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Abstract 

The paper surveys three aspects of chemical computing, which seem 
to play a role in recent developments. First, extrapolation methods 
for the numerical treatment of differential-algebraic equations are 
introduced. The associated extrapolation code LIMEX has reached 
a certain level of sophistication, which makes it a real competitor to 
the elsewhere widely used multi-step code DASSL of Petzold. Sec­
ond, adaptive methods of lines for partial differential equations such 
as those arising in combustion problems are treated. Both static and 
dynamic regridding techniques are discussed in some detail. Finally, 
some new ideas about the treatment of the kinetic equations aris­
ing from polymer reactions are presented. The new feature of the 
suggested approach is the application of a Galerkin procedure using 
sets of orthogonal polynomials over a discrete variable (which, of 
course, in the case of polymer reactions is the polymer degree). The 
new approach may open the door to a new reliable low dimensional 
treatment of complex polymer reactions. 



0. Introduction 

Chemical computing ranges from the simulation of kinetics and polyreactions 
to the simulation of complete reactors. Numerical methods for these large scale 
problems have to be carefully adapted to the special situation. The present 
paper will survey three aspects of chemical computing, which seem to play an 
important role in recent developments. 

The simulation of large reaction systems in chemistry requires not only the 
treatment of large and stiff systems of ordinary differential equations (ODE's) 
but also the solution of differential algebraic equations (DAE's). Section 1 will 
introduce extrapolation methods for DAE's, which have reached a high level of 
sophistication. The associated code LIMEX is a real competitor to the elsewhere 
widely used multi-step code DASSL. The code LIMEX has been successfully 
implemented within the simulation packages LARKIN and DIVA. 

Extrapolation also plays an important role for combustion problems as described 
in Section 2. The partial differential equations (PDE's) arising there may be 
solved by means of a method of lines using adaptive regridding methods in space 
(including moving nodes). Impressive progress is documented in the simulation 
of chemically reacting flows in 2-D. In the given example, systems of up to 16000 
DAE's were solved by LIMEX. 

Standard kinetic packages fail, if problems from polymer chemistry have to be 
considered. As each polymer chain length appearing in a chain length distribu­
tion (CLD) leads to one ordinary differential equation, realistic problems lead 
to prohibitively large ODE systems. In Section 3, a new approach is presented, 
which allows the treatment of polyreactions up to any polymer degree. The 
method uses a Galerkin approximation of the CLD by means of orthogonal 
polynomials of a discrete variable, which represents the polymer degree in the 
present context. A parameter appearing in the orthogonal polynomials can be 
adapted in such a way, that the method has similarities with a method of lines 
for PDE's (with moving basis functions instead of moving nodes). An important 
feature is that a cheap and reliable error estimation is available. 
Throughout the paper real life examples are included to illustrate the efficiency 
of the described methods. 
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1. Extrapolation Methods for Implicit and 
Differential-Algebraic Equations 

Many problems of computational chemistry arise as implicit systems of differential-
algebraic equations (DAE's) in the form: 

B(y)y' = f(y) (1.1) 

Such systems are treated in the recent textbooks by B R E N A N / C A M P B E L L / P E T -

ZOLD [2] and H A I R E R / L Ü B I C H / R O C H E [11]. Whenever B(y) is nonsingular, 
then the above system is said to be of index = 0. Such a system is formally 
equivalent to the standard system of ordinary differential equations (ODE's): 

y' = B(y)-1f(y)=:g(y). (1.2) 

However, efficient numerical algorithms will certainly treat (1.1) directly. If 
B(y) is singular, then (1.1) may nevertheless have a unique solution — a sit­
uation, which is characterized to be of index = 1. For index > 1, solutions 
may still exist. But, in order to assure uniqueness, further equations are to 
be added, since such systems are algebraically incomplete (see RHEINBOLDT 
[23]). In special cases, systems with index > 1 can be directly treated as well. 
For general systems, however, index > 1 means that the problem is at least ill-
posed. Hence, as a general advise, any systems arising with index > 1 should be 
preprocessed in such a way that they eventually have index = 0 or index = 1. 
For this reason, the present chapter is restricted to just these two cases. In 
some problems, system (1.1) arises in the special separate form 

a) « ' = / i(u,v) 

b) 0 = f2(u,v). 

Here index = 1 means that the algebraic condition / 2 = 0 can be solved for v 
— which, in turn, requires that the derivative matrix 

C := -7T— is nonsingular . (1-4) 
ov 

An explicit numerical solution for v (say, in terms of a Newton iteration), how­
ever, is only appropriate, if the arising differential system 

u' = / i («,»(«)) (1.5) 

is non-stiff— for a further discussion see e.g. DEUFLIIARD/NOWAK [7]. 

