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Abstract

Efficient implementations of irregular problems on vector and parallel archi-
tectures generally are hard to realize. An important class of irregular prob-
lems are GauB-Seidel iteration schemes applied to irregular data sets. The
unstructured data dependences arising there prevent restructuring compilers
from generating efficient code for vector or parallel machines. It is shown,
how to structure the data dependences by decomposing the data set using
graph coloring techniques and by specifying a particular execution order al-
ready on the algorithm level. Methods to master the irregularities originating
from different types of tasks are proposed. An example of application is given
and possible future developments are mentioned.
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1 Introduction

There is a threefold way for shifting the complexity barrier in large scale com-
puting: development of fast architectures, design of fast algorithms suited to
various architectures, and invention of advanced languages, methods and
tools for expressing algorithms and mapping these to machines. Because
of physical limitations, future increases of computer power will be possible
mainly by relying on parallel architectures. Therefore, exploitation of par-
allelism becomes the major task from the algorithmic and software point of
view.

Parallelism appears at three different levels: the algorithm level, the pro-
gram level and the machine level [1]. Algorithm level parallelism can be char-
acterized by the number of variables, the functional dependences between the
variables, the complexity of basic algorithmic operations, and the precedence
constraints on the order of operations. Program level parallelism can be char-
acterized by the control and data dependence constraints, imposed by the
programmers choice of data structures and control structures and their se-
mantics. Machine level parallelism can be characterized by the use of the
various machine features enabling pipelined and concurrent execution.

The major hindrances to parallel execution are data dependences, mem-
ory access, and communication delays: an instruction cannot begin execution
until its operands are available. This is valid for today’s as well as future
- architectures. We concentrate upon data dependences. Control dependences
also cause problems, but at least in numerical problems, to which we focus
here, these are of secondary importance. Therefore, the main goals are the
design of algorithms containing less, and more regular data dependences,
the development of methods for mapping algorithms to program and ma-
chine level without introducing too many additional data dependences, and
architectures handling data dependences efficiently.

Common programming techniques, like reassignment of variables, intro-
duce additional data dependences. The lack or limited availability of parallel
constructs in currently most wide-spread languages often force to serialize
concurrent parts of algorithms. With the advent of powerful data dependence
analysis and program restructuring techniques [2-13] and their implementa-
tion into several commercial and experimental restructuring compilers! this
displeasing situation is partially remedied. Modern translators analyse data
dependences, remove some ‘artificial’ data dependences, and restructure the
code, generating specific control and data structures better suited for the
target machines. Although many features, like interprocedural dependence
analysis, are still missing in commercial compilers and despite the use of un-

IExamples are the VAST (Pacific Sierra Research), KAP (Kuck & Associates), PTRAN
(IBM), PFC and PTOOL (Rice University), Parafrase and Parafrase-2 (University of
Illinois).



suitable programming languages, one may hope that future compilers will
uncover and utilize parallelism.

Today’s compilers are able to detect and exploit structured parallelism,
represented by regular data dependence patterns, for example shift-invariant
iteration space dependence graphs. A more difficult problem is the ex-
ploitation of unstructured parallelism with different instruction and/or data
streams in single tasks. This kind of parallelism is very common in scien-
tific computing, like in computations on irregular or even adaptive grids, or
in sparse matrix calculations with unpredictable fill-in. Modern algorithms,
that adapt themselves more flexibly to the structure of the problem, lead to
further unstructured dependences. Mostly, these cannot be inferred from the
information available at compile-time. One approach therefore is run-time
dependence checking (see [7, 9] and references therein). This is essentially
the main idea behind the data flow concept [16]. For run-time dependence
checking the compiler generates extra code to resolve dependences at run-
time that are not amenable to analysis at compile-time. This might possibly
be supported by specialized hardware components. Up to the data flow ef-
forts such techniques are rarely employed yet. Real problems presently solved
on concurrent processors usually are rather regular [14, 15]. Sophisticated
adaptive algorithms are seldom employed.

