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0. Introduction

Mesh independence of Newton’s method means that Newton’s method applied
to a family of finite dimensional discretizations of a Banach space nonlinear oper-
ator equation behaves essentially the same for all sufficiently fine discretizations.
This fact has been frequently observed and even used in designing efficient mesh
refinement strategies for certain classes of nonlinear equations (e.g. [1], [9]).

In order to explain these observations, a mesh independence principle for New-
ton’s method has been proved in [2] for general families of discretizations that
are bounded, stable, consistent and Lipschitz uniform. The last property means
that the Fréchet derivatives of the finite dimensional operators are Lipschitz con-
tinuous with a Lipschitz constant that is independent of the mesh size. Such
a uniform Lipschitz condition may be hard to verify for a number of operator
equations (such as the biharmonic equation). In the present paper we do not re-
quire this property as an axiom, but obtain it asymptotically in a rather natural
way by assuming certain simple convergence conditions that implicitly contain
a stability assumption. In our framework, the proof of mesh independence is
much simpler and gives more insight. Another advantage of our approach is that
we are only using norms corresponding to the domain of definition of the oper-
ators and no norms in the domain of values or corresponding operator norms
as in [2]. On one hand this leads to better theoretical bounds, and on the other
hand this opens the possibility that all quantities needed for applications can
be numerically estimated.

In proving our results we use a presumably new refined version of the Mysovskii
theorem which guarantees, under some affine-invariant assumptions, the exis-
tence and the uniqueness of the solution, as well as the quadratic convergence
of the Newton iterates towards this solution. This theorem may be of interest
in a much wider context, especially its uniqueness result.

In the first section of our paper, we state and prove the refined version of the
Mysovskii theorem and show that, for operators that are twice Fréchet differ-
entiable, its hypothesis is equivalent to the hypothesis of the affine invariant
version of the Mysovskii theorem due to DEUFLHARD /HEINDL [7], which has
been slightly refined by BocCk [5]. The second section contains different aspects
of our asymptotic mesh independence principle for Newton’s method when ap-
plied in the context of Galerkin approximations. '



1. A Refined Newton—Mysovskii Theorem

Consider a nonlinear operator equation of the form

where F': D C X — Y is a nonlinear mapping defined on a convex domain D
of a Banach space X with values in a Banach space Y. Under certain conditions
Newton’s method

o =% — F(a") 1P (%) k=0,1,... (1.2)

produces a sequence {z¥}%2, which converges to a solution z* of the equation
(1.1). In (1.2) F'(z*) denotes the Fréchet derivative of the nonlinear operator
F at the point z*. At each step of Newton’s method a linear equation of the
form

F'(z*)Az* = —F(z%) (1.3)

must be solved yielding the correction
"t = o* 4 Az* (1.4)

The first convergence theorem for Newton’s method in Banach spaces is due to
L.V. KANTOROVITCH [8] — originally even in an affine-invariant form. The
Kantorovitch theorem gives sufficient conditions under which equation (1.1)
has a unique solution z* in a certain neighborhood of 2°, and proves that under
those conditions the iterates given by (1.2) converge quadratically to z*. There
is a huge literature concerning different aspects of the Kantorovitch theorem.
For an account on some of the results, we refer the reader to the monograph of
POTRA/PTAK [11] and the paper of YAMAMOTO [13].

Another approach in studying the convergence of Newton’s method was con-
sidered by MYsovskil [10]. We start from an affine invariant version of the
Mysovskii theorem that has been first considered by DEUFLHARD and HEINDL
[7] and later refined by Bock [5].

Theorem 1.1 Let F: D C X — Y be continuously Fréchet differentiable, with
F'(z) invertible for all z € D, D open and convez. Assume that one can find a
starting point z° € D and constants a, w > 0 such that

|F'(z°)F(2°)| € @ < o0 (1.5)



| P (P s tr-2) = F@) =) [ 5 ol =,
Vz, y € D, s € [0,1]
h:=oaw/2<1 (1.7)
5(,) = {a € X | | —a?| < p} D

(1.6)

o (1.8)
withp=a ) A1 <a/(1-h).
J=0

Then the following results hold:

(A) The sequence {z*} of Newton iterates generated by (1.2) remains in S(z°, p)
and converges to a solution z* € 5(z°, p) of (1.1).

