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ABSTRACT

This paper introduces the new program package MACRON for the
simulation of macromolecular and standard chemical reactions. Such
problems lead to very large systems of ordinary differential equations,
which can generally not be solved directly. An efficient approach to
these problems is the so—called discrete Galerkin method. The analytical
and numerical preparations for this method are performed in MACRON
by a chemical compiler. The complete reaction system, standard kinet-
ics as well as macromolecular reactions, can be entered by the user in a
chemical formalism. In order to ensure efficiency and reliability, sophisti-
cated numerical routines are built within the package. MACRON can be
used without a detailed knowledge of the used numerical methods. Some
illustrative examples are added.
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INTRODUCTION

Macromolecular reaction systems generally involve different types of kinetic
steps. The first kind are elemental reactions between chemical species A, B, C, D
of the form

A+BCc4D,

with a reaction rate coefficient k,. The simulation of large reaction systems of
this kind can be performed by a program package as LARKIN [7]. It is started
by the user via a chemical input, which is entered in terms of chemical reactions.
Macromolecular reactions are described by certain basic steps. For example the
notation .

P3+M'_";’Ps+l ’ S=1,---73max )

models a chain addition of polymer consisting of smax €lemental reactions. The
associated set of differential equations is called a countable (infinite) system of
ordinary differential equations (CODE), because each interesting chain length
(degree, index) has to be treated separately. The size of s, is a priori not
known. Thus the computational task is to solve an infinite system in principle.
A mixing of the above reaction types arises in many reaction systems of in-
terest. A complete chemical process may contain many reactions and invoke
some types of macromolecular species. An example is the following free radical
polymerization system (numerically treated in [2]):

tad

I X4, 9p
R+M H, p
P+ M 22 P
P+ M R Psyq
P, + S En, Py
P. + P, L, Dyyr
P+P, 2% D 4D,

Generally, the associated differential equations describe the concentration of
the species involved in the elemental (standard) reactions and e.g. the chain
length distribution (CLD) of the macromolecules. Such systems turn out to be
of very high or even infinite dimension, thus an efficient numerical solution by
standard ODE software seems hopeless in general (see Section 3).

In the last years the discrete Galerkin method (DEUFLHARD/WULKOW (8])
has been developed as an efficient numerical approach to CODE’s. By this
method the solution of a CODE is approximated by an error-controlled expan-
sion into orthogonal polynomials of a discrete variable.



The discrete Galerkin method allows the numerical solution of complete macro-
molecular reaction systems (see e.g. [2] MMA polymerization, and [14] degrada-
tion of dextrane).

However, the realization of the method requires a good knowledge of analyt-
ical and numerical details, which cannot be expected from any user (in specific
fields of application). On the other hand, the software standard of the used
programs was only on the level of research codes up to now.

The program package MACRON (MACROmolecular reaction kiNetics) presented
in this paper is a first step towards a user-friendly implementation. This package
combines the discrete Galerkin techniques for the simulation of macromolecular
reactions with the software environment of LARKIN. In particular, the chemical
comptler of LARKIN has been extended. Now, the reaction equations, stan-
dard kinetics as well as macromolecular reaction steps, can be entered by the
user in a familiar form. Then the necessary preparations of the Galerkin method
(called analytical preprocessing) are performed. For this purpose a list of typical
macromolecular reaction steps (e.g. chain addition, transfer reactions, termi-
nation processes) has been implemented and will be continued. The size of a
chemical system is restricted by the available computer memory.

The numerical devices of MACRON (time-integration, error estimation) are cho-
sen to give a most reliable standard.

The scope of this first version of MACRON are chemical reactions, which are
in some sense connected with the Schulz-Flory distribution. Limitations of the
present approach are discussed in Section 2.2. The package will serve as a basis
of further developments, in particular in view of ideas, which are realized in the
algorithm CoDEX [13]. ‘

Most of the algorithmical details of the implementation are described else-
where (see (8], [2], [13]), thus in Section 1 only a brief summary of the basic
concepts and the new ingredients of MACRON is given. Section 2 explains in
short form the usage of MACRON - including possible difficulties and limita-
tions. To illustrate the efficiency of the code, Section 3 covers a recent example
from polymer chemistry. The Appendix includes a detailed input description of
MACRON and a list of the macromolecular reaction types implemented at the
momment.