The object of this paper is to demonstrate how an important class of algo-
rithms in scientific computing—the iterative algorithms employing a Gauf-
Seidel update scheme on irregular data structures—can be vectorized and
parallelized. This is achieved by choosing a particular order of execution and
thereby structuring the data dependences already on the algorithm level. A
set of possible orders of execution is constructed by coloring the nodes of
a given or imagined underlying graph. The set of tasks can be partitioned
into equal-sized microtasks, that are particularly well suited for processing
on shared memory vector or fine grained SIMD machines, or into coarser
grains that are favorable on distributed memory machines.

2 Preliminaries

2.1 Graphs

Before we start with the actual subject we establish our basic notation.

A graph G(V, E) is a pair of a finite set V and a set E of two elementary
subsets of V. The elements of V are called vertices and those of E edges.
The elements of an edge e = {u,v} € E are called endpoints of e; u and v
are called adjacent or connected. The neighborhood N(v) of a vertex v is the
set of vertices that are adjacent to v. A directed graph is defined similar to
a graph, except that the elements of E are now ordered pairs e = (a,b) € E,



a,b € V. These pairs are called arcs. Let X C V and let E | X denote the
set of all edges having both endpoints in X. Then the graph (X, E | X) is
called induced subgraph of G(V, E).

The cardinality of a set M is written as [M|. The degree deg v of a vertex
v is the cardinality of its neighborhood. We will use n = n(G) to denote the
cardinality of V. §(G) = min,ev degv and A(G) = max,ev deg v denote the
minimal or maximal degree of all vertices.

A subset X C V is called independent if not any two elements of X are
adjacent. A k-coloring of a graph G is a partition of G into k independent
subsets. G is k-colorable if a k-coloring of G exists. The chromatic number

x(G) of G is the minimal k for which G is k-colorable.

2.2 Data Dependences

To define data dependences in a program, we need the following terms.

A program is a sequence of [ € N statements. S,, denotes the m-th state-
ment in the program, counted in lexicographic order. If a statement S,, can
be executed multiply, e. g., if Sy, is enclosed in d nested loops, we conceive
it as explicitely or implicitely controlled by a multi-index like (I, I, ..., I3).
We write Sy, (i1,1%2,...,t4) to refer to the instance of Sy, during the particu-
lar iteration step? when I) = ¢;,I; = 15,...,I; = i3. As program model we
take a Fortran or C loop, denoted as a for-loop. for-loops are supposed to be
executed sequentially. This imposes constraints on the order of memory refer-
ences. The ezecution order of statements is a relation < defined between pairs
of instances. We write S,, < S,, for non-indexed statements, if S,, can be ex-
ecuted before S,,, and for indexed statements Sy, (31, . .,%4) < Sn(J1,-- - Jd)s
if instance S, (41, .. .,%4) can be executed before instance Sy(j1,...,Jj4).

By IN(S,) and OUT(S,.) we denote the set of variables that are read
and written by the non-indexed statement S,, and by IN(Sn(%1,...,%q)) and
OUT(Sm(%1,- .- ,%q)) the set of variable instances defined or used by the state-
ment instance S, (%1, .. .,%4)-

Data dependences arise if IN and OUT sets of two statement instances
intersect. One defines [2]:

e S, is data flow-dependent on S,,, written S,,05,, iff there exist index
values (i1,...,%q) and (j1,...,74), such that S,(i1,...,75) <
Sn(1y--+»Jd), and OUT(S, (21, - - ., %)) NIN(Sn(G1,--.,da)) # 0.

e S, is data anti-dependent on S,,, written S,,65,, iff there exist index
values (i1,...,24) and (Ji,...,J4), such that Sp(¢,...,%3) <
Sn(f1y--7d), and IN(Sp(i1,...,24)) N OUT(S.(51,---,Ja)) # 0.

2This term collides with the same used in numerical mathematics. For the later we will
introduce the notion of a sweep in section 5.1.




e S, is data output-dependent on S,,, written S,,6°S,, iff there exist
index values (i1,...,%2¢) and (j1,...,J4), such that S, (i1,...,%44) <
Sn(j1s- .1 Ja), and OUT(Sp (i1, .. ,24)) N OUT(S,(51,.-,74)) # 0.