(B) The convergence rate can be estimated by
o541 — ok < w/2fct — 2+ 1P (19)

(C) In addition, one obtains the error estimates

lle* — z*|| < exlle® ~— 2*1| (1.10)
where - o
ki w!
e i=w/2) ()P < az _-5;,—)‘ . (1.11)
Jj=0

While the hypothesis of the above theorem implies the ezistence of a solution
z* € 5(2° p) of equation (1.1), nothing is said about the uniqueness of this
solution. In what follows we will show that if the Lipschitz assumption (1.6) is
exchanged by

| F/(2)7 (F'(z + s(y — 2)) = F'(2)) (y — 2) || < swlly — =]?,

(1.12)
Vz, y € D, s € [0,1]
then z*can be proved to be the unique solution of (1.1) in the region
D*:= U S(z*,2/w)n D
k=0
where (1.13)

S(z*,2/w) = {z € X | ||z — =*|| < 2/w}.



We note that under the hypothesis of Theorem 1.1 we have =¥+ € S(z*, 2/w)
because
2"+t — 2F]| < ||l2! — 2% € @ < 2/w (1.14)

so that D* is a connected set. We have clearly S(z*,2/w)ND C D*. Moreover,
it is easily seen from (1.8) that if < 1/2 then z* € 5(z°,2/w).

An immediate straightforward consequence of assumption (1.12) is — in the
just introduced notation — that

| F/(2)* (F(y) - F(2) - F'(2)(y — 2)) | < w/2lly = =|I?, Y=, y € D . (1.15)

This auxiliary result permits now a more detailed study of the attraction ball
of Newton’s method.

Theorem 1.2 Let F: D C X — Y be a nonlinear operator defined on a convez
domain D of a Banach space X with values in a Banach space Y. Suppose that
F' is Fréchet differentiable on D, that F'(z) is invertible for each x € D, and
that (1.12) is satisfied. Moreover, assume that equation (1.1) has a solution
y* € D. Let y° € D be such that

S lIy" —y* D c D (1.16)
and
y° € S(y*,2/w) . (1.17)
Then the iterates given by Newton’s method
Yy =yt~ )R k=0,1,. (1.18)

remain in the open ball S(y*, ||y° —y*||), converge to y* and satisfy the following
inequality
”ka -y < ""/2”3/’c - y*“2 , k=0,1,... (1.19)

Moreover, y* is the unique solution in S(y*,2/w).

Proof. Suppose that y* € S(y*, ||v° — y*||). Using (1.18) and the fact that
F(y*) = 0, we have

Yyt = gyt - Py (FF) - F(yY))
P (Fy™) - F*) - F'y") (v - v%) -
From (1.15) and (1.17), it follows that

"7 =yl Sw/2 |l =y Sw/2|l° =y IP < Iv° -7,
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and the first part of the theorem is proved by a simple inductive argument.
In order to prove uniqueness in S(y*,2/w) let y° i= y** for some y** # y* with
F(y**) = 0, which implies y! = y** as well. Upon insertion into (1.19), this
yields

ly™ ="l Sw/2 v = y7|* < v =7l
which is a contradiction. This completes the proof. |

The result contained in the above theorem is certainly interesting in itself and
— though being so simple — appears to be new. We will use it in proving
our uniqueness theorem. In order to do that, we first observe that assumption
(1.16) is required only to ensure the fact that the iterates (1.18) stay in D. If
we can ensure by other means that

yveD, j=0,1,... (1.20)
then assumption (1.16) may be dropped from the hypothesis of Theorem 1.2.

Theorem 1.3 Given the hypothesis of Theorem 1.1 replace the Lipschitz con-
dition (1.6) by (1.12). Then z* is the unique solution of (1.1) in the region D*
defined by (1.13).

