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Folkmar A. Bornemann

An Adaptive Multilevel Appfoach to
- Parabolic Equations I.
General Theory and 1D-Implementation

Abstract

A new adaptive multilevel approach for parabolic PDE’s is presented. Full
adaptivity of the algorithm is realized by combining multilevel time dis-
cretization, better known as extrapolation methods, and multilevel finite
element space discretization. In the theoretical part of the paper the exis-
tence of asymptotic expansions in terms of time-steps for single—step methods
in Hilbert space is established. Finite element approximation then leads to
perturbed expansions, whose perturbations, however, can be pushed below a
necessary level by means of an adaptive grid control. The theoretical presen-
tation is independent of space dimension. In this part I of the paper details
of the algorithm and numerical examples are given for the 1D case only. The
numerical results clearly show the significant perspectives opened by the new
algorithmic approach.
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1 Introduction

A fundamental idea for supporting the development of robust, reliable and
efficient software is adaptivity. Whereas in the field of ordinary differential
equations adaptive techniques are by now standard and much progress due
to recent research has been made in the field of stationary partial differential
equations (cf. [11] and the literature given herein), the area of adaptivity in
time-dependent partial differential equations, as parabolic equations, is still
quite open, see e.g. the survey-article about parabolic Galerkin methods by
DupoNT [13].

Nearly all approaches for the numerical solution of parabolic equations sep-
arate the discretization of time and space both in theory and in compu-
tations. One usually develops the theory assuming one discretization (outer
discretization) to be carried out first, which leads to a so—called semi-discrete

‘problem. After investigating the thus arising type of problem one continues

to perform the second discretization (inner discretization), ending up with
a fully discrete scheme. As long as one uses time-independent uniform or
quasi-uniform space grids and fixed time steps, the sequence of discretiza-
tions (first space then time or vice versa) does not matter. This kind of
approach is well analyzed (THOMEE [25] for Galerkin-methods in space).
However, for highly non-uniform grids, possibly varying in time, and adap-
tive time steps the sequence of discretizations does indeed matter. In addi-
tion, the inner discretization can be carried out most easily using adaptive
methods, whereas one may run into trouble for the outer discretization.

As an illustration consider the method of lines. Discretization in space first
leads to a block system of ordinary differential equations (ODE’s), which
can be solved by the available variable-step, variable-order methods very
efficiently, which means the inner problem is solved accurately and efficiently
- however, ignoring the PDE context. But after all one is interested to
solve the parabolic problem, so one has to consider errors introduced by the
mesh, which one cannot expect to be uniformly small for all time-layers. In
the 1D case BIETERMAN/BABUSKA [5, 6, 7], who use Galerkin method in
space, constructed an a—posteriori error estimator for the parabolic problem
to overcome this difficulty. At certain times, fixed in advance, they decide
whether they have to produce a new mesh (regridding) according to that
estimator. MILLER/MILLER [21] optimize the grid in a finite element method
while integrating the ODE’s — “moving finite elements”, thus ending up with
a differential-algebraic system. This approach is intimately tied with a fixed
number of space nodes - at least, within each outer time step. If a dramatic
change of the number of degrees of freedom is required they also have to
regrid. Controlling of the complex error propagation introduced by fixing



the mesh or the number of nodes over long time layers is difficult and might
be nearly impossible in the nonlinear case. Regridding at fixed times may
in general be “too late”. Adaptivity here would call for a second time-step
control mechanism (when to regrid) - the first being implemented in the

ODE-package.

For this reason the other discretization sequence, first time then space, seems
to be clearly preferable, and is chosen here. With that sequence it is practi-
cable to perform a multilevel matching of the inner and the outer discretiza-
tion, which involves solution of the inner problem up to an accuracy matched
with the accuracy of the outer problem. The top levels consist in a low order
single-step discretization in time with extrapolation in Hilbert space, which
yields variable time steps and variable orders controlled by the problem up
to a given accuracy. The occurring elliptic subproblems will be solved by
multilevel methods, which produce the adequate individual space-meshes in
order to assure an accuracy required by the time discretization. \

In Section 2 we analyze the error-term of a single-step time discretization in
Hilbert space in some detail. Since the involved operators have an unbounded
spectrum, the known proof techniques need an extension. By virtue of the
Dunford-Taylor integral calculus the operator case can be reduced to the
case of a single scalar ODE containing some parameter A varying over the
whole spectrum of the operator under consideration. This scalar case has
been fully analyzed by LUBICH[18]. Our main result, Theorem 2.7, carefully
traces the role of inconsistent and non-smooth initial data. We also give
an example to show, that our estimates are sharp in a certain sense. This
example shows quantitatively that in transient phases the Crank—Nicolson
scheme is inferior compared to the implicit Euler.

