Konrad-Zuse-Zentrum fir Informationstechnik Berlin =
Heilbronner Str. 10, D-1000 Berlin 31 =

i
l

HIIIIHIIIHI

Peter Deuflhard Roland Freund * Artur Walter

Fast Secant Methods
for the Iterative Solution
of Large Nonsymmetric Linear Systems

RIACS, Mail Stop T045-1
NASA Ames Research Center
Moffett Field, CA 94035
U.S.A.

The research of this author was supported in part
by DARPA via Cooperative Agreement NCC 2-387 between
NASA and the Universities Space Research Association (USRA).

Preprint SC 90-5 (July 1990)



Peter Deuflhard Roland Freund Artur Walter

Fast Secant Methods for the Iterative Solution

of Large Nonsymmetric Linear Systems

Abstract

A family of secant methods based on general rank-1 updates has
been revisited in view of the construction of iterative solvers for
large non—Hermitian linear systems. As it turns out, both Broy-
den’s “good” and “bad” update techniques play a special role — but
should be associated with two different line search principles. For
Broyden’s “bad” update technique, a minimum residual principle
is natural — thus making it theoretically comparable with a series
of well-known algorithms like GMRES. Broyden’s “good” update
technique, however, is shown to be naturally linked with a mini-
mum “next correction” principle — which asymptotically mimics
a minimum error principle. The two minimization principles differ
significantly for sufficiently large system dimension. Numerical ex-
periments on discretized PDE’s of convection diffusion type in 2-D
with internal layers give a first impression of the possible power of
the derived “good” Broyden variant.

Key Words: nonsymmetric linear system, secant method, rank-1
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1. Introduction

The solution of large sparse systems of linear equations
Az =b (1.1)

is one of the most frequently encountered tasks in numerical computations.
In particular, such systems arise from finite difference or finite element ap-
proximations to partial differential equations (PDEs). For Hermitian positive
definite coefficient matrices A, the classical conjugate gradient method (CG) of
HESTENES/STIEFEL [11] is one of the most powerful iterative techniques for
solving (1.1). :

In recent years, a number of CG type methods for solving general non-Hermitian
linear systems (1.1) have been proposed. The most widely used of these algo-
rithms is GMRES due to SAAD/ScHULTZ [13]. However, solving non-Hermitian
linear systems is, in general, by far more difficult than the case of Hermitian
A, and the situation is still not very satisfactory. For instance, this is reflected
in the fact that for methods such as GMRES work and storage per iteration
grow linearly with the iteration number k. Consequently, in practice, one can
not afford to run the full algorithm and restarted or truncated versions are
used instead. Notice that, on the contrary, CG for Hermitian A is based on a
three-term recursion and thus work and storage per iteration remain constant.

Non-Hermitian linear systems (1.1) are special cases of systems of nonlinear
equations. For sufficiently good initial guesses, secant methods (see e.g. DEN-
NIS/SCHNABEL [3]) based on Broyden’s rank-1 updates are known to be quite
efficient techniques for solving these more general problems. However, up to
now, secant methods for solving linear systems have had a bad reputation.

The purpose of this paper is to take an unusual look at secant methods for
non-Hermitian linear systems (1.1). In particular, as will be shown, combining
Broyden’s good and bad updates with different line search principles leads to
iterative schemes which are competitive with GMRES. More than that, these
secant methods typically exhibit a better reduction of the Euclidean error than
GMRES. This is of particular importance for solving linear systems which arise
in the context of multilevel discretizations of PDEs. There, linear systems are
only solved to an accuracy corresponding to the discretization error on the
respective level. In order to obtain such approximate solutions with as few iter-
ations as possible, reduction of the Euclidean error is typically more crucial than
minimizing the residual norm as GMRES does. For a description of such mul-
tilevel techniques, see the recent paper of DEUFLHARD /LEINEN/YSERENTANT
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It is well known (see e.g. FLETCHER [7, Chapter 3]) that CG for Hermitian
positive definite A is intimately connected with minimization algorithms based
on Broyden’s family of rank-2 updates. In view of this result, the similar
behavior of GMRES and secant methods based on rank-1 updates might not
come as a surprise. Nevertheless, there appears to be no strict connection
between the two techniques. Recently, however, EIROLA /NEVANLINNA [6] have
established a connection between GMRES and a certain rank-1 update based
on a nonstandard secant condition (cf. Remark 1 in Section 2.1).

The paper is organized as follows. In Section 2.1, we introduce a general fam-
ily of secant methods. In Sections 2.2 and 2.3, special rank-1 updates and line
search principles, respectively, are discussed. In Sections 3.1 and 3.2, we present
convergence results for secant methods based on Broyden’s bad and good up-
dates. These results are then illustrated for a linear system arising from a
simple 1-D boundary value problem in Section 3.3. Next, we discuss actual
implementations of the proposed secant methods in Section 4. Typical numer-
ical experiments are reported in Section 5. Finally, we make some concluding
remarks.