Proof. Suppose there is an y* € D such that F(y*) = 0. First, take some z°
such that

2 € S(y",2/w) ,
which is equivalent to

y* € S(z°,2/w) .
Theorem 1.2 guarantees that y* is unique in S(y*,2/w). In order to show that
y* is also unique in S(z°,2/w), assume that there exists another solution

y™ € 8(2°,2/w)\ S(y",2/w)

with F(y**) = 0. Then y** must be the unique solution in S(y**,2/w) and the
sequence of Newton iterates starting at z° must converge to y** — which is a
contradiction to the uniqueness of the sequence of Newton iterates. Hence, y*
is unique in S(z° 2/w). Upon extending the same argument over all Newton
iterates =¥, one arrives at the natural definition of D* in (1.13). This completes
the proof. [ |

In what follows we will discuss the relationship between assumptions (1.6) and
(1.12). First, observe that both are particular cases of the stronger assumption

|F'(2)7! (F'(u) — F'(a:)) (u —z)|| Sw||u —z||* Yu,z,z € D collinear . (1.21)
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Indeed (1.6) follows from (1.21) by taking z = y and v = z + s(y — z), while
(1.12) follows from (1.21) for 2 = z and v = z + s(y — z). Let u, z € D
and denote by L the line containing u and z, and by L; the half line of origin
u, contained in L but not containing z. Assumption (1.6) says that (1.21) is
satisfied only for 2 € L; and not necessarily for all » € L. However, we will
prove that in case F' is twice Fréchet differentiable assumptions (1.6) and (1.21)
are equivalent. First note that if F' is twice Fréchet differentiable then, by
dividing both sides of (1.6) by s, and then setting s — 0, we obtain

IF'(y)7 ' F"(2)(y = 2)*]| Swlly —2|* Va,y€D. (1.22)

Lemma 1.4 Assume that the operator F : D C X — Y is twice continuously
Fréchet differentiable on D, where D is open and convezx, and X, Y are Banach
spaces. Then properties (1.6), (1.21) and (1.22) are equivalent.

Proof. We have already seen that (1.21) implies (1.6) and (1.6) implies (1.22).
We are left to prove that (1.22) implies (1.21). Because F' is twice continuously
differentiable on D, we may apply the integral mean value theorem to obtain

F'(2)7 (F'(u) = F'(2))(u — ) = / F'(2)7'F"(z + t(u — 2)) (u — o)’dt

for any u, z, z € D. If u, z, z are collinear, then by writing
u=z+v, z=z+pv, z(t) =z +tv

it follows that

1

F'(2)™(F/(u) - F'())(u - 2) = / G it)zF’(z)‘lF”(x(t)) (z = o(t)) "de .

By majorizing under the integral sign and using (1.22), we have

| F'(2)7 ( "(u) — F’(a:) (u —z)|| < /||z z(t)|| di

—-t)?
1
=w [|lu—o|fdt = wlju <P ,
0
which proves that (1.21) is satisfied. |



The above lemma motivates us to replace condition (1.6) in the hypothesis of
Theorem 1.1 by the stronger, but practically equivalent condition (1.21). By
doing this we obtain both existence and uniqueness of the solution of (1.1). For
convenience, we repeat all assumptions explicitly.

Theorem 1.5 (refined Newton—Mysovskii theorem)

Let F: D C X — Y be continuously Fréchet differentiable, with F'(x) invertible
for allz € D, D open and convex. Assume that one can find a starting point
z € D and constants o, w > 0 such that

[F'(a°) 1 F(af)| S @ < o0,
[1F"(2)7 (F'(u) = F'(2)) (u — 2)|| S wllu —z|* Vu,z,2 € D collinear,
hi=aw/2<1,
S(%p)={reX |z -2 <p}CD

with p = « § R¥-1 < af(1-h).
7=0

Then:

(A) The sequence {z*} of Newton iterates (1.2) remains in S(z°,p) and con-
verges to a solution z* € S(z°,p) of equation (1.1).