In Section 3 we use the just derived asymptotic expansion to establish a semi-
discrete time-step control in Hilbert space. Thus the algorithm produces
time-steps which really belong to the Hilbert space problem. An adaptive
space discretization perturbs the semi-discrete algorithm. As we show, this
perturbation can be adaptively pushed below a level indicated by the time-
stepping mechanism. The thus derived fully discrete multilevel scheme treats
the elliptic solver as a black-box, which has to obey several features.

In Section 4 the black-box is specified for the 1D case. We show that a certain

FEM method has the required features. Challenging numerical examples are
included. :



2 Single-Step Time Discretization in Hilbert Space

2.1 Preparations and Notation

In this paper temporally homogeneous parabohc initial-boundary value prob-
lems are studied:

) &‘gxw D)u(t,2) = f(2); =€ 0, £ €,T]

b) wuft,z)=0; z€dQ, teo,T] (2.1)
c) u(0,z)=up(z); z€Q. '

Here A(z, D) denotes a strongly elliptic operator of second order:

Az, D)= Y (=1)¥ID?(a*(z)D"). (2.2)

oglellol<

It is well known, that — provided 952 and the coefficients a?? fulfill certain
conditions of smoothness — problem (2.1) possesses a solution

u € C*(|0,T], H5(Q)) (2.3)
continuously depending on
fEH(N), u € L}(Q). (2.4)

Equation (2.1.a) holds then in the sense of distributions, (2.1.b) in the sense
of the trace operator and (2.1.c) as a L2-limit.

Since we will study the error due to discretization'in time of problem (2.1) by
a linear single-step method, it is enough to consider the homogeneous case
f = 0: Simply subtract the stationary solution v € H)(Q) of A(z,D)v = f
and observe, that this commutes with discretization in time.

By A let us denote the following unbounded operator on L%(Q2):
A: Dy=HY Q)N HQ) C L} (Q) — L*(Q)

(2.5)
(Au)(z) := A(z,D)u(z) forue€ Dy.
We assume that A is positive: There is a ¢ > 0, that
R(Au, u)2(q) > c(u,u)r2) foru € Dy . (2.6)

Since A is a closed operator, relation (2.6) together with the Lax-Milgram
lemma implies that A is maximal accretive and invertible, i.e.

0 € p(A) . (2.7)



Theory of elliptic operators shows that the numerical range
O(A) = {(Au,u)2(q)|u € D4} lies in a sector:

O(A) C Iy for some ¥ €[0,7/2[. (2.8)

Here ¥y denotes
= {z € {||argz| < ¥} .

Thus A is m-sectorial with vertex 0 and semi-angle ¥ and —A generates
therefore a holomorphic semigroup of contractions.

(For definitions and proofs KATO [16] p.279 f. and 492 f.)

2.2 The Single-Step Methods

Linear single-step schemes for discretization in time define a rational ap-
proximation r(z) to the exponential e~* for complex z. For our purposes we
restrict ourselves to A(d)-stable methods, i.e.

lr(z)| <1 forz € Ly. (2.9)
The method is called to be of order p > 1,if
Ir(2)] = e+ O(2P*!) for Ly 32 —0. (2.10)

Definition 2.1
We distinguish between different types of A(¥)-stable methods:

- Type (I):  |r(o0)] <1
Type (II): r(z) = o (1 — /2 + O(1/2?)) for Ty 9 z — 00.
’ Here |o|=1, v>0.

Remark 2.2

A(9)-stable methods of type (I) sometimes are called strongly A(Y)-stable.

Examples of A(m/2)-stable methods of type (I) are the sub~ and subsub-
diagonal Padé-approximations (WANNER/HAIRER/N@RSETT [26]) like the
implicit Euler scheme, examples of A(r/2)-stable methods of type (II) are
the diagonal Padé-approximations like the implicit trapezoidal rule (Crank-
Nicolson scheme).