The dependences of a program P are comprised in the program data depen-
dence graph Gp(V,E); it is a directed labeled graph with the set of nodes
V = {5,8s,...,5} corresponding to the statements of the program, and
the set of labeled arcs E = {(Sm,sn)3|sn33m}, where the label 4 is one of
the relations 6, § or 6°.

Focusing on loops, it is worthwhile to display the dependences in more
detail by looking at single instances. The iteration space of d nested loops
is a set I C Z°, containing all possible indices (31,1,...,%4). Unrolling
such a loop nest completely, i. e., transforming the loop to a set of sequen-
tial statements with each instance written out explicitely, the resulting data
dependence graph is called iteration space dependence graph.

The execution order and the intersection sets of two statements may de-
pend on the data values used in a particular run. On compile-time, testing for
execution order and set intersection must be conservative, i. e., dependence
relations have to be assumed if the opposite cannot be proven.

It is not necessary to execute statements in the ‘normal’ execution order
defined by the source program. All execution sequences not violating the
dependences lead to the same result (up to rounding errors in floating point
operations). The dependences only fix a partial order on the execution of
program statements. This is widely exploited in restructuring, vectorizing,
or parallelizing compilers [2, 3, 4, 9].

But this freedom is not always sufficient to utilize the inherent parallelism.
Considering different execution orders already on the algorithm level, it is
possible to structure the data dependences more flexibly.

3 Iteration Schemes

The general setting of iteration schemes is as follows. A set of variables
(z:)ier, I = {1,2,...,n} is updated according to a functional rule

z; — Fi((zr)rek;), Vi€ T

with operators F; mapping variables (zk)kek;, Ki C [ to variables z;. The
index sets K;, 7 € I may have different cardinalities |K;|, what constitutes
part of the irregularity. Some index sets K; may be empty and some operators
F; may be identical maps. For simplicity we restrict ourselves to cases where
the index sets K; and operators F; do not vary during the whole iteration
process.

Starting with initial values (z?):es, invocation of primitive tasks (F;)ier
generates a set of values {z}|i € I, | = 1,2,...}. We assume that at any
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point of time at most one task is working for an element i € I. Therefore the
values mg can be labeled according to their time order. The value a:g is called
the l-th update of variable z;. To completely define the tasks, their arguments
must be specified. Denoting the sets K; as {k(i,1), k(¢,2), ..., k(:, | Ki|)}, we
write the task for the I-th update of z; as
of o B, sl otzsst)

forall: € I. The terms d(l,1,k) € Z are referred to as delays. Specification of
all delays and all conditions on the update order defines an iteration scheme.

An iteration scheme that imposes weak or no conditions on the delays is
asynchronous relazation or ‘chaotic relaxation’ [18]. It is characterized by the
absence of most or all synchronizations between the tasks and therefore well
adapted to deficiences of some concurrent architectures, like unpredictable
communication overhead. The delays, which may originate from very differ-
ent sources, like varying computing times, communication delays or memory
access times, may be unpredictable and may take pretty large values. Since
synchronization is a major source of performance degradation on concurrent
architectures, it would be worthwhile to investigate the competitive power of
asynchronous algorithms. Imposing rather weak conditions on the distribu-
tion of the delays and the update order, the correctness of such algorithms
has been proven for important classes of problems (19, 20, 23].

But if the delays take too large values, the convergence rates seem to be
questionable. The most important (partially) synchronous iteration schemes
are:

o The Jacobi iteration scheme, defined by d(l,1,k) =1,V¥l e N, Vi€ I,
Vk € K;.

o The Gauf-Seidel iteration scheme, defined by the requirement that
two tasks F; and F; may not be performed simultaneously if ¢ € K or
j € K;. The delays of a GauB-Seidel iteration scheme are

. [0 Vke M| :
d(l,z,k)—-{ 1 Vke KAM! },VIEN, Viel

where M = {k(i,m) € K;|update value azi(,-'m) has already been com-
puted when starting the computation of zt}.