(B) z* is the unique solution of (1.1) in the region
D= | S(z*,2/w)ND
k=0

(C) The following error estimates hold

l2* — 2| < w/2jz*t — 2|2

lz* = 27| < w/2ljz*" — 2*||”
l=* — 2"

— w2l =

k_*<
o 2 < £

The proof has been given in the above careful stepwise derivation.



2. Asymptotic Mesh Independence of Newton-—
Galerkin Methods

In the previous section we have given sufficient conditions under which the
Newton iterates (1.2) converge toward a unique solution z* of the nonlinear
equation (1.1). However, if X and Y are infinite dimensional spaces then the
solution of the linear equation (1.3) can rarely be found in applications, so that
in practice equation (1.1) is replaced by a family of discretized equations

Fj(.’l?j) =0 ] =0,1,... (21)

where F; : D; C X; — Y; is a nonlinear operator defined on a convex domain
D; of a finite-dimensional subspace X; C X with values in a finite dimensional
subspace Y; C Y. This means that we restrict our attention to Galerkin meth-
ods. For finite difference methods, similar results should hold — but the proofs
would certainly be much more technical.

One would like to choose the “discretized operators” F; in such a way that a
solution z} of (2.1) can be computed for each j so that

lim z7 = 2" . (2.2)

j—oo

Eventually 2} should be obtainable via Newton’s method applied to the finite
dimensional equation (2.1):

ot = ok~ ()T, k=01, ¢4

Corresponding to (1.3) and (1.4) one Newton step for (2.1) is performed by first
solving the finite dimensional linear equation

Fj(5)A} = ~F;(z}) (2-4)
and then by setting
mf“ = xf + Aw? . (2.5)

In order for (2.2) to hold, one has to assume that the elements of the infi-
nite dimensional space X can be well approximated by elements of the finite
dimensional subspaces X;. In fact we may well restrict ourselves to a subset
W* C X consisting of elements that have “better smoothness properties” than
the generic elements of X. We assume that

{z*,2%, 2% —a*, Az} cW*,  k=0,1,... (2.6)

8



This assumption is quite natural because z* is the solution of the nonlinear
equation (1.1) and Az* is the solution of the linear equation (1.3), and therefore
under reasonable conditions they have better smoothness properties.

Let 7; : X — Xj, 7 =0,1,... be some family of linear projection operators.
Assume that these operators are uniformly bounded en W*, which means that
they satisfy a stability condition of the type

Imsz)| < gjllell, z € W, ¢; <T< o0 (2.7)
The projection property 7 = 7; then immediately implies that
g 21. (2.8)

Subsequently, the most interesting case will turn out to be that the constants
g; satisfy ‘

7—00
The fact that the subspaces X; can be used to approximate the elements of W*
well, at least asymptotically, is expressed by the approzimation condition

|z — 72| < 6lz|, = € W*, 5=0,1,... (2.10)
lim 6 = 0. (2.11)
j—oo

For most of the subsequent results we will need monotonicity of the kind
8iy1 <65, 7=0,1,... (2.12)
Thus the discretization method is characterized here by the family of triplets
{F;,7;,6;}, 3=0,1,... (2.13)
We assume that the domains D; of the discretized operators are such that
Sj(mjz*,2/wyCc D;Cc D, j=0,1,... (2.14)

where S;(z;,7) := {z € X; | ||z —z;|| £ r}. We also assume that the discretiza-
tion is consistent in the sense that there are positive constants co, ¢; such that
the following properties hold:

Co: if u; € X; and u € X are solutions of the linear equations

Fi(mjz)u; = Fj(mjz)

F'(z)u = F(z)
where z € W* N D, n;z € Dj, then
lluj — mjul| < cobjy 5 =0,1,... (2.15)


file:////uj-irjul/Kco8j

Ci: if w; € X; and w € X are solutions of the linear equations

Fi(zj)w; = Fi(z;)v}
Flau = Fila)?

where z;, z; € Dj, v; € span(z; — x;), then

lw; — mjwll <adjllol®  5=0,1,... (2.16)

We note that the consistency condition C; may be rephrased in first Fréchet
derivative terms, if we replace
F "(:cj)v?
by
(F'(z; +v;) = F'(=z5))v;

(see (1.21) and (1.22)). For the simplicity of the subsequent presentation, how-
ever, we prefer to use the second derivative formulation. The connection be-
tween the Lipschitz constant w for the operator equation and the associated

wj for the finite-dimensional approximating nonlinear systems is studied in the
following lemma.

