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Abstract 

In this paper we consider symplectic difference schemes for perturbed 
Hamiltonian systems of integrable ones, which can cover many important 
problems. Symplectic difference schemes for general Hamiltonian systems 
can also be used to these problems. But the perturbation property has not 
been paid proper attention to, which is important in the method proposed 
here. Numerical simulation shows that, for this method the time step size 
can be taken quite large and the qualitative property, such as preserving 
invariant tori, is also better than usual symplectic difference schemes. 





1. Introduction 

In this paper, we consider symplectic difference schemes for the following per­
turbed Hamiltonian system 

dz 
-^J-'VH^e), zeR2n, | e | « l , 

where 

J — Jin 
-h 0n 

JT = J'1 = -J, 

0n and In a r enxn zero and unit matrices respectively, the superscript T represents 
the matrix transpose, 

H(z-e) = H0{z) + eH1{z;e) 

is the Hamiltonian; e is a small parameter, Vüf(z; e) = (HZl, • • •, HZ2n)
J is the 

gradient of H(z;e) with respect to z. As a Hamiltonian system, we can use 
symplectic difference schemes developed in [5, 7, 11] to approximate it. But in 
many applications, the first approximation H0 is integrable. In this case, KAM 
Theorem ensures that for small e the most invariant tori are preserved, of course, 
deformed. Because of the important role of the small parameter e, it seems 
more natural to approximate it in e, not in time step size. This idea has been 
used by Menyuk to more special Hamiltonian systems [14] and by Channell & 
Scovel to construct symplectic difference schemes for general Hamiltonian systems 
[3]. In the present paper we combine this idea with the generating function 
method developed in [5, 7, 11] to construct symplectic difference schemes for the 
perturbed Hamiltonian system given above, especially for the case in which the 
first approximation is integrable. 

As in [5, 7, 9, 11], for a given linear operator, a symplectic transformation corre­
sponds to a generating function (up to a constant). The phase flow of a Hamilto­
nian system corresponds to a time-dependent generating function (a scalar func­
tion) which satisfies Hamilton-Jacobi equation. Here, since e is only a parameter, 
these results are also valid, in which e appears as a parameter. Unlike in [5, 7, 
11], here we expand the generating function as a power series in the parame­
ter e, in stead of in time t, for analytical Hamiltonians H(z;t). In the aid of 
Hamilton-Jacobi equation, we can get a system of differential equations about 
its coefficients. If this system can be solved analytically or approximately, then 
truncating it, we can get symplectic difference schemes which is estimated in e (in 
section 2). For general H0(z), the first differential equation is just the Hamilton 
Jacobi equation of the Hamiltonian system with the Hamiltonian H0(z). So it 
is difficult to find its analytic solution. In practise, the first approximation is 
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usually an integrable system. In this case, we can take a kind of generators such 
that the first differential equation can be easily solved analytically and the re­
mainders are only normal integration and they can be given recursively(in section 
3). Such schemes for general perturbed Hamiltonian systems are only consistent 
in time stepsize. But for H(z;e) = H0(z) + eHi(z), the order in time stepsize 
is the same with the order in e(in section 4). In section 5, the preservation of a 
class of e-independent quadratic first integrals of the original systems is discussed. 
Numerical simulations show that, for this method, the time step size can be taken 
quite large and the qualitative property, such as preserving invariant tori, is also 
better than usually symplectic difference schemes. But they are slower than ex­
plicit symplectic difference schemes for separable Hamiltonian systems since they 
are implicit (in section 6). 

In the following, M(?i) is the group of n x n matrices, Sm(n) the group of 
n x n symmetric matrices, Sp(2n) the group of 2n x 2n symplectic matrices, 
i.e., its element M € Sp(2n) satisfies MT JM = J , sp(2n) the group of 2n x 2n 
infinitesimally symplectic matrices, i.e., its element V € sp(2n) satisfies VT J + 
JV = 0. A transformation is symplectic if its Jacobi is everywhere symplectic. 

2. Symplectic difference schemes for general 
per turbed Hamiltonian systems 

In this section, we propose the method to construct symplectic difference schemes 
for general perturbed Hamiltonian systems, which is the preparation of the next 
section. Some materials can be found in [11]. 

