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ABSTRACT

In continuation of part I this paper develops a variable—order time
discretization in Hilbert space based on a multiplicative error correc-
tion. Matching of time and space errors as explained in part I allows to
construct an adaptive multilevel discretization of the parabolic prob-
lem. In contrast to the extrapolation method in time, which has been
used in part I, the new time discretization allows to separate space
and time errors and further to solve fewer elliptic subproblems with
less effort — a feature, which is essential in view of the application
to space dimension greater than one. Numerical examples for space
dimension one are included which clearly indicate the improvement.
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INTRODUCTION

In part L. of this paper [2] the author developed an adaptive approach to
parabolic equations by constructing a variable-order and time-step control
mechanism in function space, viewing the parabolic initial boundary-value
problem as an abstract Cauchy problem in that function space. Discretiza-
tion of the arising spatial partial differential equations is viewed as a per-
turbation of the discrete orbit in the function space, which has to be pushed
below a level not touching the accuracy of the parabolic problem. The author
developed to some extent a theory of single-step methods in Hilbert space
applicable to abstract Cauchy problems which involve an m-sectorial opera-
tor. Within the scope of that theory the use of extrapolation techniques has
been justified.

For one space dimension the author implemented an extrapolated implicit
Euler scheme together with an adaptive multilevel FEM solver, which handles
the arising singularly perturbed elliptic subproblems. Very promising results
were obtained [2], which led the author to try the same approach in two space
dimensions since the theory developed is independent of space dimension.

However, several structural drawbacks of eztrapolation methods showed up:

1. In order to keep the perturbations of the function space orbit small, the
elliptic subproblems have to be solved the more accurate, the higher the
suggested order of the time discretization is. This yields increasingly
higher computational effort for the spatial part if the order of the time
discretization is increased. That increase is such high in the framework
of extrapolation methods that for the 2D case an unreasonable amount
of work occurs, which in turn restricts the order to the lowest possible
one — thus killing the variable order device as a whole.

The reason: Extrapolation creates higher order approximations through
higher order differences. But iterated higher differences amplify the
spatial perturbations.

2. Extrapolation imposes elliptic subproblems for different time steps. In
order to make the algebraic operation of extrapolation possible we have
to use an algorithm as explained in (2], Section 4.3. This yields a final
triangulation which has to be good for all the time steps which have
been used. In the 2D case this final triangulation contains far too many
nodal points, which gives rise to far too much work.

3. Since we get the time-error estimate as a difference of two entities
attached with a spatial error, we can only detect whether the time



error is below the given tolerance, but we are not able to get the order
of magnitude of the time error if the error is below the given tolerance.
Therefore the algorithm is not able to detect stationary phases.

The first two drawbacks are not serious in the 1D case or for ODE’s, which
explains why they have first been observed in the 2D case. The third one is
intimately connected to the first one.

The present paper tries to avoid these drawbacks by constructing a variable-
order time discretization with the features

o Avoiding of differences for higher order approximations.

e Only one kind of elliptic problem at each time step — at the most with
different right hand sides.

In Section 1 we give a formulation of the continuous problem which allows
to consider arbitrary domains ). This is important for the 2D case. Further-
more we give a short draft of the algorithm together with its requirements.

Section 2 is the core of the paper, where the variable-order time discretiza-
tion is derived, which corrects error approximations by multiplication in order
to avoid differences, thus leading to the title of this paper. The application
to the abstract Cauchy problem is explained and the structure of the arising
elliptic subproblems is analyzed.

Section 3 is devoted to the control of the perturbations arising from spatial
discretization. Some details for the implementation are given.

In Section 4 we give numerical results for one space dimension — in spite
of the fact that the author has already computed successfully examples in
two space dimensions; since these results need a careful explanation of error—
estimation and preconditioning of the singularly perturbed elliptic subprob-
lems, they are subject of a forthcoming part III. of the paper. In Section
4 special attention is paid to enlighten the improvement which has been
achieved in comparison with extrapolation methods. It turns out that we
end up with multigrid complezity, i.e. the computing time is proportional to
the number of introduced unknowns.

1 PRELIMINARY CONSIDERATIONS

1.1 THE PROBLEM

Throughout this paper we are concerned with temporally homogeneous
parabolic initial-boundary value problems:



Given a domain Q C IR?, a time T > 0 and functions f,u, € L?*(Q), solve

i) 6_11%,2 + A(z, O)u(t, z) = f(z), z €N, te)o,T);
A1 ) u(,sa =0, t €]0,T};

i) «(0,-) = uo;

where A(z,d) denotes a strongly elliptic formally selfadjoint operator of sec-
ond order:

A(z,0)= Y (=1)oe(a%(2)0°),

0<lellel<1
where a® € L*(Q), a® = a’? in the usual multiindex notation. Thus the
induced continuous bilinear form a(-,-) on H}(Q) x Hi(Q) given by
a(u,v) = Y / a® 8% Fvdz, u,v€ H)N),
0<]elilo|<1

is symmetric.
We will further assume the H}(Q)-ellipticity of the form a(-,-): There is a
constant ¢; > 0 such that

(A1) a(u,u) > eljul?  for all u € Hy(R).

