to the superlinear convergence cri-
terion (1.11). This structure is of basic importance both in terms of computing
time and reliability of computations.

As for the accuracy of the computational estimate [hx], the following result will

be helpful.
Lemma 4 Notation as introduced above. Assume that the inequalities
mqghk<2memL1—a), (2.14)
hold. Then, with M(z*) = M(zF) and A\, = X, inezact naturgl monotonicity
¥ < s (2.15)

is guaranteed.

Proof. One starts from the estimate (1.26) with A = X as in (2.10). Let
Xk < 1 first, so (2.14) implies hy < 2[hs). Hence

Y 1-& (-8
<1- 1—8)+ 1=k . p
o S TRy A e e
1—§ ~
<1 Ek(Ek—ﬁk)zl—A(€k~6k).

= M)

For A = 1, (2.14) yields hx < 2(1 — &), which implies

I3+ ! N
%] <6k 4+ 3he <1 — (8 — &) .
Upon recalling (2.11), the result (2.15) is confirmed. |

With these preparations, the computational estimates [hx] can be studied in
more detail. In [4] the a—priori estimate (for £ > 0)

—k
|z — Az ‘ [|Az] <h

o = 2.16
S (210

10



has been defined as a slight modification of an earlier suggestion [3]. In [1], an
a—posteriori estimate (for & > 0)

2Bz ) — (1 - VAt
XAz -

[hk] = (2.17)
has been proposed based on a new trial iterate zF+! = z* + AAz*. Up to now,
these estimates have only been used to supply reasonable damping factors A
— repeatedly, if natural monotonicity is violated. In the present context, these
estimates are additionally needed to control the required accuracy of the inner
iteration. If one replaces

AzF, Az — 5, 5%,

then approximation errors enter into the above estimates. Let

- Is* — 5 lis®l
hy] == - (2.18)
e P M|
denote the approximate a—priori estimate and
=) - (L= N 19

= e

the approximate a-posteriori estimate. Upon recalling the proof of Lemma 3
and setting M(z¥)= M(z*), the a-posteriori estimate (2.19) can be further

analyzed to yield

_ 26
[k} < ki + Tk (2.20)

and, by insertion of (1.28)
[l < (14 2)he, p< 3. (2.21)

In view of Lemma 4, the first binary digit in [Ax] needs to be correct, which
means to choose p < 1 sufficiently small. Observe that (2.13) for the boundary
value p = 1 implies

Gh<&=%, =1, if I<1. (2.22)

In words, more than two leading binary digits of accuracy are required in the

ordinary inexact Newton correction s*. Upon asking for at least three digits,

one obtains
p=

'—‘>5kS€kS ) 6k§é) if/\_lc<].- (223)

=3e
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