Let 

a = 
-J J 

L l ( 7 + V) 1(7 -V) 
a~x = 

\ ±J(/ + VT) / 

-fj(/-n /j 
(2.1) 

where V G sp(2n). Then a satisfies the following condition 

J2n 0 
0 - J 2 n 

It is called a linear generator. Evidently, every element in sp(2n) determines a 
linear generator. 

For a given non-singular An x An matrix a = 
a b 
c d 

, we can define a linear 

2 



fractional transformation 

aQ : M(2n) —» M(2n), 

iV = a a (M) = (aM + i)(cM + rf)-1, for \cM + d\ ^ 0. 

Its inverse transformation is 

M = a~\N) = <xa-i(N) = (öliV + 60(ciiV + dO"1 , 

(2.2) 

for |ciJV + di\ ^ 0, where a - 1 a i &i 

It turns out that |cM + d| ^ 0 is equivalent to lcxA^-h cfx| ^ 0; crQ(M) and cr'^N) 
have another representation 

aQ{M) = ( M c 1 - a 1 ) - 1 ( f e i - M d 1 ) , 

a^JV) = (Nc-a^ib-Nd). 

Lemma 1 ([11]) Le£ a be given as in (2.1). Then M € 5^(2«) if and only if 
N = ora(M) € Sm(2n) /or |cM + d\ ^ 0. 

Consider the following perturbed Hamiltonian system 

dz 
dt 

J-'VH&e), zGR 2 n , | e | < l . (2.3) 

Its phase flow z = gt(z;e) = g(z,t;e) is a one-parameter group of symplectic 
transformations 

5°(-;e) = id, gh+h(-,e)=gt>(-,e)ogt>(.;e), « „ M R , 

and for every fixed t and e, gl(z;e) is symplectic. Analogous to [11], we can get 
the following 

Theorem 2 Let a = 
a b 
c d an d a' 

cx di 
be given as in (2.1). Let 

z = <7*(z;e) = g(z,t;e) be the phase flow of the system (2.3). Then there exists, for 
sufficiently small \t\ and in (some neighborhood of) R2n , a generating function 
<f>(w,t; e) such that 

dt 
(w,t;e) = -H(w + aiVw(f>(w,t;e);e), 

g\z;e) - z = JVw<f>(cg*(z;e) + dz,t\e), 

(2.4) 

(2.5) 
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The equation (2.4) is called a Hamilton Jacobi equation of the perturbed Hamil-
tonian system (2.3). 

Theorem 3 If H(z;e) is analytic in z and e and has the following expansion 

oo oo 

H(z; e) = J2 <kHk(z) = H0(z) + £ ekHk(z), (2.6) 
fc=0 fc=l 

then (ß(w,t;e) can be expanded as a convergent power series in e, 

oo 

^ , i ; e ) ^ ^ W K < ) . (2.7) 
Jt=o 

The coefficients (f)(k>(w,t) satisfy the following equations 

<f>\0)(w,t) = -tfoOa + a i V ^ u ; , * ) ) , (2.8) 

t = l m = l IJ+ . + i m = i 

x ( a 1 V ^ ( u ; , 0 , " - , a i V ^ < m ) ( u ' » 0 ) - (2-9) 

where w* = w + aiV4>^(w,t). 

Here we use the notation of multi-linear forms, e.g., 

D™H{w*)(axV<t>{ii){w,t), • • •, aiV^im\w, t)) 

= E HZn,...iZ]JW*)(aiV^(w,t))h • • • ( a a V ^ K O k 
j l i —,jm = l 

( f laV^^n; , £))_,-, is the ji-th. component of the column vector aiV<^")(tü,t). 

Proof: Differentiating (2.7) with respect to w and t, we get 

V l u ^ , t ; e ) = ^ e f c V u ; # ) ( U ; , t ) , 
fc=0 

oo 

<t>t(w,t;e) = J2ek<f>{k)(w,t). 
k=o 

Denote 
w* =w + a1V<f>(°){w,t). 