For later purposes we collect some properties of these methods:

[ e
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Lemma 2.3

Let r(z) be the stability function of an A(J)-stable single-step method of
order p, 0 < ¥ < 7/2. Let 0 < Jy < 9.

a) For 0 < k < 1 there is a (k) > 0, such that
Ir(2)] < |e7*] for z € By, , |2| < n(x). (2.11)
b) For methods of type (II) there is for 0 < k < v a {(k) > 0, such that
Ir(2)] € [e™/%| for z € Ty, , |2| > ((x). (2.12)

c¢) For methods of type (I) there is for n > 0 a p(n) < 1, such that

[r(2)] < p(n) for z € oy, |o| 20 (2.13)
Proof.
a)
o) _ |e==)% + O(z7+1)|
e"K-Z
= [1=(1-r)z+O()|
< 1 for appropriate small z € I, since ¥y < 7/2 .
b)
r(z) (v
e_(_"'/z = le (r=n)/ +0(1/z2)]

= [1=(v=r)/z+ O(1/2%)
< 1 for appropriate big z € Xy, since ¥y < 7/2,

c) follows easily from the maximum principle for analytical functions. =

2.3 Asymptotic Expansions of Single-Step Methods when Ap-
plied to y' = —Ay with )\ varying in a Sector

The usual results for asymptotic expansions of the error of single—step meth-
ods applied to the scalar

7 y ==y, y(0)=1 (2.14)

hold for A varyingv in a compact set. But since we desire to apply Dunford-
Taylor integrals over pathes like 9Ly we are interested in A to vary over the
whole sector Xy. This case is studied in the following lemma.



Lemma 2.4

(LuBICH [18], Lemma 6.3) Given an A(d)-stable method of order p with
stability function r(z) and 0 < 9 < 9 < 7/2. For z € Xy, an asymptotic
expansion holds

r(z)" =e™™ [1 +’ Py(nz)2P + ...+ PN(nz)zN] + Ryyi(n,2) . (2.15)

Here the P; are polynomials of degree j —p+1, P;(0) = 0 and the remainder
satisfies
|Rn41(n, 2)] < Cle™ 2N+ (2.16)

for given 0 < & < 1, provided that |z| < 5(«) from Lemma 2.3.

Proof. Let O(l,m) denote a function g(z,w) whose Taylor expansion with
respect to z has the form

9(z,w) = go(w)' + ...+ Gu(W)e** + Cra(zyw),  (217)

where g;(w) denote polynomials in w of degree < m.
We proof the following:

Given an iteration-procedure

Yo = 1 '
2.18
{ Ynt1 = T‘(Z)y.n + a'(za nz)e—nz i ( )

with the approximation property

e —r(z) — a(z,w) = O +1,j = p) . (2.19)
There is an improved iteration-procedure
v =1 ‘
2.20
{ Ynnn = r(2)y; +a*(z,nz)e™ (2:20)

with the following update of property (2.19)
e —r(z) —a*(z,w)=O(GF + 2,7 +1—p) (2.21)
such that the difference between the two iteration—-procedures is given as
Yh = yp — e " P(nz)z’ . (2.22)

Here P(w) denotes a polynomial of degree < j — p + 1 with P(0) = 0.
Furthermore we get the error—estimate

lvs — e | < Cle ™=+ (2.23)

S,



Equipped with that construction we can start an induction with the single-
step scheme as the iteration-procedure, i.e. a(z,w) = 0 and j = p. Each
improved iteration-procedure will give a further term in the asymptotic ex-
pansion; we end this at j = N. Estimate (2.23) gives the assertion about

the remainder term. The approximation property (2.21) is needed to replace
(2.19) in the induction.

To end up at this construction, combination of (2.18), (2.20) and (2.22) gives
the formal expression

a*(z,w) = a(z,w) + P [r(z)P(w) —e*P(z+ w)] (2.24)

with an unknown polynomial P(w). This will now be determinated by re-
quirement (2.21): From (2.19) we get by interpretation of the O-term

e’ — 7'(‘2") - a(z’w) = 2j+1Q(w) + O(J + 2aj "‘P) ’ (225)

where Q(w) is a polynomial of degree j — p. Inserting (2.24) and (2.25) in
(2.21) gives

e”? —r(z) — a*(z,w) 21[2Q(w) — r(2) P(w) + e~ *P(z + w)]
| +0(j +2,j - p)
2[2(Q(w) + P'(w)) + (7% — r(2)) P(w)
+0(2,5 —p)]+O(G +2,5 —p)
which is O(j + 2,7 — p+ 1) if we choose
P(w) = — /0 “ O(s)ds . (2.26)

It remains to prove (2.23): Using Lemma 2.3.a we get for the z under con-
sideration

=™ < Y PPt — r(2)e™ —a"(z, ka)e ™

k=0

< X lem ek | Qu(ke)]
k=0

< le—nnzzj+2l Z |e—(1—'n)kz||Qk(kz)|

k=0
where the Q(-) are polynomials of degree < k —p+1. Now we can estimate

as follows . n
Yol Quka)| < Ci Yol
k=0 | k=0

S Tew
< Co/Rz
< Csflz|



for some 6 €]0,1 — .
This gives |y: — e™™| < Cyle™*"*27+1|. .