(1.3) 
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For both index = 0 and index = 1, the following extension of the semi-implicit 
Euler discretization (see DEUFLHARD [5], D E U F L H A . I D / H A I R E R / Z U G C K [6], 
DEUFLHARD/NOWAK [8]) has turned out to be extremely useful 
(k = 0,l,...,Bk:=B(yk)): 

a) (Bk - h A)Ayk = h f{yk) 
(1.6) 

b) yk+1 =yk + Ayk 

Herein (1.6.a) is a linear system to be solved — typically large and sparse — 
and the matrix A may be defined either as 

A:=^(f(y)-B(y)y%=yo (1.7) 

or as an approximation of this expression, which should represent any strong 
couplings of the dynamic system (1.1). For A = 0, (1.6) is just an explicit Euler 
discretization for system (1.2) — which restricts its applicability to index = 0. 
If, for separate systems (1.3), the matrix A only contains C from (1.4), then the 
discretization (1.6) — with B = I — is equivalent to an explicit Euler discretiza­
tion of (1.5) in combination with only one Newton iteration per discretization 
step to take care of the algebraic conditions (1.3.b). Generally speaking, a so­
phisticated choice of A may lead to significant reductions of both computing 
times and storage requirements for a given problem at hand. This additional 
feature is a clear advantage of the more recent semi-implicit discretizations over 
any implicit discretizations that are in quite common use — see [2]. 

The above discretization (1.6) has been shown to possess a so-called perturbed 
asymptotic expansion — see D E U F L H A R D / H A I R E R / Z U G C K [6] for the case 
B(y) = const and LUBICH [15] for the general case. This expansion permits 
the combination of the extended semi-implicit Euler discretization with extrap­
olation in powers of the stepsize h. As a consequence, well-known techniques 
of order and stepsize control (cf. [5]) apply with minor modifications. Details 
of the algorithm are described in [8]. The associated code name LIMEX is a 
mnemotechnic abbreviation of Linearly IMplicit Extrapolation integrator. A 
variant of the code, LIMEXS, has been implemented for the case when the aris­
ing linear systems (1.6.a) are large and Sparse. The new extrapolation codes 
have appeared to be highly robust and efficient in a number of important ap­
plications. Rather than going into further algorithmic detail, a few examples 
from computational chemistry are given. 
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Large reaction kinetics. The numerical simulation of large chemical reac­
tion systems requires the integration of large ODE systems, which are typically 
nonlinear and stiff and have a sparse Jacobian matrix — for an extensive treat­
ment of the subject see DEUFLHARD/NOWAK [7] and references therein. The 
situation treated there is characterized by the kinetic equations 

c'i = Wi(c,T) i = l,...,n (1.8) 

for the species concentrations c, and for a given temperature T(t). A convenient 
package to solve such systems is the code LARKIN — mnemotechnically for 
LARge chemical KINetics. In quite a number of cases, however, the thermo­
dynamic equations for pressure p, density p, and temperature T must be added. 
These cases have been treated by WALKOWIAK [24]. 

Assume first that the density is explicitly given, say, in the form 

. ) g = M<). 
Then, with the additional notation (i = 1 , . . . , n) 

(1.9) 

Hi 

R 

a p* 

species enthalpy 

universal gas constant, 

specific heat coefficient, 

one ends up with the extended system of (n + 1) ODE's 

b) c- = Wi(c, T) + Cihp(t) 

c) V = £ ( # - RT)Wi(c,T) - hp(t)p 
L J = 1 

/ £ ( J J - evil* 
U = l 

d) P = RTj2a 
i = i 

The thus defined system is of standard form and can be treated by a slight 
modification of LARKIN. 
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Next, assume that the pressure is given in the form 

a) p'(t) = hp(t), p(0) = po. 

This leads to a system of (n + 2) explicit ODE's 

4 = Wi(c,T) + * • ?-
P 

T'= hp(t)-J2HiWi(c,T) 

\p'(t) *~R 

(1.10) 

b) 

c) 

d) P = P Pit) " T^Wi^T) ~ T 

J 2.*/ CP*Ci 
t'=l 

t = i 

If one inserts the expression for p'/p from (l.lO.d) into (l.lO.b) — as suggested 
in the chemical standard literature (cf. [10]) — then the associated Jacobian 
matrix is full. As a consequence, computing times needed by any stiff integrator 
would blow up for sufficiently complex systems! The remedy suggested in [24] 
is to treat (l.lO.b) as implicit ODE 

e) c{ - c{ — 
P 

Wi(c,T) 

and to insert the expression for T" from (l.lO.c) into (l.lO.d). The thus obtained 
partly implicit system of (n + 2) ODE's then typically leads to a sparse linear 
system (1.6). Moreover, since the arising system Lis index = 0, one may 
formally apply a semi-implicit Euler discretization to system (1.2), which leads 
to 

