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Abstract

In this paper we consider symplectic difference schemes for perturbed
Hamiltonian systems of integrable ones, which can cover many important
problems. Symplectic difference schemes for general Hamiltonian systems
can also be used to these problems. But the perturbation property has not
been paid proper attention to, which is important in the method proposed
here. Numerical simulation shows that, for this method the time step size
can be taken quite large and the qualitative property, such as preserving
invariant tori, is also better than usual symplectic difference schemes.
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1. Introduction

In this paper, we consider symplectic difference schemes for the following per-
turbed Hamiltonian system

d
o VHE,  zeR™, ld<l,
where
B 1 0, I T _ -1 _
J—J2n'—[_In On}, J —J —-_J,

0, and I, are nxn zero and unit matrices respectively, the superscript 7 represents
the matrix transpose,

H(z;€) = Ho(z) + eHy(z;¢)

is the Hamiltonian; € is a small parameter, VH(z;¢) = (H,,, -, H;,,)" is the
gradient of H(z;¢) with respect to z. As a Hamiltonian system, we can use
symplectic difference schemes developed in [5, 7, 11] to approximate it. But in
many applications, the first approximation Hy is integrable. In this case, KAM
Theorem ensures that for small ¢ the most invariant tori are preserved, of course,
deformed. Because of the important role of the small parameter ¢, it seems
more natural to approximate it in €, not in time step size. This idea has been
used by Menyuk to more special Hamiltonian systems [14] and by Channell &
Scovel to construct symplectic difference schemes for general Hamiltonian systems
[3]. In the present paper we combine this idea with the generating function
method developed in [5, 7, 11] to construct symplectic difference schemes for the
perturbed Hamiltonian system given above, especially for the case in which the
first approximation is integrable.

Asin [5, 7,9, 11], for a given linear operator, a symplectic transformation corre-
sponds to a generating function (up to a constant). The phase flow of a Hamilto-
nian system corresponds to a time-dependent generating function (a scalar func-
tion) which satisfies Hamilton-Jacobi equation. Here, since € is only a parameter,
these results are also valid, in which € appears as a parameter. Unlike in {5, 7,
11], here we expand the generating function as a power series in the parame-
ter €, in stead of in time ¢, for analytical Hamiltonians H(z;€). In the aid of
Hamilton-Jacobi equation, we can get a system of differential equations about
its coefficients. If this system can be solved analytically or approximately, then
truncating it, we can get symplectic difference schemes which is estimated in € (in
section 2). For general Hy(z), the first differential equation is just the Hamilton
Jacobi equation of the Hamiltonian system with the Hamiltonian Ho(z). So it
is difficult to find its analytic solution. In practise, the first approximation is



usually an integrable system. In this case, we can take a kind of generators such
that the first differential equation can be easily solved analytically and the re-
mainders are only normal integration and they can be given recursively(in section
3). Such schemes for general perturbed Hamiltonian systems are only consistent
in time stepsize. But for H(z;€) = Ho(z) + eH1(2), the order in time stepsize
is the same with the order in €(in section 4). In section 5, the preservation of a
class of e-independent quadratic first integrals of the original systems is discussed.
Numerical simulations show that, for this method, the time step size can be taken
quite large and the qualitative property, such as preserving invariant tori, is also
better than usually symplectic difference schemes. But they are slower than ex-
plicit symplectic difference schemes for separable Hamiltonian systems since they
are implicit (in section 6).

In the following, M(n) is the group of n X n matrices, Sm(n) the group of
n X n symmetric matrices, Sp(2n) the group of 2n x 2n symplectic matrices,
i.e., its element M € Sp(2n) satisfies MTJM = J, sp(2n) the group of 2n x 2n
infinitesimally symplectic matrices, i.e., its element V € sp(2n) satisfies VT J +
JV = 0. A transformation is symplectic if its Jacobi is everywhere symplectic.