1 NUMERICAL CONCEPTS

The numerical heart of MACRON is the discrete Galerkin method. Details and
examples of this approach can be found in [8], [2] or [13] and will not be repeated
here. Only the following items will be sketched below:

— Galerkin approximation
— Analytical preprocessing
— Moving weight function
— Error estimation

which are all related to the discrete Galerkin method itself. Further, some partly
new

— Numerical devices

will be mentioned.

Galerkin approximation. Let u,(t) be the concentration of a molecule of
chain length (degree, index) s at time ¢. The sequence u;(t), u2(t), ..., can
be considered as a chain length distribution (CLD). This CLD is approximated
by a truncated expansion u?(t) of certain orthogonal polynomials of a discrete
variable ;(s; p) multiplied by a parameter dependent weight function ¥,(s) :

n

(1.1) uy(t) = Wo(s) 3 a;(t) li(s;p) -

i=0

Note, that this is a global representation, i.e. the range of s is not restricted.
In the present version of MACRON the weight function ¥, is set to be the
Schulz-Flory distribution

(1.2) Vy(s)=(1=p)p",0<p<1. |

The associated polynomials are the discrete Laguerre polynomsials. Obviously
we are interested in obtaining good approximations for small truncation index
n. This depends in a crucial way on the parameter p. Hence, an adaptive proce-
dure, referred to as moving weight function concept, is introduced in [8]. Based
on this idea, in MACRON a single-step parameter selection can be performed. In
this case, after each time step a possibly new value of the parameter is adapted.
(For an alternative see the Appendix)



One extension of (1.2) is the modified weight function [13]:

s—1+a)

s—1

(13) Bpals) = (1= 47

with an additional parameter @ > —1. Approximations based on this weight
function have some nice features. Depending on p and «, a Poisson distri-
bution can be efficiently represented as well as hyperbolas and Schulz-Flory
distributions multiplied by arbitrary polynomials. In the present first version of
MACRON the capacity of this amelioration has not been used, because the ana-
lytical properties of the associated polynomials are more difficult to implement.
However, an extended moving weight function concept can be derived and will
be used to improve the error estimation (see below). Besides, it is possible to
transform a given representation (1.1) to an expansion associated with (1.3)
after a simulation.

Analytical preprocessing. For complete reaction systems, many properties
of the discrete Laguerre polynomials have to be employed to derive differential
equations for the respective expansion coefficients. This sometimes lengthy
procedure is called analytical preprocessing. The preprocessing can be done
step-by-step and is well suited to be implemented in a program. In MACRON a
lot of basic kinetic steps are prepared. Especially the treatment of systems with
some macromolecular species becomes much easier, because all transformations
between the several polynomial systems are automatically performed.

Error estimation. It has been shown in [8] and [13], that the error of ap-

proximation (1.1) can be estimated well. The resulting estimate gives valuable
hints to discuss obtained results (see Section 2.2).
In MACRON an additional device (called a-check) has been installed to increase
the reliability of the method. Optimal parameters p and & for the weight func-
tion (1.3) are computed. By comparison of the parameter p adaptively chosen
for (1.2) and the parameters p and &, useful hints can be obtained to estimate
the quality of an approximation. Tests showed, that with the standard param-
eter adaptation for (1.2) from [8], distributions of the extended weight function
type up to @« = 5 — 10 can be efficiently (i.e. with less than 10-20 expan-
sion coefficients) approximated. Whenever for a given CLD the two-parameter
adaptation leads to a > 10, a warning message will be generated.

Numerical Devices. The computational part of MACRON includes (among
others)



- numerical integration with the stiff extrapolation code EULSIM [5]. This
program has been supplied with an appropriate scaling of the several
variables arising in the process and a weighted error norm.

— control of the initial phase. In the case, that the simulation is started with
a zero distribution for a macromolecule, an adaptive iteration procedure to
estimate the weight function parameter has been developed. An initiation
time is computed, for which a stable calculation of the parameter p is
possible.

— approximation of given CLD’s. The expansion coefficients can be obtained
directly by a numerical evaluation. This is useful, whenever a simulation
has to be started with an initial (for example measured) distribution. If
such a distribution is only given at some mesh points, these values are
linearly and quadratically interpolated. Then discrete summation rules
as developed in [13] are used in form of a two-level summation. This
allows an error estimation for the appearing sums and makes a control of
perturbations of the expansion coefficients possible. A reasonable number
of expansion coefficients suited for the actual input is derived. The first
statistical moments and mean values are computed. The routine can also
be used for data compression of measured CLD’s.