NOTATION. The norms of the Sobolev spaces H*(?) will be denoted by
Il - |ls and the inner product of L?() will be denoted by (-, -).

The following considerations mainly serve the purpose to develop a concept
of solution of the parabolic problem, which justifies our approach without
additional regularity assumptions.

THEOREM 1.1. Suppose that assumption (A1) is satisfied, the following
holds:

a) There is exactly one positive selfadjoint operator
A:DyC L}Q) — L*(Q)
satisfying

1) DA - H3(9)7

1.2
(12) i) a(u,v) =(Au,v) forall u€ Dy, v € H} (D).



Furthermore we have:

b) The domain of definition D4 is dense in Hy()) with respect to the
Hilbert space topology of H}(S2).

c) For every f € L3(Q) the solution u € H}(Q) of the variational problem
a(u,v) = (f,v) for all v e Hy(R)
exists and satisfies in addition:

UEDA, Au:f.

d) The square root A¥ of A exists with D 51 = H}(Q) and satisfies

a(u,v) = (Amu,Al/zv) for all u,v € H)(D).

Proof. The assertions a) & b) are essentially the Friedrichs representation
theorem of semibounded symmetric bilinear forms in Hilbert space, consult
e.g., KATO [5, pp. 322f.]. The solution u € H}() of the variational problem
exists by the Lax-Milgram Lemma and the rest of assertion ¢) holds again by

the Friedrichs representation theorem. For assertion d) consult e.g., KATO
(5, pp. 331f.]. n

REMARK 1.2. Let f € L?*(). By means of the above theorem we observe
that the weak solution u of the elliptic boundary-value problem

(13) i) A(z,du(z) = f(z), =€,
1) ulaq =0,
exists and is given as

u=A"'f € Dy C HyQ).

Therefore we call A the weak representation of the differential operator A(z, )
imposed with homogeneous Dirichlet boundary conditions.

Since the weak representation operator A is positive selfadjoint the frac-
tional powers A%, a > 0, exist and the corresponding domains of definition

H2a = Da



equipped with the inner product
(U, v) gr2a = (A%, A%v)  for all u,v € H*,
define a scale of Hilbert spaces for which the embeddings
H* S HP, o> 8,
are continuous. Hence Theorem 1.1 states that
Dy = H? — H' = Dyp = HL(Q).

In some sense the space H? fully describes the regularity of weak solutions of
the problem (1.3) since

[[ull g2 = 11 Fllo-

The term of H**())-regularity, s > 0, may now be expressed as the exis-
tence of a continuous embedding

H? — HY™(Q)n H}(Q).

ExAMPLE 1.3. By making the weak assumptions
(A2) Qe ™,
which states that Q has Lipschitz boundary, and
(A3) a® € C°*(Q)) for some 0 <t <1 whenever |g| =1,

we gain the following regularity result due to NECAS [6]:

B2 o ' (Q) N HI(Q) forall 0< s < rnin(t,%).
Imposing in addition
(A4) Qis convex, t=1,

yields full regularity
H? — H*(Q) N HY(Q),

a result due to KADLEC [4].



With the help of the weak representation operator A we may restate our
parabolic problem (1.1) as the following abstract Cauchy problem in L*(f):

1) v+ Au=f,

(1.4) 1) u(0) = uo.

If we denote the holomorphic semigroup of contractions generated by the
negative selfadjoint operator (—A) as

U(t) = expl(—tA),
the solution u € C*(J0,T], H?) of (1.4) is given by

(15) D u(t) = o U] +U(Ous,  where
i) w=A"f¢€H

Exactly this solution will be approximated by our algorithm.

1.2 THE ALGORITHM

As mentioned in the introduction and discussed in [2], the initial-value
character of the abstract Cauchy problem requires the discretization in time
first. The principle of a variable-step, variable-order discretization in time
will be explained first assuming that the spatial subproblems can be solved
exactly. Thereafter discretization in the spatial variables will be viewed as a
perturbation of this semidiscrete orbit.