2. Symplectic difference schemes for general
perturbed Hamiltonian systems

In this section, we propose the method to construct symplectic difference schemes
for general perturbed Hamiltonian systems, which is the preparation of the next
section. Some materials can be found in [11].

Let

(2.1)

O =

_J J _1_[ LiI+VT) 1]
;I+V) %(I~V)}’ STl -wa-vhy 1

where V € sp(2n). Then « satisfies the following condition

= g Joaw 0
aTJtlna = J4n7 J4n = [ 8 '_‘J2'n, } .

It is called a linear generator. Evidently, every element in sp(2n) determines a
linear generator.

. : . a b .
For a given non-singular 4n X 4n matrix a = [ c d }, we can define a linear
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fractional transformation

0o : M(2n) — M(2n),

N =04,(M) = (aM + b)(cM + d), for |eM +d| #0. (22)

Its inverse transformation is

M =07 (N) = 04-1(N) = (a1 N + by)(c; N + dy)71,

for |V + dy| # 0, where a™! = [ au b }
a dy

It turns out that [eM + d| # 0 is equivalent to |¢; N +d;| # 0; 0,(M) and o} (N)
have another representation

Q

2.

=
]

(MCl —al)"l(bl —Mdl),
o;'(N) = (Nc—a)™'(b-Nd).

Lemma 1 ([11]) Let o be given as in (2.1). Then M € Sp(2n) if and only if
N = 0,(M) € Sm(2n) for |cM + d| # 0.

Consider the following perturbed Hamiltonian system

d

-ﬁ = J1VH(z;e), z€R™, | <1 (2.3)
Its phase flow 2 = g¢'(z;¢) = g(z,t;€) is a one-parameter group of symplectic
transformations

ey =1id, ¢t (€) = g"(5€) 09" (5e), Vit €R,

and for every fixed ¢ and ¢, g*(2;€) is symplectic. Analogous to [11], we can get
the following

Theorem 2 Let o = (Z bl andat= | @ U | e given as in (2.1). Let

d ca dy
2 = g'(2;€) = g(z,t;€) be the phase flow of the system (2.3). Then there exists, for
sufficiently small |t| and in (some neighborhood of ) R*™, a generating function
é(w, t;€) such that
o¢
E(w7t;6) = —‘H(w+alvw¢(wat;e);6)i (24)
9'(z1€) — 2 = IV, 8(cg'(25€) + dz, L €), (2.5)
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The equation (2.4) is called a Hamilton Jacobi equation of the perturbed Hamil-

tonian system (2.3).

Theorem 3 If H(z;¢) is analytic in 2 and € and has the following ezpansion

Ze Hi(2) = )+ Ze"Hk

k=1

then ¢(w,t;€) can be expanded as a convergent power series in ,

P(w,t;e) = i ek¢(k)(w,t).

k=0
The coefficients ¢¥)(w,t) satisfy the following equations
Ow, t) = —Ho(w + a1V¢(O)(w 1),

E>1: ¢ (w,t) = —Hi(w ZZ S DM Hp_i(w")

=1 m—l :1+-.~+-'m=-'
X(a’lv¢(il)(w1 t)) R} a1v¢(im)(w,t))‘_

where w* = w + ¢, V¢ (w, ).

Here we use the notation of multi-linear forms, e.g.,

D;n[{(w*)(alv¢(il)(w’t)a T ,a1v¢(im)(w’ t))

(2.6)

(2.7)

(2.8)

(2.9)

2n .
= Y Hyprn @)@V (0,1));, - (1965 (w,1)),,

jl ."',jm=1

(a1 V¢ (w,1));, is the ji-th component of the column vector a;V¢(w,t).

Proof: Differentiating (2.7) with respect to w and ¢, we get

Vwd(w, Z ¢V, ¢tk (w t),

k=0

b, t) = 3 P (w, 1)
k=0

Denote
w* = w+ ¢, VO (w,t).



