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Abstract 

Symplectic difference schemes have been shown to be a right formalism for 
numerical computation of Hamiltonian systems. They are suitable to long 
time computation and of good qualitative properties. These properties 
are ensured by the fact that a symplectic difference scheme approximating 
to a time-independent Hamiltonian system can be regarded as a perturbed 
time-dependent Hamiltonian system of the original one. That is, a solution 
of a symplectic difference scheme is a solution of a certain perturbed time 
dependent Hamiltonian system evaluated at discrete (time) points. This 
is the main result of the paper. Moreover, linear symplectic difference 
schemes approximating to a linear time-independent Hamiltonian system 
can be regarded as a perturbed time-independent Hamiltonian system. So 
it has all properties that a linear Hamiltonian system has. Based on these 
results, stochastic webs and chaos in symplectic difference schemes are 
also discussed. They will appear in numerical simulation for Hamiltonian 
systems, even with one degree of freedom. 





1. Introduction 

A Hamiltonian system is the one that is of the form 

, z e R2n , 

where 0 and / are the n x n zero and unit matrices respectively, H(z,t) a 
Hamiltonian function, WH(z,t) is the gradient of H(z, t) with respect to z, i.e., 
VH(z,t) = (Hzi(z,t), • • -, HZ2n(z,t))T. The superscript T represents the matrix 
transpose. If H is independent of time t, it is time-independent or autonomous. 
A mapping F : R2n —> R2 n is called symplectic if its Jacobian DF satisfies 

(DFf(z)JDF(z) = J, Vz e R2n . 

As is well known, the phase flow of a Hamiltonian system is a one-parameter 
family of symplectic mappings. If the system is time-independent (autonomous), 
they form a one-parameter group. The symplecticity of the phase flow results 
in a series of Poincare invariants. Because of the important role of symplec­
ticity of the phase flow, one hopes to preserve it in numerical computation for 
Hamiltonian systems. That is symplectic numerical methods. More precisely, a 
difference scheme is symplectic if its transition from one time step to the next is 
a symplectic mapping. Recently symplectic difference schemes have been widely 
developed [4-21]. Their behaviour has also been deeply studied theoretically and 
numerically [4, 8-9, 17-18, 20-21]. Generally speaking, they are more suitable 
to long time computation and can remain more properties that the Hamiltonian 
systems possess, such as stability, first integrals and invariant tori. 

In this paper, we reveal the intrinsic relation between symplectic difference schemes 
and Hamiltonian systems. We prove that a solution of a symplectic difference 
scheme approximating to a time-independent Hamiltonian system is the solution 
of a certain perturbed time-dependent Hamiltonian system evaluated at discrete 
(time) points. The perturbed system is periodic in time and a perturbation of 
the original one with the same order of the scheme. In this point of view, a 
symplectic difference scheme can be regarded as a perturbed time-dependent 
Hamiltonian system. If KAM theorem is also valid for time perturbation, then 
using symplectic difference scheme approximating to an integrable system or to a 
small perturbation of an integrable system, a greater part of invariant tori of the 
system can be preserved. Moreover, when a linear symplectic difference scheme 
is used to approximate to a linear time-independent Hamiltonian system, it can 
be viewed as a perturbed time-independent linear. Hamiltonian system. There­
fore, a linear symplectic difference scheme has the same quadratic first integrals 
as the original Hamiltonian system itself. If the Hamiltonian system is strongly 

dz 
It = J-1VH(z,t), J = 

0 I 

-I 0 
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stable, then its linear symplectic difference scheme is also strongly stable for suf­
ficiently small time steplength. This result deepens the one in [21]. At last, we 
consider stochastic webs and chaos produced in symplectic numerical simulations 
and analyse them in detail for a special Hamiltonian system. In this field, much 
work has been done in the research group headed by Feng, see [7] for details. 