Remark 2.5

A totally different proof of Lemma 2.4 for r(z) = 1/(1 + z), i.e. the implicit
Euler, together with an explicit recurrence relation for the polynomials P;(-)
in that case may be found in [8].

2.4 Asymptotic Expansion for Abstract Cauchy Problems with
m-sectorial Operators

Let A be a linear m-sectorial unbounded operator with vertex 0 in a Hilbert
space H with semi-angle dJ,, i.e. O(A) C Ty, 0 < ¥ < 7/2. We also
assume that 0 € p(A).

It follows that for @ > 0 the fractional power A* can be defined. The
corresponding domains of definition

Hy == Dy (2.27)
equipped with the norm
ufloa == [|A%u]| for u € Ha = D 4a (2.28)

now define a scale of Hilbert spaces H, (cf. PAZY [22], p. 195 {.). Note that

Hy = H and the embedding H, < Hpy is continuous for @ > 8. This scale

enables us to emphasize the réle of inconsistent and non-smooth initial data
ug of the abstract Cauchy problem

u'(t) + Au(t) =0, t €]0,T]

L e 220

If we denote by U(t) the holomorphic semigroup generated by —A, the solu-

tion of (2.29) is given as _
u(t) = U(t)uo . (2.30)
A single-step method with stability function r(z) generates a discrete semi-

group ‘
U (t) :=r(TA)", (2.31)

where 7 = t/n denotes the time-step. The result of applying the single-step
method up to the time ¢ is given by

ur(t) = U (t)ug - | (2.32)



e b e s b e o e .

The idea is now to apply the Dunford-Taylor integral operational calculus:
It gives us the possibility to represent the term ¢(A), where ¢(-) is a certain
scalar function, as an integral with scalar applications of ¢ only:

o(4) = oloo)T + 5 [ )T~ A)ds (233

cf. e.g. [12], Section VIL9.

The following lemma essentially estimates such integrals to get an estimate
for |l¢(TA)}lc(,1y- In addition it contains a neat trick to get ¢(z) — ¢(o0)

‘into play:

Lemma,‘ 2.6
(LE Roux [17])

Let ¢ be a continuous function on the sector Ly, 0 < J9 < ¥ < 7/2, which
is holomorphic in the interior of Ly. If for some constant B > 0 and two
continuous functions ¢; and ¢, from IR, to IR, the following estimates hold

le(2)] < p1(lz]) for z € By, |2] < R (2-34)

le(2) — p(00)| < pa(|z]) for z€ Xy, |2| 2 R, (2.35)

we get a constant C such that

le(rlleam < 5 019 {/R% t)—+/ <P2(T)—'

+ (R+5) lo()l} + lo(oo)

(2.36)

for all 7 > 0.

Proof. This lemma is essentially from LE Roux [17], with the difference
that we replaced A in (2.36) by 7A. This is possible since A is involved only
in two estimates in the proof from [17]:

AU+ A) e@wm <1

c 1
o ||(2I—A) 1||c(m=1)_19 T lforzeI‘

I’ a certain path. But we have

lTA(I + 7A) Yle@m <1 (2.37)



since TA is also maximal accretive. For zGTwe estimate

[|(2/ -TA)"l\\C{H,H) = A-(ZrI-AMNCH)
2.38
1 C 1 C ( )
Td--do\A/T O-tfoM
sincealso Z/TE€ T. .

Applying this ideas to the error-term
U+(t)-U(t)

yields the main result of this section:

Theorem 2.7

Given an A(t9)-stable method of order p with 0 < i?% < $ < f/2, there exists
an asymptotic expansion

Ut) -U{) = EMr° + Ewi(®T+' + .. + E\OY  + Enea(tr) . (2.39)
For the linear coefficient operators Ej(t) the following estimate holds:

INWIK* . *) < Cr'*--") , a>0. (240)

The remainder operator U7Jv.I(£;T) alows for r < 1 and for a > 0 the
following estimate

WEnsa(t; PWC(HaH) < Co (A" -("-n))M! 4 e 1)) 2 (2>41)

where the perturbation e,(t\ r) depends on the type of the method:
Methods of type (I):
e.(t;T)=0 (2.42.)

In this case estimate (2.41) also holds for a = 0.
Methods of type (I1):
e(tT) = T/ . (2.42.11)

The constant C, isindependent of t and T.
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