Although asynchronous relaxations seem to be a natural choice on some con-
current architectures, particularly for irregular problems, there are arguments
for synchronous relaxations. Some of these are reliable convergence rates, the
possibility to efficiently use synchronous architectures like pipelined vector
processors, and—sometimes—lacking correctness in asychronous relaxations.



Implementation of a Jacobi iteration scheme on vector and parallel pro-
cessors is straightforward, since it imposes no sequential order on updates
of the values (z!);cs for each I. Hence it can be carried out in parallel for
each iteration step /. Unfortunately it is of less practical importance because
it converges relatively slowly. Methods employing the Gau8-Seidel iteration
scheme generally show much better convergence rates. This is due to the fact
that GauB-Seidel iteration schemes always use the newest available update
values as input arguments, whereas Jacobi iterations exclusively use values
of the previous update step.

4 Gaufl-Seidel Iterations for Regular
Problems

GauB-Seidel iteration schemes are widely used. One significant GauB-Seidel
type method is successive over-relaxation (SOR) for solving large linear sys-
tems, that appear, for example, in finite difference methods for solving partial
differential equations. Similar algorithms are employable on semi-rings for
solving ‘algebraic’ path problems, which represent a large variety of problems
in computer science (for a review see [17]). When simulating Markov-chains,
the Markov property even enforces to use a Gauf-Seidel type update scheme.

The GauB-Seidel iteration scheme is very easily implemented as a sequen-
tial update: choosing any permutation m; of the indices (1,2, ...,n) as update
sequence, i. e., computing updates in the order

Try(1)s Loy (2)s 2+ 9 T (n)s Tra(1)s Twp(2)r -+« 9 Twg(n)s o v+ s

use of correct input arguments is simply achieved by physically storing all
update values of a variable at the same memory location.

Figure 1: Functional dependences (represented by arrows) between variables
on a square grid, defined by a five point stencil.



The implementation on vector and parallel processors is rendered more
difficult by the requirement of non-adjacent concurrent updating and the
condition to use the newest update values available. Let us illustrate this
on a simple example: imagine the variables (z;);es associated with the nodes
i € I of a regular square grid, and the sets K; to contain the indices of
the nearest neighbors on the grid. Ignoring boundary effects, any variable
functionally depends only on its four nearest neighbors (illustrated by arrows
in Fig. 1).

For simplicity we replace the index ¢ € I by two indices for z- and y-
direction, running from 1 to n, and 1 to n,. Choosing a definite update
order by writing the sequential loops (see Fig. 2)

forl=1,2,...
forj=2ton, -1
for:=2ton,—1

= l -1 1 -1
Tij = F(f':e-x,ja$;+1,jv$.',j-1v"3i,j+1

we get data flow-dependences between different instances of the innermost
loop body. Part of the corresponding iteration space dependence graph is
shown in Fig. 3.

The data flow-dependences in the ({+1)-plane prohibit naive vectorization
or parallelization of the inner loop. A way out is to choose a different update
order. A method that respects the data dependences originating from the
update order in the above code is the hyperplane or wave-front method [21].

1,2
~—— i
Yo o\o 1 5,1
—— )
1,4 o \O O\ 6,1
1,5 T
[ \O ~—— P
—~—
P \O\ O\ =
T (el
[ T~ S
T e
\O <3
\

Figure 2: A possible update order on the square lattice, defined by sequential
loops.



Using this prescription, nodes lying on a 'hyperplane' (see Fig. 4) are updated
in parallel:

for/= 1,2,...
fori=4tonc+n —2
for j = max(2,i —ny + 1) to min(nj, — 1,i — 2)
i~ FCi-j-1 5410, j+)

Figure 3: Data flow-dependences between statement instances arising from
the functional dependences illustrated in Fig. 1 and the update order shown
in Fig. 2. The dependences are S-ijj+iSSjj+i , Sj-ij+iSSjj+i between
instances of sweep /+1, and 5,-,1,3,355,-,3,/+1 , 5,-j.+i{ 55,-j,/+i between instances
of successive sweeps.

Figure 4: Update ordering according to the hyperplane prescription. In the
case of a two-dimensional square lattice the hyperplanes are diagonals.