Vk+i = Vk + h(B0 - hA)-lB0B^f{yk) (1.11) 

wherein y := ( c 1 ; . . . ,c n ,T, p) and A from (1.7). Upon exploiting the special 
structure of (1.10), one ends up with the computationally simple scheme 

a) zk:=B0Bk1f(yk) = 

b) (B0 - hA)Ayk = hzk 

c) Vk+i =Vk + Ar/fc 

/ w{ + (B0 - Bk)i>n+2 \ 

\ J (1.12) 

The sparse pattern of BQ — hA inherits the sparse pattern of fy plus certain 
entries in the diagonal and the last column. On this algorithmic basis, an 
efficient simulation of rather complex chemical systems on comparatively small 
computers is possible. An implementation of the algorithm can be found in the 
latest revision of LARKIN. 
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Dynamic process simulation. The above package LIMEXS has been im­
plemented and adapted as a core routine within the process simulation package 
DIVA — compare [12] and references therein. For illustration purposes, consider 
the two coupled distillation columns represented schematically in Fig. 1.1. The 
associated mathematical model comprises n = 561 differential-algebraic equa­
tions (112 differential equations, 449 algebraic equations). The Jacobian matrix 
has 4020 nonzero entries — which means a sparseness of roughly 1 percent. 
Within the operator training unit of DIVA, a real sampling time of 4 sec. led 
to an acceleration factor 2-10 of the simulation over the real time process [14]. 
In this special problem class, a structural advantage of LIMEX over multi-step 
codes like DASSL [21] plays an important role: after small discontinuities there 
is no need to compute new consistent initial conditions, which leads to a rather 
smooth course of integration. 
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Figure 1.1: Coupled Distillation Columns. 
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2. Adaptive Methods of Lines for Partial 
Differential Equations 

One rather popular approach to the numerical solution of partial differential 
equations (PDE's) is the method of lines (MOL). It involves discretization with 
respect to space variables first — thus generating a system of ODE's, which is 
typically large and stiff. The linear systems arising in the course of stiff integra­
tion (with respect to the time variable) exhibit a typical block structure. For 
PDE systems in one space variable only, these linear systems are usually solved 
by a direct method such as a block tridiagonal solver or a band solver. For 
PDE's in more than one space variable, special iterative linear solvers appear 
to be the exclusive choice. In frequent cases, algebraic conditions enter into the 
problem: examples of such an occurrence are 1-D formulations based on spheri­
cal or cylindrical coordinates or incompressible flow problems. In addition, part 
of the ODE's may be implicit. Apart from any specifications of the applied 
linear solver, the described MOL approach directly leads to the problem class 
treated in the preceding Section 1. 

In the above approach, the only adaptive algorithmic device is the order and 
stepsize control with respect to time discretization. This turns out to be not 
enough for a class of challenging problems in chemical engineering (such as com­
bustion problems), which additionally requires a time-dependent adaptation of 
the space discretization — a so-called adaptive regridding. Two principal types 
of adaptive regridding are in quite common use: the static and the dynamic 
regridding, which are now described in some detail. 

Static regridding. Assume that within a given time layer the solution is 
represented as a discrete solution over a given space grid. In this situation one 
may aim at an equidistribution of the spatial discretization error. This error is 
typically not precisely known and can in most cases only be estimated. Any 
such error estimation technique can then be used as a heuristic to construct a 
new space grid, which hopefully equidistributes at least the estimated spatial 
error. Two typical options are in use: 

(a) Given a fixed number N of nodes, generate a new grid with also exactly 
N nodes. 

(b) Given a spatial error estimation technique, generate a new grid such that 
the estimated error is below a given threshold value — which means a 
variable number of nodes. 
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Static regridding can already be performed at the beginning (interpolation error 
in comparison with given initial solution) and repeated after an appropriate 
number of time steps — possibly after each time step. It is clear that any such 
regridding introduces an element of discontinuity into the ODE formulation. 
Part of this discontinuous effect can be damped by use of (discrete) Sobolev 
norms to be applied in the order and stepsize control of the ODE solver. The 
basic structure of this kind of adaptive MOL, howevei, gives a clear advantage 
to any one-step ODE solver including extrapolation methods — as opposed to 
the multi-step ODE solvers that, at present, are most widely distributed [2]. 
Rather than further principal elaboration of the topic, an illustrative example 
is given now. 