Then 
oo 

fc=i 
oo 

Substituting them into (2.4), expanding it and comparing the coefficients of ek 

on the both sides, we get the equations (2.8) and (2.9). • 

If H(z; e) has the form 

H{z;e) = H0{z) + eH1(z), (2.10) 

i.e., Hk(z) = 0,k > 2, then 

<f>[°\w,t) = -HQ(w + aiV^0\w,t)), (2.11) 

<j>i1](w,t) = -H^w*) - DH0(w*) • ö lV^ ( 1 )(u; , i ) , (2.12) 

k>2, t[k){w,t) = 

771=1 ' i j + -.. + i'm = fc 

- E -^ E £»m^iK)(a1V^)(U;,0,---,a1V^)(tt;,0)(2.13) 
771=1 i j+ . - - + i m = fc_l 

The equation (2.8) or (2.11) is just the Hamilton Jacobi equation of the unper­
turbed Hamiltonian system with the Hamiltonian Ho(z) (see [5, 7, 11]). The right 
hand side of the equations (2.9) or (2.12-2.13) can be separated as 

-DH0(w*) • aiV<f>W(w,t) + R{k)(w,t), 

where the remainder R(k\w,t) is only dependent on i7,(u>*), i — 0,1, • • •, k and 
<j){i){w,t), i = 0,1, • • •, k - 1. So for ^k\w,t), R{k)(w,t) is known. Therefore, if 
<f)W(w,t) can be solved from the equation (2.8) or (2.11), then for k > 1, 

<j>[k\w,t) = -DH0(w*) • aiV(f>(k)(w,t) + R^k\w,t) (2.14) 

are the linear partial differential equations for (j>(k\w,t). They have the same 
coefficients, only R^k'(w,t) are different. 

For a special kind of H0(z), we can easily solve the equations (2.8) and (2.9), 
which will be discussed in the next section. Generally speaking, it is difficult to 
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solve (2.8) analytically. But we can give an approximative solution, for instance, 
using the method in [5, 7, 11] to find a solution with the r-th order in t, then solve 
(2.9). Now we first assume that we have solved out <f>W(w,t), k > 0 from the 
equations (2.8) and (2.9). Then truncating it, we can get symplectic difference 
schemes. 

Theorem 4 Notation and assumptions are as in Theorems 2 and 3. Take the 
truncation of <f)(w,t;e) with m-th order in e 

m 

^m)(tM;e) = £ e ' > ( i W ) - (2-15) 
i=0 

Then the following equation 

zk+l-z
k
 = JW^m\]-(zk+1+zk) + ]-V{zk+1-zk),T;e) 

m I I 

= ^jJV<l>W(L{z'+i + z'<) + Lv(zk+1-zk)tT) (2.16) 
t'=0 l l 

defines an implicit symplectic difference scheme with the m-th order of accuracy 
in e, where r is a suitable time step size. 

Proof. Obviously, it is enough to prove the theorem for k = 0. Assume z° = z. 
Denote z = gr(z; e), z = z1, the solution of (2.16). Then 

\(zl + z°) + \v{zl - z°) = cz1 + dz° = cz + dz. 

From (2.5) and (2.16) it follows that 

z — z = JVw<f)(cz + dz,r; e), (2-17) 

z-z = JWw^m\cz + dz,T;e). (2.18) 

Since the generating function <f)(w, t; e) can be different from a constant, we can 
take <f){w, 0; e) = 0. Therefore for T = 0, from (2.17) and (2.18), we get z = z = z. 
Since 

V>(raW;0 = ^ , T ; E ) + 0(em+1), 
the solutions of (2.17) and (2.18) are also different from 0(em+1). So the scheme 
is of m-th order in e. Differentiating (2.18) with respect to z, we get 

f -I = J^J(cz + dz,T-e)(c^z+d), 
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where ip$™} is the Hessian of V>(m) with respect to w. So 

dz 

dz 

For r = 0, iß\™jc + J = J is invertible. Hence it is also invertible for small r . By 
dz 

Lemma 1, the symmetry of xßW leads to the symplecticity of — . • 
oz 

3. Special per turbed Hamiltonian systems 

The typical case for perturbed Hamiltonian systems is the system in which the 
first approximation is integrable, i.e., H0(z) is an integrable system. Hence under 
some symplectic transformation, H0(z) has the form H0(l), wherel-ip are action-
angle variables. We also use (p,q) to denote them, i.e., in this case we assume 
that Ho is of the form H0(p) and q are 2TT periodic. For the sake of simplicity, 
we also assume that Hk(z) = 0, k > 2. Then the perturbed Hamiltonian is of the 
form 

H(z;e) = H0(p) + eH1{p,q), q mod 2vr € T n . (3.19) 

Obviously, p = (l,0)z = Bz, where B = (1,0) is an n x In matrix. So H0(p) — 
Ho(Bz). Set _ 

H0{z) = {H0oB){z) = Ho{Bz). 