For the sake of convenience, below by Hamiltonian systems we always mean 
that they are time-independent (autonomous). Otherwise, they are called time-
dependent explicitly. Moreover, we shall limit ourself to the local case throughout 
the paper. 

2. Symplectic Difference Schemes for Linear 
Hamiltonian Systems 

Let 
dz 
T = Lz, zeR2n, Lesp{2n,R) (2.1) 
at 

be a linear Hamiltonian system, where 
L = J~XH, HT = H. 

The Hamiltonian of the system (2.1) is h(z) = ^zTHz = | ( z , JLz), where (•, •) is 
the standard scalar product in R2n . It is a quadratic first integral. The solution 
z(t) of (2.1) with the initial value z° is z(t) = etLz°. It is well known that 
the system has n functionally independent quadratic first integrals which are in 
involution mutually. By direct verification, we know, 

W*) = \{*i JL2l-lz) = l-zTJI?l^z, I = 1,2, • • •, n (2.2) 

all are the first integrals of (2.1), where hi(z) = h(z). But sometimes they are 
functionally dependent. 

Let 
zk+1 = F(T)zk

) Jfc = 0 ,± l , - - - (2.3) 

be a linear symplectic difference scheme approximating to (2.1), i.e., F(T) being 
a symplectic matrix, i.e., F(T) G 5p(2n,R), where r is the time step-length. We 
assume that it is a consistent approximation of (2.1) with the order p > 1. 

T h e o r e m 1 Under the hypothesis above. Then for sufficiently small time step-
length T, there is a perturbed linear Hamiltonian system 

dz 
— = L(r)z, L(T) <= sp(2n,R) (2.4) 
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with the Hamiltonian h(z,r) = ^ZTJL(T)Z, different from h(z) up to 0(TP), i.e., 

h(z,T) = h(z) + 0(Tp) (2.5) 

such that the solution of the scheme (2.3) is the solution of the system (2.4) 
evaluated at discrete points kr, k = 0, ± 1 , ±2,- ••. That is, the linear scheme 
(2.3) is the periodic mapping with the period r of the perturbed system (2.4). In 
this point of view, the linear symplectic difference scheme (2.3) can be regarded 
as the perturbed Hamiltonian system (2.4). 

Proof: Since the scheme (2.3) is the p-th order approximation of the system 
(2.1), F(T) has the form 

F{T) = I + TL{T), 

L(r) = L + ^ + T^ + ... + T-^-L" + O(r ' ) . 

For sufficiently small r , F(T) can be represented as 

F(T) = erl{?\ L(T) = L + 0(TP), L(T) € sp(2n, R) . 

So (2.3) becomes 

zk+1 = erl^zk, fc = 0 , ± l , ± 2 , - - -

and 
zk = Fk(r)z° = ekT~L^z°. 

This is the solution z(t) of the linear Hamiltonian system (2.4) with the initial 
value z(0) = z° evaluated at discrete points kr, k — 0, ±1 , ±2, • • •. The Hamil­
tonian of (2.4) is 1(Z,T) = 1(Z,JL(T)Z) = \zTJLz + 0{T") = h{z) + Ö ( T " ) . It 
is a first integral of (2.4), therefore it is also a first integral of the symplectic 
difference scheme (2.3). • 

From Theorem 1 we know that the symplectic difference scheme (2.3) has n 
functionally independent quadratic first integrals. The following first integrals 

^ , r ) = i ( 2 , J L 2 , - 1 ( r ) 2 ) , Z = l , 2 , - . - , n (2.6) 

are the approximations of hi(z), I = 1, • • • ,n, up to 0(TP). These first integrals 
are not direct to us, we need to compute L(T). Another group of first integrals 
of (2.3) is 

h,(z,T) = (z,JFl(T)z), / = 1,2, • • - ,« . 
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They can be checked easily. The first one is 

%(Z,T) = (Z,JF(T)Z) = ZTJ(I + TL(T))Z 

= TZTJL(T)Z = 2rh(z) + 0(T2). 