2 Using MACRON

The structure of the program package MACRON can be schematically described
by the following diagram, which roughly prescribes the organization of this
section:

C Chemical Input )

Figure 1: Schematic diagram of MACRON.

In Section 2.1, some hints are given in addition to the syntax description
of the input file CHEMIN (see Appendix). CHEMIN contains in particular the
chemical reaction system and will be analyzed by the chemical compiler. In
case of successful compilation, the user can start the simulation of his model.
After a simulation run, the user may modify the chemical input (this is possible
without interruption of the program, if a window system is used). Since working
with the numerical algorithm requires some experience, in Section 2.2 we try to
give an idea of how to proceed with MACRON in view of the approximation of
chain length distributions.

Different possibilities are given in order to produce an appropriate output. A
choice can be made by the input parameter IPRINT or interactively.

2.1 INPUT FILE

In [2], the discrete Galerkin method is applied to the free radical polymerization
system shown in the introduction of this paper. A lot of preparations concerning



the analytical preprocessing and the numerical integration are necessary to use
the discrete Galerkin method for such a specific reaction system. But the effort
pays off. The efliciency of the method has been impressively demonstrated for
this model (and similar ones). MACRON performs all preparations automatically
for an arbitrary reaction system and we exemplify the MACRON input file for this
well discussed model. This should give only an idea of the usage of MACRON,
especially if the user is confused by the detailed informations collected in the
Appendix.

The input file shown in Table 1 must have the name CHEMIN and contains
in general all information to define a reaction system. It is divided in several
input blocks, every input block is opened by a specific keyword and ends when
a new input block is opened. Detailed information about every keyword can be
found in the Appendix.

Here the first input block is opened by the keyword *xHEAD. The following
lines will be interpreted as text to identify the reaction system. The block is
closed after 3 text lines by the keyword *MODEL PARAMETER opening the next
block. The 1 in the first input line of this block determines a model parameter
(constant temperature). The following blocks *ELEMENTS and *SPECIES may
be omitted, because they contain no further input lines. The unit system 3 is
chosen in the next block.

The reaction equations in the block *REACTION SYSTEM are most important.
The internal system of differential equations will be constructed according to an
analysis of standard and macromolecular kinetics. Macromolecular reactions are
characterized by involved macromolecular species (here P[N] and D[N]). This
is familiar to every chemist. The chemical compiler works only on the level of
chemical equations. The resulting differential equations are not available for
the user. This is not as restrictive as it seems to be, actually. The language of
chemical reaction kinetics can be used to construct differential equations, which
do not result from the analysis of standard kinetics.

For example, in [2] a quasi stationary state approximation (QSSA) for the initi-
ation reaction leads to the contributions

(2.1) I'= —kgI +...
(2.2) M = -2fkid +...

with the efficiency factor f = 0.3 and reaction constant k; = 1.5- 1075, The
reaction

I => (1.5D-5)
just produces (2.1), whereas
I = I + M (-9.0D-6)



*HEAD
P332 2222332233333 2322322332232 3332 22323223
————— MMA ————
sk dokokatok ok dokok ol ok Aok o ok ok ook ook ook
*MODEL. PARAMETER

1
«ELEMENTS ( EL-NAME - ATOMIC WEIGHT IN G/MOL )
*SPECIES ( SP-NAME - SPECIES COMPOSITION )
*UNIT SYSTEM

3
*REACTION SYSTEM

I => (1.5D-B)

I = I+M (-9.0D-86)

I => P[1] + I (9.0D-6)

PIN] + M => PpN+1] (759.4D0)

PIN] + M => D[N] + P[1] (0.0178D00)
P[N] + S => D[N] + P[1] (0.0331D00)
P[N] + P[M] => DIN+M] (24193872.5D00)

P[N] + P[M] => D[N] + D[M] (10368802.5D00)
*GALERKIN PROJECTION
PIN] &
DIN] B
«INITIAL CONCENTRATIONS ( O ) O=MOLAR CONC. , 1=MOLE FRACTIONS
M 4.32D0
I 0.01508D0
S 4.91D0
*ACCURACY
1.D-3
*INTEGRATION BOUNDS
0.0
16200.0
*PRINT PARAMETER
0
*DISTRIBUTION OUTPUT
1 10000 100

Table 1: Input file CHEMIN for free radical polymerization.




leads to (2.2). Both reactions seem senseless to a chemist, but are necessary to
overcome the lack of reaction constant k; in [2] by a QSSA assumption. Such
artificial reactions are seldom, but appear necessarily in case of simplifications
of a model.