1.2.1 Semidiscretization in Time

As discussed in [2] a single step method
Uj1 = @(U,, 7'), j:O,l,...

is applicable to the abstract Cauchy problem (1.4) whenever the correspond-

ing rational approximation rg(2) to exp(—z) is Ag~acceptable, which means
that

(1.6) i) |re(z)]<1 for z>0,

i) [re(oo)] < 1.

The rational approximation is called to be of order p > 1 whenever

re(z) = e + O(2P*')  for z — 0.



THEOREM 1.4. Given an Ag-acceptable rational approzimation r(z) to
exp(—z) of order p, the single step method

(1.7) ®,(u,7) =r(rA)u+ (] — r(rA) ) ATlf

is well defined for 1 > 0 and the sequence ujy; = ®(u;,7), j = 0,1,...,
approzimates the solution of the abstract Cauchy problem (1.4) at t = jr
with an error of

(1.8) lluj — u(®)llo < CrPE™0=P)|jyg|| .
Proof. This is the case N = p — 1 of Theorem 2.7 of [2]. n
Consider now a sequence r;(z), j = 1,2,..., of Ap—acceptable rational ap-

proximations to exp(—z) of increasing order 5 together with the correspond-
ing single step methods ®; = ®,.. A variable-step variable-order method
for the abstract Cauchy problem can be described as the following device:

Given an initial approximation u® = %(t) at time ¢, a tolerance TOL, time
step 7 and suggested order k, the method computes the sequence

w=8;(u’ 1), j=1,...,k+1,

which approximates with successive higher order the solution @(t 4+ 7) of the
Cauchy problem with initial data @(t) at time 7.
As in [3] we get the error estimates
e = [l — o = lla(t + 1) — v lo,

k+1

such that further the approximation u*** is accepted if

€& < TOL.

Comparison of the ¢; with the a priori estimate (1.8) gives new time steps

1 TOL
(1.9) ;=% T
€j
for the orders j = 1,...,k. As new order k* together with 7* = 7+ as new

time step we take that order, which minimizes the amount of work per unit
step, i.e.

A . A
(1.10) ZEAL - mip
™ 1<i<k 75
Here A; measures the amount of work for computing the sequence ul, ..l

Repeatedly application of this procedure yields the approximate orbit in
Hilbert space.



1.2.2 Perturbations through Spatial Discretization

Computation of uw/ = ®;(i(t),7) requires the weak solution of several el-
liptic problems due to the denominator of the rational functions r;(z). In
general we cannot get the exact functions u’ but perturbed functions

ﬁj=uj+l5j j=1,...,k+1,
with perturbations §; € L*(?). The following requirements are reasonable:

Keep the perturbations §; below a certain level such that

o the approximation #**! is good enough with respect to TOL,

e the generated time-step sequence is nearly the same as in the case of
no perturbations.

These requirements ensure that the problem dependent time-stepping in
Hilbert space is preserved.

It can be met if we assume that we are able to compute time-error esti-
mates

éj=€j+0j j:l,...,k‘,

as well as estimates [0;], [6;] of the spatial perturbations |8;|, |6;]]o.
We then proceed as follows: Compute time steps with respect to o TOL
instead of TOL, where 0 < p < 1. The approximation #**! is accepted if

i) &+ [dk41] < TOL,
(1.11) )
11) [05]<Zéj J=1,...,k.

Implementing this computable control criterion (1.11) yields @*+! accurate

enough and time steps
. . TOL
= i+1 TT’
J

varying in comparison to the corresponding ezact time steps 7; as
1 \
1—§ T; _<_ 75 S 1.3 T3,

provided that [0;] = 0,1, (5] = [155]o
In order to make a passing through the criterion (1.11) possible we have
to impose accuracies

(1.12) eps; = x(J,k) (1 — o) TOL

to the elliptic problems arising in the computation of u’.



EXAMPLE 1.5. The extrapolated implicit Euler scheme yields as shown
in [2]

. 1
X(]ak) = ;a_l;+17
with coefficients af quite small for higher k, for instance o} = 6.5;0—3. Thus
extrapolation amplifies spatial perturbations. This amplification is due to the
fact that we build higher and higher order differences whose perturbations

stay in the order of magnitude of the initial perturbation — but do not
decrease like the differences.

2 VARIABLE-ORDER TIME DISCRETIZATION BASED ON A
MULTIPLICATIVE ERROR CORRECTION

In this section we will derive the new time discretization and apply it to
the abstract Cauchy problem. ’ -

2.1 A FAMILY OF RATIONAL APPROXIMATIONS TO exp(—z)

The drawbacks, which have been mentioned in the introduction as well as
in Example 1.5, of extrapolation methods or related methods like deferred
corrections are a result of the fact that the error estimation is built as a
difference of two approximations of different order:

. g dt1 J
n=u —u,

— a fact which is very similar to the “cancellation effect”.
~ On the contrary, we are searching for a method which computes 7; directly

in such a way that the higher order approximation is given as
ui+1 = uj + n;,

in order to avoid any cancellation. Thus the corresponding rational approx-
imation r;(z) to e™* can be written as

riv1(z) = 7;(2) + p;(2).