Then 
H{z; e) = H0(z) + e#i(z), q mod 2TT G T n . 

Now we take V = 
I 0 
C -I 

G sp(2n), where C T = C G Sm(n). Then 

Consequently, 

and for m > 1, 

Bai = -BJ{I+VT) = 0n X2n-

Bw* = £(w + a i V ^ t M ) ) = Bu; 

= (DmH0){Bw){Ba1V<j>M(w,t), • • •, BaiV<?i(tm)(u;, *)) = 0. 
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Hence the equations (2.11-2.13) become 

do) tr{w,t) = -H0(w*) = -H0(Bw), 
kW $x '(iM) = - # i K ) , 

kW 
k-\ 

k>2, ^(w,t) = - Y:—, £ DmH1(W*) 
771' 

m = l • i 1 + ...+im=t_i 

x(a1V(^ ( , ' l )(u;,0,---,aiV(A ( ,m)(^,0)-

Integrating these equations, we get the following recursive formula 

(j){0){w,t) = -tHo(Bw) = -tH0(w), (3.20) 

<j>^(w,t) = - f Hx(w*(s))ds, (3.21) 
Jo 
k-\ 

k>2, ^k\wtt) = - ^ — £ [ DmH1(w*(s)) 

x(a1V^il\w,s),---,a1V^im\w,s))ds, (3.22) 

where 
w*{s) = w + aiV^°\w,t) = w- sJBT(VH0)(Bw). 

Example 1. We first consider a linear perturbed Hamiltonian system. Let 

H{z;e) = -prAp + e-zTQz, 

where A € Sm(n) and Q € Sm(2n). In this case, 

H0(p) = l-pJAP, HQ(z) = Ho(Bz) = \zJ Äz, 

where A = BTAB 
A 0 
0 0 

So 

<f>{0)(w,t) = - * # 0 H = --wTÄw, 

and 
it; * = w - UBTABw = (I - tJÄ) w. 

Since H\(z) — \zQz is a quadratic form, 

DHx{z) = Qz, D^iz) = Q. 



Therefore, the equations (3.21-3.22) can be simplified as 

(j){l\w,t) = ~lwTQw - t-wT(ÄJQ - QJÄ)w + t-wTÄJQJÄw, 

k>2, tw{w, t) = - [' wr(I - sJÄ)rQaiV^-^iw, s) ds 
Jo 

-77 E [\aiV<t>U(w,s))TQa1V<f>V<-i-1\w,s)ds. 
2 .=1 Jo 

If we take Q = I2n and C = 0 in V, then the equation 

2*+i _ z
k = JV^\w,T]e)\w=(pk+>iqk) 

defines a first order symplectic difference scheme in e. Expanding it we get 

r2e 
pk+1 - pk = Apk+1 - reqk, 

qk+i _qk = r ( e 7 + A + z ^ A 2 y + i + T^A q
k. 

The second order symplectic difference scheme in e is 

Pfc+1 - Pk = ~ G t pk+1 - re(I + ^A)qk, 

qk+i_qk = TG2pk+i + I^Giqk^ 

where 

- = -«in, , 

(3.24) 

(3.25) 

Gl = eI + A + ^r2eA2, 

Example 2. We now consider the pendulum 

dp 
Hi 
dq 
Tt = P' 

Its Hamiltonian is 
H(p,q) = ±p2-ecosq. (3.26) 



From (3.20), we know 

*(0>(iM) = - | < 

W2 + tWi 

where w = (wi,w2)
T. Here we also take C = 0 in V. 

rt rt 
(j){1)(w,t) = - H1{w*(s))ds= / cos(w2 + sw^ds 

Jo Jo 

— (sin(tü2 + twi) — sin 1^2), 

<j>(2)(w,t) = - f DHi(w*(s))-a1V<^1){w1s)d6 
Jo 

j [4 sin tw\ — 4 sin(2u>2 + twi) + sin 2u>2 8wf 
+3sin2(ui 2 + twi) — Atwi — 2tw\ cos2(ui2 + twi)]. 