Throughout this paper, all vectors and matrices are assumed to be complex.
As usual, M* = (Ty;) denotes the conjugate transpose of the matrix M =
(m;x). The vector norm ||z|| = v/z*z is always the Euclidean norm and [|[M|| =
SUP|,=1 ||[Mz|| the corresponding matrix norm. Occasionally, the Frobenius
norm ||M||r = (Z; Im;jk|?)/? will be used.



2. A Family of Secant Methods

The paper deals with the solution of linear systems (1.1) where A is a non-
Hermitian n x n matrix and b € €*. From now on, it is always assumed that A
is nonsingular, and z := A™'b denotes the exact solution of (1.1).

The methods studied in this paper are iterative schemes. For any given starting
vector zo € ", a sequence of approximations zx, £ = 1,2,.. ., to z is computed.
Furthermore, in each step an n x n matrix Hy which approximates A™! is
generated. Here H, is a given nonsingular initial approximation of A™!.

In the sequel,
er =z —1x; and r:=0b— Ax;

always denote the error vector and residual vector, respectively, corresponding
to the iterate . Moreover,

Ey:=1-HA
1s the error matriz associated with the “preconditioning” matrix Hy and
Ak = Hkrk

is the “preconditioned” residual vector. Finally, for nonsingular Hy, we denote
by
By := H{!

the approximations of A.

2.1 The General Algorithm

The approximation Hy,, of A is obtained from the one of the previous iteration,
Hy, by adding a rank-1 correction. In conjunction with the requirement that
the following secant condition (or quasi-Newton condition)

Hip1 AN = Ay (2.1)
holds, this leads (see e.g. [3, Chapter 8]) to the general update
Akv*
Hiyi = Hy + (I — HyA)——E— :
k+1 k+ ( kA)v}:HkAAk Hy (2:2)

due to BROYDEN [1]. Here, vy € €" is any vector such that v;HyAA; # 0. By
applying the Sherman-Morrison formula to (2.2), one readily verifies that Hy
is nonsingular with inverse

Ak'l);

Bt :Bk‘*’(A‘Bk)v,,A ,
[HAV?

(2.3)



as long as Hj is nonsingular and viAy 76 0.

Remark 1. EiroLA/NEVANLINNA [6] study secant methods which are based
on the “conjugate transposed” secant condition

H;_HA*C): = Cg (24)

instead of (2.1). For the special choice ¢y = AAj in (2.4), the resulting algorithm
([6], see also [14]) is mathematically equivalent to GMRES.

In each iteration, the new approximation zr4; to z is obtained by correcting
the previous iterate zx along the preconditioned residual Aj;. In combination
with the update (2.2), this leads to the following informal algorithm.

Algorithm 2.1

Start: a) ro:=b— Az
Iteration loop: k=0,1,...:

b) Ag:= Hirg
qr = AA
2k = Hqu

C) Try1 = Tk + Ll
Th1 = Tk — kqk
Update:

*H
d) Hpyy = Hp+ (Ax — Zk)vk u

ViZk

Notice that Algorithm 2.1 describes a whole family of secant methods which
still depend on the choices of vi in the update d) and the step length ¢; in c).
Strategies for the selection of these parameters will be discussed in Sections 2.2
and 2.3.

In the following lemma, we collect some simple recursions that are valid for all
choices of v; and ¢;. Here and in the sequel, the notations

*A vIZ;
g i= -———v"‘ L oE= Tsz) = H;AA;, and 7= —— (2.5)
’Uka <1

are used.



Lemma 2.2 Let viz; #0,:=0,...,k —1. Then:
a) €k41 = ((1 — tk)I + tkEk) €k ,
b) Aryr = (1 —tx + 76)Ak — kz) = (1 — te)I + 1 Ex) A (2.6)
¢) 1 =7+ %(A,ﬂ —(1=t)A), i=0,...k=1.

Proof. Note that ey, = ex — txA; and A = (I — Ex)ex. Combining these

two identities yields (2.6a).

Next, one easily verifies that
App = Hegaregn = (1 =) Ap + 7Bk — z) - (2.7)

Since ExAr = Ak — 2k, (2.7) immediately leads to (2.6b).
By using (2.5) and the update formula which connects H;;, and H;, one obtains

5,'+1 =z + ’7,'(A,' - Z,‘) . (28)
Finally, by rewriting the term A; — z; in (2.8) by means of the first identity
(with k = 2) in (2.6b), one arrives at (2.6¢). =

2.2 Special Rank-1 Updates

First, note that, by (2.2), the error matrix associated with the preconditioner
H; satisfies the update formula

A *

Ere1 = Ex (1 — = HkA) . (2.9)
U2k

Clearly, one would like to improve the preconditioner from step to step. Thus,

vg in (2.9) should be chosen such that a suitable norm of Ej is decreasing. In

this section, three special choices of v are discussed.