We require several features for the rational functions r;(z) and p;(z):
(R1) r; should be an Lo-acceptable approximation to e=* of order j > 0.
(R2) The corrections p;+1 should be obtained multiplicatively

pi+1(2) = vinp(2)pi(2),  7=1,2,...

with a rational function p and coefficients =;.



Lo—acceptability denotes in addition to Ag—acceptability that

ri(oco) = 0.

Discussion of the requirements. Requirement (R1) yields the existence
and continuity of the mappings

ri(rA): H* — H**?  for a > 0.

Thus we have modeled the effect of parabolic smoothing. The multiplicative
error correction (R2) is motivated by the aims of the least possible need of
memory and the least possible effort of work, since it means that:

1. We only need to memorize the actual approximation r;(7A) and the
last correction p;_1(7A) in order to get a new correction p;(7A) and
thereafter a new approximation r;4;(7A);

2. We always have to perform the same type of elliptic problem, that is the
evaluation of p(TA), in contrast to extrapolation methods which have
to compute the different elliptic problems (I + 7/j A)~! for varying j.

Derivation of the approximations. Up to now we have constructed our
rational approximations in the following way:

7-1
'I‘j+1(2‘) =r1(z)+depk(z)p1(z), j=1,2,.-.,
k=0

with & = [J5; 741 for k > 1, ap = 1. By choosing
pi(z) = 1" (2)r(2),
where 1, a.ndllthe integer v > 1 will be specified later on, and
) e = mam, k20,

(2.1) ) a
W) a4 o= 0, di=1,...,0—1,

I
—_
!

we gain the relation

=24y

(2.2) ri(z) =ri(z) Y. arp®(z), j=1,2,..

10



Thus the approximation r; is a refinement of r;. Since we want to refine the
implicit Euler, which belongs to parabolic problems [1], we choose

ri(z) 1

1 + 2z
Now the rational function p should have the same denominator as r;, which
means that we have to solve the same elliptic problem as in ry(7A) in order
to evaluate p(7A). Thus we get

7(2)
1+ 2’

with 7(z) a polynomial in z. Because of ap = 1,7;(0) = r1(0) = 1 we have
7(0) = 0. Moreover the Lo—acceptability of the r; yields

p(z) =

lp(z2)| <M for z— +o0,

with a certain M > 0. Hence we get degw = 1. Since we have not yet
specified the coefficients {ax }xo0, we get

z
&)= 1775

Our considerations led so far to the following problem: Find coefficients

{ak}rso such that
e ()
T 14z F\1+2/

k=0

Upon introducing
(2.3) w

_ 4
T 142
we observe that the {ax}r>0 should be generated by the function

1 ( w >
1—-weXp w—1/"

This function is intimately connected with the Laguerre polynomials, since

1—w w—1

(2.4) Lexp( )= Z%Lk(a:)wk, wl <1,

where Li(-) denotes the Laguerre polynomial of degree k. Thus we have |

1

1 o] z k
- _ 3 Rz> -2,
(2.5) e 1+Zk=0Lk(1) (1+z) N z > 5

11



and get
a = Ldl), fc =0,l,...

Sincea, = Ly(l)=0anda, = Ly(I) = -1/2 weobtain by (2.1) that v=2
and 7i = —1/2. By (2.2) our rational approximation r,(z) isgiven as

@ "-rbS")(rh) -

To end up with arecurrence formula for therational functions rj in con-
nection with requirement (R2), wetrace the derivation backward:

Iz
@ 1+2
2.7) in 'Mi(® = "A) +Pi(), i=1,2,...
IV Pj+i() = 7j+HT—Pj(2, J=1,2,...
i.+z
7+ = i = 1,2

LEMMA 2.1. Therational approximation rj(z) to e ? defined by (2.6) is
of order at leastj. Furthermore we have

a) rj(2) isLo-acceptable whenever |Zfc(l)] < 1for O< k<j .

b) rj(2) can becomputed by means of the recurrence formula (2.1) when-
ever li(l) » Ofor 2<fc<j - 1.

Proof. Thefirst assertion can be seen by comparison of (2.6) with (2.5).
Part b) follows from (2.7.v). Theremaining part &) can be proved as follows:
By using the transformation (2.3) we have

A= TTISI 0TI
(1-w)-£L (WX,