Then the first order scheme in e is 

Pk+1 ~Pk = -kifatf + rpk+1) - cosqk) 

CT 

Pk+i •- • p 

The second order scheme in e is 

qk+1 -qk = rpk+1 - - ^ cos{qk + rpk+1) - -j^(smqk - sin(qk + rpk^)%3.27) 

Pk+1~Pk = ^ ^ ^ k + rp^1)-cMqk) + ^^[-Ac0s{2qk + rpk+1) 

+ cos 2qk + 3 cos 2(qk + rpk+1) + 2rpk+1 sin 2(qk + rp f c + 1 ) ] , 

g ^ _ ^ = T^l_^ c o s (^ + T /+ i)__^ ( s i n^_ s i n(^+ T /+ 1)) 

f 2 

+ k+ [12sinrp f e + 1 - 12sin(2g* + rpk+1) + 3sin2g
f c - 8rpk+1 

+ 9 sin 2(qk + rpk+1) - 10rp fc+1 cos 2(gfc + rpk+1) - Arpk+1 cos rp1" 

+ 4 r / + 1 cos(29* + rp f c+1) - 4 ( r / + 1 ) 2 sin2(<?fc + rp f c + 1)] . 

4. Order of the schemes in time stepsize 

In previous sections we have proposed symplectic difference schemes for per turbed 
Hamiltonian systems, whose order is estimated in e. For general per turbed Hamil-
tonians H(z; e), these schemes are only consistent in the time stepsize r . So when 
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the time step size r approaches to 0, the solution of the schemes does not con­
verge to the solution of the perturbed Hamiltonian systems but approximates it 
with the order 0(em+1). Of course, in actual computation, the time stepsize is 
not taken very small, hence as e is small enough, the computation results are 
acceptable. But for the perturbed Hamiltonians which are of the form (2.10), 
i.e., 

H(z]e) = H0(z) + eH1(z), (4.28) 

we can prove that the order of the schemes (2.16) in the time stepsize r are the 
same with the order in e. 

In order to prove this result, it is enough to prove that the m-th order truncation 
ij>{m\w,t\ e) in e of the generating function <f>(w,t;e) is also of m-th order in t. 
Expanding <f>(k)(w,t) in t and noting <j>^(w,0) = 0, we get 

oo 

*<fc)(iM) = £ * V i f c , H - (4-29) 

Then 

oo oo oo 

# i M ; e ) - ^ » > ( t M ; e ) = £ ek^(w,t) = £ e f c £ ^ , W H 
k=m+l k=m+l 1=1 
m oo 

= £*' £ «V!*)H + o(*m+1). 
/=1 k=m+l 

So 

if and only if 
^(w) - 0, l = l,---,m; k>m + l. 

These equations are valid for m > 1 if and only if 

We first consider the general case H(z;e) and deduce equations that 4>\ '(w) 
satisfy. Differentiating (4.29) with respect to w and t, we then get 

oo 

# W ) = E(f+i)*'*!SH, 
oo 

v*<fc>K0 = £ t W V ) 
1=1 
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Therefore, 

DmHk_i{w*){a1V<f>^\w, <),•••, <n V^im)(w, t)) 
oo oo 

CO 

= £ <'1+-+,m^m^-.-(^)(aiV^ l )(«;),. . . .>a1V^ )(u;)) 
'l r-i'm = l 

CO 

= £ * ' E DmHk.i(w*)(a1V^\w),...,alV<j)
<t)M). 