The next input block, *GALERKIN PROJECTION, determines the number of
polynomials used for the Galerkin approximation of each macromolecular species.
In this case, five polynomials are sufficient to get a projection error less than
7-1073. More information concerning this point can be found in Section 2.2.

Initial values for the species concentrations M, I, S are given in the input
block *INITIAL CONCENTRATIONS. The process time and the accuracy of the nu-
merical integration of the resulting systems of ODE’s are regulated in *ACCURACY
and *INTEGRATION BOUNDS, respectively. By *PRINT PARAMETER additional in-
formation given on separated files can be requested. Finally *DISTRIBUTION
OUTPUT determines the range of indices and the increment for the output of
distributions.

Note that this is only one specific example of a (short) input. Several possi-
bilities of MACRON are not demonstrated here. We therefore refer to another
example treated in Section 3 and to the Appendix.

2.2 SIMULATION

First steps with a new reaction system. When the user begins the work
with a complete new reaction system, we recommend to use the minimum al-
lowed number of two expansion coefficients, NPROJ=2, for each macromolecular
species first. NPROJ determines the quality and accuracy of the Galerkin approx-
imation, but will not be chosen adaptively by MACRON. A choice of NPROJ=2
will lead to correct results for the first statistical moments of each chain length
distribution. The results of such a simulation — like mean values, polydispersi-
ties and concentrations — may be helpful for a first rough adjustment of model
parameters. If open reaction steps occur, NPROJ+ 3 expansion coefficients will
be used automatically by the program to ensure this. About the attributes
closed and open the user will be informed in the macromolecular reaction list in
Section 4.3.

In the second step, the resulting CLD’s can be considered. In this version of
MACRON all approximations are based on the Schulz-Flory distribution. Obvi-
ously, such a distribution can be very well represented with NPROJ=2 expansion
coefficients. The more different an actual CLD is from the Schulz-Flory distribu-
tion, the higher NPROJ must be. Actually, the approximation of a wide range of
CLD’s is possible within technical accuracy (10~1 — 10~2) and NPROJI< 20. The
maximum number of coefficients is restricted by NPROIZ 98. We recommend



to increase NPRQOJ by steps of about five using the error prediction formula
described below.

Sarting the simulation with an initial distribution. To start the simula-
tion with an initial chain length distribution, the user has several possibili-
ties. If there exists a (for example measured) distribution on a separate file,
it can be related to a macromolecular species using the input block *GALERKIN
PROXECTION. The program approximates the data by a polynomial expansion
used as initial value of a simulation. The truncation index can be prescribed
by the user, otherwise it will be chosen by the program. Moreover, some stan-
dard distributions can be defined. A skillful user may also enter initial values
for every weight function parameter and the associated expansion coefficients
separately.

Use of the Error Estimation.  The most important tool to discuss the qual-
ity of a Galerkin approximation is the error estimate given at the end of each
simulation. In the following, we point out some possibilities to work with this
device. We use three simple but illustrative test examples and approximate only
given distributions (as if they had been obtained by a simulation). Possible lim-
itations and difficulties are emphasized. In 'good' examples, the approximation
will often show a similar behavior to Test 1.

Theorem 2.14 in [13] implies, that under some assumptions the (relative) error
g, of a Galerkin approximation u" behaves like

e,w Crf

where C and 7 are at least locally independent of n. Assume now, that two
expansions (of the same distribution) have the errors e, and g,, with n\ < n,.
If the user is interested in reaching a given tolerance, a plausible prediction for

e («3>ny) is
B ik fen

This can be verified by using the binomial theorem and by omitting 0(1/n)
terms. For n, = n*+ 1, n3 = n, + 1formula (2.3) reduces to

N2 —~ .

In practical examples, the true error e, of an approximation is not available,
therefore it is replaced by a well-tried error estimate e,.
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