Lemma 2.1 Let F : D C X — Y satisfy the hypothesis of Lemma 1.4 and
suppose that the discretization method (2.13) satisfies (2.7), (2.10), (2.12), (2.14)
as well as C;. Then

| i) (Filus) = Fi()) (w = z5)|) < willus — 231

Vuj,z;,2; € D; collinear,

(2.17)

where
wj = wqj + c16j (218)

Proof. With the choice of assumption C;, the proof is elementary. Just apply,
in the above notation, the definitions

ol < wjllosll*
<

[[wll

wllo;|*
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and the inequalities
llw;ll < flw; = mjwll + [lmjwl| < (e16; + gjw)llv;]f? -
[

Recall that the Lipschitz constant w; (chosen best possible ) governs the conver-
gence speed of Newton’s iteration in subspace X;. Note that the assumptions
(2.9) and (2.11) imply that

lim w; = wgq, (2.19)

J—00
which means that the convergence speed is asymptotically constant.

For a more precise statement, the initial guesses x? need to be additionally
related. In what follows, two selections will be made: first, setting z? := =;2*
will lead to a local existence and uniqueness result (Theorem 2.2) and second,

setting a:? “sufficiently close” to z7, will lead to a formulation of the asymptotic
mesh independence property (Theorem 2.3).

Theorem 2.2 Under the hypothesis of Theorem 1.5 suppose that F is twice
continuously Fréchet differentiable on D. Consider a discretization method
given by the family of triplets (2.13) that satisfy (2.7), (2.10), (2.12) and (2.14).
Assume also that the operators F; are twice continuously differentiable on D,
that Fi(z;) is invertible for each z; € D; and that conditions Co and Cy are
satisfied.

Then there is a refinement index j* € N such that for any j > j* equation (2.1)
has a solution z} that satisfies the inequality

|z} — mjz*|| < 2¢o6; . (2.20)
Moreover z} is the unique solution of (2.1) in the region

Si(m;z*, 2/w;) N D; (2.21)
where w; is given by (2.18).
Proof. The basic idea is to set a formal starting point zg-’ = 7;2* and to apply
Theorem 1.5 to the associated Newton iteration. For ease of writing denote

uj = Fi(r;z*) " Fi(mjz*), of := ||| .
Because z* is a solution of (1.1), we have
u* = F'(z*)"'F(z*) = 0

11



and by using property C, we obtain
« = KIl = K--"I«l<cb*i. 22
Denote the Kantorovitch quantity by
*rzarwil 2.
From (2.18) and (2.22), it follows that
h.) < {wgj + ¢;5))ce6i/2 ,

so that by virtue of (2.7) and (2.12) there is a refinement index j* > 0 such
that h) < 1/2 for j >j*. It follows that

oo
a*

Pi ee= «i E(A)Z'_l < TZT7 < 2«* < 2/\,- .
I "

«=0

Now, applying Theorem 15 to Newton's process (2.3) with starting point Xj, we
deduce the existence of a solution x*- € Sj(njX*, p*-) which is the unique solution
of (2.1) in the region

D*=[jS(x},2/u;)nD.
Jt=0
In particular x* is the unique solution of (2.1) in the region (2.21). .

Next consider Newton's process (2.3) with some starting point x° 6 Dj and let
aj(X)) be given by

) =m*n . (-3
if
M*J) = a(xJ)ail2 < 1 (224)
then we may define .
«(*?):= 2ME[M* J)]*- )

If besides (2.24) we also have

MXM*tyCD* 2D
then according to Theorem 15 and Lemma 2.1 the sequence {x"}"Lo given

by (2.3) will converge to a solution of the equation (2.1). In general it may
converge to a solution that is different from the solution xj whose existence
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