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Qiang Zhang, The Motion of a Single Bubble or Spike in Rayleigh-Taylor Unstable Interfaces, 
IMPACT of Computing in Science and Engineering 3, 277-304 (1991). 

The Rayleigh-Taylor instability in single-bubble systems has been studied by applying the front 
tracking method to the full two-dimensional Euler equations. The development of the instability 
is characterized by the penetration of the light (heavy) fluid into the heavy (light) fluid. A dynamic 
equation is proposed to model such penetrations. Extensive numerical simulations show good 
agreement between the analytic results of the dynamical model and the numerical solutions of 
the full Euler equations. The dependence of the characteristic physical parameters at each devel­
opment stage of the instability on the density and compressibility of fluids are established for the 
parameter range studied. The distribution of fluid density has a significant influence on the dynamic 
behavior of the systems. An exponentially stratified density distribution produces a dramatic effect 
on the penetration of light fluid into heavy fluid at late times. The proposed dynamic model plays 
an important rule in the study of chaotic flow in multibubble systems. © 1991 Academic Press, inc. 

Mohsen Maesumi, Symmetry Breaking and the Interaction of Hyperbolic Waves, IMPACT of 
Computing in Science and Engineering 3, 305-329 (1991). 

Hyperbolic conservation laws have scale invariance symmetry. In this paper we study an example 
of the breaking of such symmetry which occurs when the coefficients of a scalar hyperbolic equation 
are themselves solutions of an elliptic equation. Our model problem is related to wave refraction 
that occurs during two-phase incompressible flow in a porous medium consisting of two homo­
geneous layers. With the aid of formal and computational mathematics we study the evolution 
of the angles made by intersecting discontinuities. The space of scale symmetric solutions for the 
refraction problem changes discontinuously at a certain point in the parameter space. At this 
point the solution space is two-dimensional, but at other points it is one- or zero-dimensional, 
i.e., isolated. We introduce approximate scale breaking elementary waves as formal constructions 
which give a uniform two-dimensional solution space. A stability analysis determines the region 
of the parameter space where the isolated exact solutions are stable. Our numerical experiments 
give an independent verification of the formal results. © 1991 Academic Press, inc. 
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l^thfoOowing, IMPACT of Computing in Science and Engineering, 3, 330-365 (1991). 

Parameter-dependent systems of nonlinear equations with symmetry are treated by a combi­
nation of symbolic and numerical computations. In the symbolic part of the algorithm the complete 
analysis of the symmetry occurs, and it is here that symmetrical normal forms, symmetry reduced 
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Q. Zhang, The Motion of a Single Bubble or Spike in 'Rayleigh-Taylor Unstable Interfaces, 
IMPACT of Computing in Science and Engineering 3, 277-304 (1991). 

The Rayleigh-Taylor instability in single-bubble systems has been studied by applying the front 
tracking method to the full two-dimensional Euler equations. The development of the instability 
is characterized by the penetration of the light (heavy) fluid into the heavy (light) fluid. A dynamic 
equation is proposed to model such penetrations. Extensive numerical simulations show good 
agreement between the analytic results of the dynamical model and the numerical solutions of 
the full Eüler equations. The dependence of the characteristic physical parameters at each devel­
opment stage of the instability on the density and compressibility of fluids are established for the 
parameter range studied. The distribution of fluid density has a significant influence on the dynamic 
behavior of the systems. An exponentially stratified density distribution produces a dramatic effect 
on the penetration of light fluid into heavy fluid at late times. The proposed dynamic model plays 
an important rule in the study of chaotic flow in multibubble systems. © 1991 Academic Press, inc. 

I. INTRODUCTION 

The purpose of this paper is to study the development of the Rayleigh-
Taylor instability in systems with a single mode at the initial interface. The 
theoretical model proposed here describes the entire development of the Ray­
leigh-Taylor instability in such systems. The results of this work play an 
important role in recent theories [1,2]: a superposition theory for the inter­
actions between fluids [1] and a renormalization group fixed point theory 
which predicts the growth rate of the chaotic mixing layer [2]. Based on the 
results of this work, the quantitative studies of these theories are completed 
[1,3]. These theories contain no free parameters and the quantitative studies 
show good agreement between theoretical results [2, 3], experimental data 
[4], and the results of numerical simulations [1]. The experimental results 
of Read [4] show that the width of the mixing layer of Rayleigh-Taylor 
unstable interfaces grows with a constant acceleration, ag(ph - pi)/(ph + Pi)-
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Here a is a dimensionless constant, ph (PI) is the density of heavy (light) fluid, 
and g is gravity or acceleration. The experimental values of a are in the range 
of 0.058-0.065 for approximately two-dimensional experiments. The quan­
titative study of the renormalization group fixed point model shows that the 
values of a are in the range of 0.056-0.073 [3]. We will further explain these 
theories later. 