The linear Hamiltonian system (2.1) (or L) is called stable if the zero solution of 
(2.1) is Liapunov stable, i.e., Ve > 0, 36 > 0 such that when ||20|| < S, \\z(t)\\ < e, 
Vt G R. Obviously, it is equivalent to that | |e tL | | is bounded Wt G R. So L is 
stable if and only if all eigenvalues of the matrix eL are on the unit circle and its 
elementary divisors are linear, or, all eigenvalues of the matrix L are imaginary 
and its elementary divisors are linear. Another necessary and sufficient criterion is 
that the system (2.1) has a positive (or negative) definite first integral. Especially, 
the system with a positive definite Hamiltonian is stable. A more important 
concept is strong stability. The system (2.1) (or L) is called strongly stable if 
all small perturbations in sp(2n,R) are stable. That is, all linear Hamiltonian 
systems with V 6 sp(2n, R) which is sufficiently close to L are stable. Evidently, 
the Hamiltonian system with a positive definite Hamiltonian is strongly stable 
since the positive definite property of a quadratic form is invariant under small 
perturbation. Of course, there are criteria based on the eigenvalues. But an 
interesting one is that the system (2.1) is strongly stable if and only if a certain 
linear combination of hi(z),l = l , - - - ,n in (2.2) is positive definite [22]. This 
shows, a strongly stable linear Hamiltonian system is not far from a positive 
definite one. 

Similarly, the symplectic scheme (2.3) is called stable if its zero solution is Lia­
punov stable, it is equivalent to that ||Ffc(r)|| is bounded VA;; it is strongly stable 
if it is stable and any small perturbation in Sp(2n, R) is also stable. By Theo­
rem 1, (2.3) is stable or strongly stable if and only if the system (2.4) is stable or 
strongly stable respectively. Since hi(z,r),l = 1, • • • ,n in (2.6) all are the small 
perturbation of hi(z), I = 1, • • •, n, if (2.1) is strongly stable, for sufficiently small 
r , a certain linear combination of hi(z,r),l = l,---,n is also positive definite. 
This ensures the strong stability of the linear symplectic differnce scheme (2.3). 
However, from the definition it follows that the set of all strongly stable L is an 
open set in space s/>(2n,R). So from Theorem 1, we can immediately obtain the 
following 

Theorem 2 If the Hamiltonian system (2.1) is strongly stable, then its all con­
sistently symplectic difference schemes with the order p > 1 are also strongly 
stable for sufficiently small time steplength r . 

This Theorem conversely shows that a certain linear combination of hi(z,r) is 
positive definite. In [20] Wu proved that the scheme (2.3) is stable if and only 
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if it has a positive definite quadratic first integral. Therefore for stable but not 
strongly stable linear Hamiltonian systems, the centered Euler scheme and the 
generalized centered schemes [6-8, 11] are also stable since these schemes preserve 
all first integrals of the linear Hamiltonian system (2.1) (see [9]). 

3. Symplectic Difference Schemes for N o n ­
linear Hamiltonian Systems 

If Hamiltonian systems are not linear, of course, their symplectic difference ap­
proximations are not linear as well. Generally they can not be represented as a 
solution of a certain time-independent perturbed Hamiltonian system like linear 
cases. But they correspond time-dependent perturbed Hamiltonian systems. 