Example: Chemically Reacting Flows in 2 -D ( M A A S / W A R N A T Z [16]) 
In [16] an adaptive MOL package is presented to solve the compressible Navier-
Stokes equations including detailed chemistry and a multi-step transport model. 
The basic equations are: 

a) Continuity 

b) Species mass 

^ + div(, v) = 0 

dwi . . . 
p-KT + P vgrad Wi + divj; = w.-M,-

c) Momentum (2-1) 

+ gradP + div(p v o v ) = 0 

d) Energy 
dt 

dph dP .. . ,, , 
~df ~~dt^ ^ V ' ~ vgmdp 

+ div j + n : grad v = q 

with P = pressure, T = temperature, n„ = number of species, iot- = mass 
fraction of species i, Mi = molar mass of species i, a;,- = molar scale rate of 
formation of species i, h = specific enthalpy, p = density, v = velocity, j g = 
heat flux, j ^ = diffusion flux of species i, II = stretch tensor, q = source term 
for deposition of energy, and t = time. 

Restricting the problem to simple two-dimensional geometries, (2.1) is simpli­
fied to a system of PDE's with the independent variables t, r, z (time and two 
space variables) and the dependent variables p, vr, vz, T, P, Wi (density, veloc­
ities, temperature, pressure, species mass fraction). The final set of equations 



consists of 1 algebraic equation and na + 4 implicit ODE's (n, := number of 
species). Within the MOL treatment, the spatial discretization is done by fi­
nite difference approximations on a non-uniform tensor product grid — for an 
illustration see Fig. 2.1. 

Figure 2.1: Adaptive tensor product grid. 

The resulting large system of ODE's is solved by the semi-implicit extrapolation 
integrator LIMEX in combination with a special iterative linear system solver. 
To resolve the fronts in the solution profiles, a static regridding procedure of 
type (a) is applied after each time step. The above mentioned advantage of a 
one-step method within the adaptive MOL approach shows up clearly. By using 
the extrapolation code LIMEX instead of the multi-step code DASSL [21], 1-D 
simulations could be accelerated up to factors of 10-15 [17]. In this situation, 
comparisons for the 2-D case were not performed. The final MOL package 
consists of about 30.000 lines of FORTRAN-code. It has been written by two 
chemical engineers (U. Maas and J. Warnatz) in close and steady cooperation 
with two of the present authors (P. Deuflhard and U. Nowak). Now, after this 
fruitful cooperation over years, the package is able to perform internationally 
outstanding simulations. 

As an example, take the simulation of the thermal ignition of an ozone-oxygen 
mixture, a model of 6 elementary reactions for 3 species. Thus one has a system 
of ripde = 8 PDE's. Due to the adaptive regridding procedure, a comparatively 
small mesh of size n r = 50, nz = 40 turned out to be sufficient. Nevertheless, 
one ends up with a system of 

7i = npde • nT • ns = 16.000 

DAE's to be solved. The simulation of the total chemical process under consid­
eration took about 10A CPU-time on an IBM 3090. 
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Dynamic regridding. The above static regridding means that the space 
grids are kept fixed during each time discretization step — a technique, which 
may lead to drastic order and time step restrictions in the presence of fast 
moving fronts. Moreover, adaptive regridding after each time step may come 
"too late". The effect is especially significant for ODE solvers like extrapolation 
methods, which would allow "rather large" time steps. This insight leads one to 
the construction of moving grid techniques — sometimes also called dynamic re­
gridding. The basic idea is rather simple: one introduces time dependent spatial 
nodes x(t), which, in turn, induce the replacement 

u(x,t) -> ü(x(t),t) (2.2) 

for the PDE solution. As a consequence, any time derl /ative ut changes accord­
ing to 

ut —> üt = ut + uxxt . (2.3) 

Assume that the fixed node MOL had produced some ODE system 

U' = F(U) , 

then the introduction of moving nodes gives rise to some ODE system 

U' = F(U) + G{U)X'. (2.5.a) 

Note that this ODE system is incomplete, since X' must be determined by some 
further consideration. The most popular principle is to find X' such that 

\\U'\\2 + a\\X'\\2 = min , (2.5.b) 

wherein some tuning parameter a needs to be carefully selected. This minimiza­
tion principle may lead to an explicit expression for X' or to the lacking ODE's 
for X', which then are implicit — see e.g. HYMAN [13] and MlLLER/MlLLER 
[18], [19]. In order to make the method really working, one has to avoid the 
occurrence of node intersection — which can be done by adding penalty terms 
to the objective function in (2.5.b). This introduces at least one further tuning 
parameter. The task of tuning these parameters may require a considerable 
amount of interaction for each individual PDE problem. 

In principle, one might think of transferring the equidistribution of spatial dis­
cretization error, which underlies the above static regridding, to the case of 
dynamic regridding as well. However, careful examination of this idea leads to 
the insight that the principle of static regridding cannot be made precise enough 
to design an efficient and robust dynamic regridding. For this reason, difficult 
real life problems may require a mix of both strategies. 
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