The Rayleigh-Taylor instability occurs at the interface between two fluids 
of different density when the system experiences external forces (as in gravity 
driven thermal inversion) pointing from the heavy fluid to the light fluid. For 
two-dimensional compressible, in viscid fluids, the motion of the fluids is gov­
erned by two-dimensional Euler equations, 

d_ 

dt *&2 + e) 

dp dpu dpv 
dt dx dz 

0 

dpu d(pu2 + P) dpuv _ 
dt 

dpv 
~df 

d_ 
dx 

dx dz 

dpuv d(pv2 + P) 

dx dz 

+ -dz 
pv\-q + i = pvg, (1) 

where p is density, P is pressure, u is the x component of the velocity, v is 
the z component of the velocity, q2 = u2 + v2,eis the specific internal energy, 
and 

i - e -\— 
P 

is the specific enthalpy. The thermodynamic quantities pressure and density 
are related by the equation of state, 

e = e(p,p). 

When the gravity points from the light fluid to the heavy fluid, the heavy 
fluid supports the light fluid. The difference of the potential energy of a per­
turbed system and that of the stable, equilibrium system depends only on the 
portion of the fluids which has been perturbed. Such a perturbed system is 
stable. The excess potential energy in the perturbed system will be released 
through friction. Therefore the initial perturbation will die out eventually and 
the final configuration of the system is a flat interface between two fluids. 
When the gravity points from the heavy material to the light material, the 
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methods [18], and front tracking [1, 6, 19]. Much of this work has been 
carried out in the limit of incompressible fluids or in the limit of one fluid 
systems. Experimental data on studies of the Rayleigh-Taylor instability are 
also available [4, 20, 21]. For a review of Rayleigh-Taylor instability and its 
applications to science and engineering, see Ref. [22]. 

In this paper, we focus our attention on the motion of the tip of a single 
spike and the tip of a single bubble, i.e., the development of the instability in 
a single-bubble system. An ordinary differential equation is proposed to model 
the entire.development process of the instability in such a system, from the 
initial growth of the instability to its late asymptotic behavior. The results of 
numerical simulations on the full two-dimensional Euler equations show good 
agreement with the solution of the model. The physical parameters of the 
model which characterize the behavior of bubbles and spikes in each distinctive 
regime have been set by a combination of the properties of the single bubble 
or single spike in various limits, well established results for incompressible 
fluids, and the numerical solutions of the full Euler equations obtained in 
this study. The equations of Zufiria's model [16] could be specialized to de­
scribe a single-bubble system. However, they are not suitable for our purposes 
as they apply only to the incompressible, one fluid case. 

The work presented here is a part of a larger program which predicts the 
growth rate of the chaotic mixing layer of the Rayleigh-Taylor unstable in­
terfaces [1-3, 6]. The proposed dynamic model plays an important role in 
recent studies of the interactions between bubbles and the statistical behavior 
of bubbles in chaotic flow [ 1-3 ]. In a recent study of the interactions between 
bubbles, a superposition theory is proposed [1]. The theory treats each in­
dividual bubble and the outer envelope formed by the tips of the bubbles as 
a set of independent bubbles and spikes. At the tip of the more advanced 
bubble, the envelope and the bubble are in phase. Therefore the portion of 
the envelope near the tip of a more advanced bubble is approximated as a 
long wavelength bubble. Similarly, the portion of the envelope near the tip 
of a less advanced bubble is approximated, as a long wavelength spike, since 
the bubble and the envelope are out of phase at that point. The bubbles and 
spikes formed by the outer envelope represent the coupling between neigh­
boring bubbles. To the lowest order of approximation in the interactions 
between bubbles, the theory assumes that the velocity at the tip of each bubble 
in the multibubble system is the sum of the velocity of the corresponding 
bubble in a single-bubble system plus the velocity of the (single) spike or the 
(single) bubble formed by the outer envelope. The superposition theory ex­
plained the phenomena that the velocity of a more advanced bubble in a 
multibubble system exceeds the velocity of a bubble of the same size in a 
single-bubble system and a less advanced bubble in a multibubble system 
changes its moving direction at the end of its interaction with the more' ad­
vanced neighboring bubble. The velocity of the individual bubble and the 