Lemma 3 (Poincare) Let F(z) : R2n —>• R2n be a differentiable mapping with 
components F(z) = (/i(z), • • • ,f2n(z))T• If its Jacobian 

is symmetric, i.e., 
dfi dfj . . , 
~ä~ = ~ä~' M = l , - " , 2 n , 
ozj oz{ 

then there is a differentiable function H(z) : R2n —• R, such that F{z) = VH(z), 
i.e., 

fi(z) = HZi(z), t = l , - - - ,2n. 
More precisely, 

2n r1 r1 „, 
H(z) = Tzi fi(sz)ds= zTF(sz)ds. (3.1) 

Theorem 4 Let F(-,t) : R2n —+ R2n be a one-parameter family of symplectic 
mappings, where t 6 I = [a, b]. Then there is a time dependent Hamiltonian 
system 

dz — 
- = J~1WH(z,t), te(a,b) (3.2) 

with the Hamiltonian H(z,t) : R2n x I —> R such that F(z,t) satisfies 

**&£ = rlVH(F(z,t),t), te(a,b). (3.3) 

z(t) = F(z°,t) is the solution of the system (3.2) with the initial value z{a) = 
F(z°,a). 
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A result similar to Theorem 4 has been found by Feng in a different way. 

Proof: By assumption, F(z,t) is a symplectic mapping for any fixed t € I. So 

(DF(z, t))TJDF(z, t) = J. (3.4) 

Differentiating (3.4) with respect to t, we obtain 

Dipj
TJDF + (DF)rjD^ = 0. 

Therefore 

But 

^ ( D P ) - - i x 4 . ^ ) . 
dF _ 

This shows, the Jacobian of J—— o F * is symmetric. By Poincare Lemma, there 
~_ dt 

is a function H(-,t) : R2 n —> R such that 

dF ~ 
J—oF-\z,t) = VH{z,t), 

i.e., 

^ = J~1VHoF 
at 

In fact, by the equation (3.1), 

H{z,t)= f1 zTJ^-(F-1{sz,t),t)ds. (3.5) 
JO dt 

From F(z,t) one can construct the time dependent phase flow F'2'*1 (t2, ti G I) 
of the system (3.2). As a matter of fact, 

F^(z) = F(F-1(Z ,<1),<2) = F{t2) o F-1(<1)(z), 

here F{t){z) =f F(z , i ) . Hence 

Ft3,t2 0 Ft2,tl = (F ( f 3 )oF- 1 ( f 2 ) )o (F( f 2 )oF- 1 ( t 1 ) ) 

= F ( ^ 3 ) o F - 1 ( < 1 ) ^ F t 3 ' t l , 

F M = F ( f )oF" 1 ( i ) = ^ . 
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Set z(t) = Ft'tl(zQ). Then z(t) is the solution of (3.2) with the initial value 
z{U) = zQ. F(t) = Fl'a o F(a). If F(a) = id, then F{t) = F^. 

With the aid of Theorem 4, we can derive the time dependent Hamiltonian system 
corresponding to symplectic difference schemes. 

Let 

J = J-'VH{z) (3.6) 

be a Hamiltonian system with the Hamiltonian H(z). Let G(z,t) — Gt(z) be the 
phase flow of the system (3.6). Then 

dG(z,t) 7_x 

dt 

and 

= J-1VH(G{z,t)) 

G° = id, Gtl+t2 =Gh oGh. 

It is a one parameter group of symplectic mappings. Anagolous to Theorem 4, 
H(z) can be represented as, up to a constant, 

H(z) = C zTJ^- o G-\sz) ds. (3.7) 
Jo dt 

It can be easily checked by direct computation, too. 

Without loss of the generality, we assume that 

zk+1
 =F(Z\T), fc = 0 , ± l , ± 2 , - - - (3.8) 

is a symplectic difference scheme of the system (3.6) with the order p > 1, where 
T is the time steplength and F(-,T) symplectic. As a matter of fact, a symplectic 
difference scheme approximating to the system (3.6) can be written as the form 
(3.8), explicitly or implicitly. By assumption, 

F(-,0) = id 

and 
F(Z,T) = G(Z,T) + 0(T»+1). (3.9) 

In computation, the time steplength is fixed. But in fact, F(Z,T) is usually 
continuously differentiate with respect to r . Therefore F(Z,T) forms a one-
parameter family of symplectic mappings. For the sake of clarity, we rewrite it 
as F(z,t) = F(t)(z), t (E [0, r] . So, by Theorem 4, there is a time dependent 
Hamiltonian system 

dz ~ 
^ = J-'VH(z,t), <e (0 ,T) (3.10) 