l=m ( 1 + - . + l m = l 

Since <j)W(w,t), k > 1 satisfy (2.9), substituting the formulae above into it, we 
get 

oo oo A: i i k—1 A: / i 

D i + i « i w = -H1M-(EiTEi + E''(E E^r 

+ E E A)) E D™HU*n(°iV$\*)r--,aMl£)(*))-
i=\ m = l • ij + . . + i m = i 

«1+ •+lm = l 

Hence comparing the terms of the both sides of the equation with the same order 
in t, we obtain, for k > 2, 

tfHw) = -H„(w'), (4.30) 

x—l m = l : = 1 m = l 

x J] 0m#*-.-K)(«i WJ^M, • • • ,a1V^)(u;))(4.31) 

< ^ H = -y E E ^ E D^HUV'K'MVM, • • • - a1V^>(u,))(4.32) 
' i= l m = l m - . i + ..-+im=i 

i j > 1, ^ > 1 

Lemma 5 For the perturbed Hamiltonian (4.28), (j>\ (tu) = 0, k > I, I > 1. 

Proof. We use induction with respect to /. For / = 1, it is just the assumption for 
by (4.30) <f>[k)(w) = -Hk(w*) = 0, Jfe > 2. We now assume that <rffc)(w) = ° f o r 
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k > I, 1 < I < IQ and then want to prove tha t <f>\ \w) = 0 for k > /, / = /0 + 1-
Since for i < k - 2, Hk_i(z) = 0, (4.31) becomes 

m = l • i1 + . - + i m = * _ i 

- y E A E /?m
JfiroM(a1v^)H,...,a1v^)(u,)). 

m = l i i + - + i m = 's 

In the first term, because for k > I, 

ii + H ' m = A : - l > / - l = /i + Ylm, 

there must be a j 0 such that ij0 > lj0 and lj0 < k + • • • + lm = / — 1 = /0. By 

inductive hypothesis, </>,,J0 (u;) = 0. Hence the first term is zero. Similar is the 

second term. This completes the induction. • 

T h e o r e m 6 For the perturbed Hamiltonian (4.28), the m-th order symplectic 
difference schemes (2.16) in e with m > 1 are also of m-th order in the time 
stepsize T. 

Proof. From Lemma 5, it follows that 

^m\w,t;t) = 4>(w,t-e) + 0(tm+1). 

Consequently, the solution of the symplectic difference schemes (2.16) is the ap­
proximation of the solution of (2.5) with the m-th order of accuracy in r . • 

In fact, we can get more general result. If H(z; e) has the form 

H(z; e) = H0{z) + eHx{z) + ••• + eNHN(z), 

where N is a natural number, then <f>\ '(w) = 0, for k > I + N, I > 1. Hence 

^m\w,t; e) = <f>(w,t; e) + 0(tm~N+2). 

In this case, the symplectic difference schemes (2.16) of m-th order of accuracy 
in e with m > N are of (in — N + l ) t h order of accuracy in the time stepsize r . 
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5. Conservation laws 

In this section, we consider the preservation of the first integrals of the system 
(2.3) by the schemes (2.16). As is known in [22], linear symplectic difference 
schemes for linear Hamiltonian systems always have n first integrals for small r , 
which are the perturbation of the original ones. For general cases, the schemes 
(2.16) preserve some kind of the quadratic first integrals of the system (2.3). 

Theorem 7 / / the quadratic form f(z) = \zy Sz, where ST = S is independent 
of t, is a first integral of the system (2.3) and VTS + SV = 0, then it is also a 
first integral of the schemes (2.16). 

Proof. Since S(z) is the first integral of the system (2.3), 

-zTSz = -zT Sz. 
2 2 

where z — g\z; e). It can be rewritten as 

hz + z)TS{z-z) = 0. (5.33) 

From the condition VTS + SV = 0, it follows that 

X-(V(z - z))rS(z -z) = \{z- z)TVTS(z - z) 

= h z - z)T{VTS + SV)(z -z) = 0, Vz, z e R2n. 

Combining it with (5.33), we have 

(1-(z + z)+l-V(z-z))TS(z-z) = 0. 

Using (2.5) and (2.7), it becomes 

1 1 °° 1 1 
(£(2 + z) + i;V(z- z))TSJ £ JV^\-(z + Z) + -V(z- z), t) = 0. 

Since S is independent of e, thus 

wTSJV<f>(j)(w,t) = 0, Vj > 0, Vto <E R2n , for t sufficiently small. 
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