(A) The first one is the so-called Broyden’s “good” update [1]. Here, in each
iteration, one sets
v = Ay . (2.10)

Assume that Hj is nonsingular and that # x, which implies A, # 0.
With (2.10), (2.9) can be rewritten as

AL

E = E P = - ————
k41 +Pr. where Pi (I ATHLAD,

HkA) . (2.11)



Remark that, except for the trivial case HyA = I, P; in (2.11) is an
oblique, non-orthogonal projection. Thus, one cannot guarantee that
|| Ex|| is decreasing. However, for the different error matrix

E,:=I-AB,,

one obtains such a reduction property:

(2.12)

~ ~ . AkA;
By = = I - .
k+1 Eka where Qk (I AZAk)

Now, (), is an orthogonal projection. Consequently, (2.12) guarantees an
improvement of the preconditioner in each step, in the sense that

| Ecea]l < | Exll (2.13)

and

I EeA]”
A&
Obviously, in view of (2.2) and (2.10), Broyden’s good update is only

defined as long as

IExallf = |1 EllF - (2.14)

ALHLAAL # 0 (2.15)
which (cf. (2.3)) guarantees that with Hy also Hyy, is nonsingular.

In particular, the more restrictive condition
certainly implies (2.15). Clearly, (2.16) can be rewritten as

_ AEA,

=Lt 1. 2.17
Ek AT/ < ( )

Since ¢, < || E||, a sufficient condition for (2.17) is
|Ex|| < 1. (2.18)
Now, it is easily verified that Ey and Ej are connected by
Ey=—(I - E)E,,

and it follows that _
E

_MEEL 2.19
1 — || Ex| (219

|Ell <



By (2.19), the condition ~
1Bkl < 3 (2-20)
implies (2.18). If (2.20) is satisfied for k£ = 0, then (2.13) guarantees that

(2.20) holds for all k. Finally, by (2.18), HrA and, since A is assumed to
be nonsingular, H} is nonsingular.

Therefore, we have proved the following

Lemma 2.3 Let Hy be a nonsingular n X n matriz such that HEQH < 3.
Then, Broyden’s good update (2.2), with vy chosen as in (2.10), is well
defined as long as z # .

The so-called Broyden’s “bad” update [1] is obtained by choosing v; in
(2.2) such that
Hivy = AAp = g,

holds. Then, (2.9) reduces to

Exp1 = Ex (1 — &% ) . (2.21)
99k

Remark that Broyden’s bad update is well defined as long as Ax # 0. In
particular, no additional restrictions for Hy are needed.

For the special error matrix
Ey:= AE A ' =1 — AH,, (2.22)

(2.21) leads to the update formula

By = Ey (1 - q’jq’“) . (2.23)
99k

From (2.23), it follows that Hj,, is an improved preconditioner, in the
sense that

1Bl < B4 (2.24)

and R
N - Feoall?
1Bl = Bl — 12l (2.26)
e P



(C) A third obvious choice for v; in (2.2) is
Vg = 2k .
The corresponding update (2.9) for the error matrix is

Arzl |
Epy1 = Ey (1 - z_"z" HkA) . (2.26)

kZk

Here, one needs to ensure z; # 0. Obviously, this is guaranteed if Hj is
nonsingular and z # z. If Hy is nonsingular, then (2.26) can be rewritten
in terms of an orthogonal projection as follows:

Zp2y

Ery1 = Ex(HeA)™ (1 -2 ) HeA . (2.27)

Zka

However, unlike as for updates (A) and (B), (2.27) does not imply a reduc-
tion property of some “natural” measure for the preconditioner Hy. This
suggests that this type of update is not competitive with Broyden’s good
and bad ones. Indeed, this was confirmed by our numerical experiments.

2.3 Line Search Principles

In this section, the selection of the step length ¢; in part c) of Algorithm 2.1 is
discussed. [deally, one would like to choose t; such that

llex+1 ()l = ?é‘f llex+1 ()]l (2.28)

where
€k+1(t) =€ — tAk .

Unfortunately, since z and hence e is unavailable, the step length defined by
(2.28) can not be computed. However, in view of

exs1(t) = A7 'reya(t) where rigq(t) =1 —tgr, (2.29)
(2.28) can be satisfied at least approximately by choosing ¢ such that
[Curas (80l = mip [Cernss (8] (2.30)
. t€

Here C, is some approximate inverse of A. At iteration k of Algorithm 2.1,
there are three natural choices for Cy, namely Hy,q, Hg, or simply Cr = I,
which lead to the line search principles (a), (c), or (b), respectively. Next, these
three strategies are discussed.