7 



such that 

m ^ l = J-^H(F(z,t),t), te(0,r). (3.11) 

From the equations (3.5), (3.7) and (3.9), it follows that, up to a constant, 

H(z,t) = H(z) + 0(T"). (3.12) 

Uzk = F{zk,0) is taken as an initial value of the system (3.10), then the (fc + l)th 
step difference solution zk+1 = F(zk,r) of (3.8) is the solution z(t) of the system 
(3.10) evaluated at r , i.e., zk+1 = Z(T). For different k, the Hamiltonian H(z,t) 
is the same, only the initial value is different. To sum up, we have 

Theorem 5 Let {zk} be the solution of the symplectic difference scheme (3.8). 
Then 

1. it is the solution of the following perturbed time dependent Hamiltonian 
system 

dz 
- = J-*VH(z,t) (3.13) 

with the Hamiltonian 
TT(z,t) = H(z,r(t/T)) (3.14) 

and with the initial value z(0) = z° evaluated at the discrete points {kr}, 
k = 0, ± 1 , ±2, • • •, where (t/r) represents the fractional part oft/r. 

2. The perturbed Hamiltonian (3.14) is periodic in time t with the period r and 
an approximation of the original Hamiltonian H(z) with the order p: 

TI(z,t) = H(z) + 0(Tp). (3.15) 

So the symplectic difference scheme is just the periodic mapping of the perturbed 
time-periodic Hamiltonian system (3.13) with the period r. Because of this rea­
son, a symplectic difference scheme for Hamiltonian systems can be identified 
with a perturbed time-periodic Hamiltonian system. 

Proof: Let F '1 be the time dependent phase flow of (3.13). In order to prove 
the first part, we only need to prove 

Equation (3.13) can be integrated in intervals [kr, (k -f l ) r ] , k = 0, ± 1 , • • -, sep­
arately, i.e., 

dz  
— = J~lVH{z,t), t e(kr, (fc + l)r),fc = 0 , ± l , - - - . (3.16) 



Set t = s -f kr, s £ [0,r). Then dt — ds, T(t/r) = T(S/T + k) — T(S/T) = s and 

H(z,t) = H(z,T(t/T)) = H(z,s), te[kr, (* + l ) r ) , a € [ 0 , r ) . (3.17) 

Hence (3.16) becomes 

dz ~ 
- = J-'VH{z,s), S6(0,T). 

This equation coincides with the equation (3.10). So 

FkT+sM = F(s), 

jkr+sfi = F ^ o jkr,0 jfc = 0, ±1, ±2, • • • . 

Therefore if z* = / ^ ( s 0 ) , then zk+1 = F(r)(zk) = F(r)oFkT'°(z0) = i ^ + ^ ' V ) -
Obviously, z° = F ° ' V ) and z1 = F(Z°,T) = T'°(z°). 

From the expression (3.17) we know that H(z,t) is periodic in time t with the 
period T. The equation (3.15) follows from the equations (3.17) and (3.12). Ob­
viously, it is discontinuous with respect to time t at points kr, • 

Example 1. For linear symplectic difference scheme (2.3), the corresponding time 
dependent Hamiltonian is 

H(z,t) = f1
 z

TJ^lF-\t)szds = LTjiLßF-\t)z, t € [0,r). 
Jo dt 2 dt 

Example 2. Let 
H(p,q) = U(p) + V(q), M £ R B 

be a separable Hamiltonian, where z — (p,q)- One of the first order explicit 
symplectic difference scheme is (see e.g. [8]) 

p = po~ TVq(q0), 
F: 

q = qo + rUp(p) - q0 + rUp{p0 - rVg(q0)). 

Its inverse is 

-•-1 

Then 

dF_ 
~d7 

Po = p-\-TVq(q-TUp(p)), 

qo = q - rUp(p). 

Vq(qo) ^ 

\Up(p)-rUpp(p)Vq(q°) J ' 
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dF t -Vq(q - rUp(p)) 
T o F = 
dT { Up(p) - rUpp(p)Vq(q - rUp(p)) ) 

By the equation (3.5), the time-dependent Hamiltonian is 

H(z,r) = f\pT(Up(sp)-TUpp(sp)Vq(Sq-TUp(sp))) 
Jo 

+ qTVq(sq-TUp(sp)))ds 

= j * Uj(sp)d(sp) + £ Vq
T(sq - rUp(sp))(d(sq) - rUpp(sp)d(sp)) 

= U(p) - U(0) + £ Vq
T(sq - TUp(sp))d(sq - rUp(sp)) 

= U(p) + V(q - rUp(p)) - U(0) - V(-rUp(0)). 

Neglecting the constants, we can take the Hamiltonian as 

H(z,T) = U(p) + V(q-TUp(p)). 

One of the second order explicit symplectic difference scheme is (see e.g. [14-15]) 

q* = Qo + -jUp{p0), 

F: P = Po-rVq(q*), (3.18) 

Its inverse is 

F-1 

q = q* + 2 UP(P)-

q* = q - 2UP(P)> 

p0 = p + TVq(q„), 

qo = q*- 2UP(PO)-

dF_ 

dT 

' -Vq(q*)-lVn{q*)U,(po) ^ 

K \(UP(P) + UM) + \upp{p)d£ } 

dF „ , 
lr-°F 

' ~Vq{q.) ~ lVqq(q,)Up(pQ) \ 

K \{Up[p) + Up(p0)) - $U„{p){Vq(q.) + $Vqq(q.)Up(po)) I 
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The time-dependent Hamiltonian is 

H{Z,T) = I* zTJ^roF-\sz,T)ds 
JO UT 

f1 T 

= Jo <1 (Vq(q*(sp,sq)) + -Vqq(q*(sp,sq))Up(p0(sp,sq)))ds 

+ 2 Jo p T ( C / p ( 5 p ) + UMSP's^ - rUpp(sp)(Vq(q»(sp,sq)) + -Vqq(q*(sp,sq))Up(p0(sp,sq)))ds. 

Integrating it and neglecting constants, we get 

H(z, r) = l-U{p) + l-U{p + rVq(q - T-Up{p)) + V(q - T-Up{p)). (3.19) 

If the Hamiltonian system (3.6) is integrable, then the well-known KAM theo­
rem ensures that under small Pertubation (not time dependent) the greater part 
of invariant tori are preserved, but deformed. If KAM theorem is also valid for 
time dependent perturbation, then from Theorem 5 it follows that a symplectic 
difference scheme approximating to an integrable system, or to a small perturbed 
Hamitonian system of an integrable one, also preserves the greater part of invari­
ant tori. But even though KAM theorem is valid for time dependent perturbation 
of an integral system, its symplectic difference approximation will be possiblly 
unstable as well. This will be shown in next section. 

4. Stochastic Webs 

In this section, we consider chaos and stochastic webs produced in symplectic ap­
proximation of Hamiltonian systems. Usually in Hamiltonian dynamical systems 
the minimal chaos appears only in the system with 3/2 degrees of freedom, where 
half a degree of freedom represents time periodic perturbation. Since for one de­
gree of freedom, Hamiltonian systems are always integrable and chaos is absent. 
But when we use a symplectic difference scheme to approximate them, chaos will 
arise, even for one degree of freedom. Because by Theorem 5 symplectic difference 
schemes approximating to Hamiltonian systems correspond to systems perturbed 
by time periodic force. As an example we consider the following Hamiltonian 

system 
dp 

% . ( 4 J ) 

—- = — sinp 
dt F 
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