Then
w+aVe(w,tie) = w+a, Ve (w,t)+ > a; VF) (w, )
. k=1

= w4+ *a, V) (w, ).

k=1

Substituting them into (2.4), expanding it and comparing the coefficients of €
on the both sides, we get the equations (2.8) and (2.9). =

If H(z;€) has the form
H(z;€) = Ho(z) + eHy(2), (2.10)
e, Hi(z) =0,k > 2, then

Ow, ) = —Ho(w + a, V¢ (w, 1)), (2.11)
D(w, t) = —Hy(w*) — DHo(w") - 4, VM (w, ), (2.12)
k> 2, ¢ (w,t) =
k
1 . )
-2 = 2 DTHo(w) @V (w,t),--, a1 V40 (w,1))
m=1 m. i1+ tim=k
721
k—1 1 . .
- = 2 DMHy(w) (e Vi (w,1), -+, a V) (w,1))(2.13)
m=1 m. 1+ tim=k-1
u>1

The equation (2.8) or (2.11) is just the Hamilton Jacobi equation of the unper-
turbed Hamiltonian system with the Hamiltonian Ho(2) (see [5, 7, 11]). The right
hand side of the equations (2.9) or (2.12-2.13) can be separated as

—DHy(w*) - a; VP (w,t) + R (w,1),

where the remainder R*)(w,t) is only dependent on H;(w*), 7 = 0,1,---,k and
¢ (w,t),7=0,1,---,k— 1. So for ¢ (w,t), R*®(w,t) is known. Therefore, if
¢©(w, ) can be solved from the equation (2.8) or (2.11), then for k > 1,

) (w,t) = ~DHo(w") - V¢ (w, ) + RP (w, 1) (2.14)

are the linear partial differential equations for ¢(*(w,t). They have the same
coefficients, only R*)(w,t) are different.

For a special kind of Ho(z), we can easily solve the equations (2.8) and (2.9),
which will be discussed in the next section. Generally speaking, it is difficult to
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solve (2.8) analytically. But we can give an approximative solution, for instance,
using the method in {5, 7, 11] to find a solution with the r-th order in ¢, then solve
(2.9). Now we first assume that we have solved out ¢*(w,t), k& > 0 from the
equations (2.8) and (2.9). Then truncating it, we can get symplectic difference
schemes.

Theorem 4 Notation and assumptions are as in Theorems 2 and 3. Take the
truncation of ¢(w,t;€) with m-th order in €

m

P (w,te) = 3 €60 (w, ¢). (2.15)

i=0
Then the following equation

2R gk JV@b(m)(%(zk“ + 25 + %V(z"*’1 — 2F),75€)

_ ZeiJV¢(i)(%(zk+l P L IVE M), (216)

=0

defines an implicit symplectic difference scheme with the m-th order of accuracy
wn €, where T is a suitable time step size.

Proof. Obviously, it is enough to prove the theorem for k¥ = 0. Assume 2° = z.

Denote z = g"(z;¢€), Z = 2*, the solution of (2.16). Then

%(z1 +2%) + %V(z1 —~ )=t +df =7+ dz.

From (2.5) and (2.16) it follows that

Z2—2 = JV,¢(cz+dz,T;€), (2.17)
F—z = JVL™(cZ +dz,T;e). (2.18)

Since the generating function ¢(w,t;€) can be different from a constant, we can
take ¢(w, 0;€) = 0. Therefore for 7 = 0, from (2.17) and (2.18), weget 2 = z = 2.
Since
PM™(w, 7€) = p(w,T;€) + O(e™),
the solutions of (2.17) and (2.18) are also different from O(em™+1). So the scheme
is of m-th order in €. Differentiating (2.18) with respect to z, we get
0z

0z
Z I = Jo™(cs . d
. I = Jiygy (cz+dz,7',e)(caz + d),

6



where ¥{™) is the Hessian of (™ with respect to w. So

0z

= (= T+ Jyid)

w

= @+ J)H(J — i)

For 7 = 0, ${™c + J = J is invertible. Hence it is also invertible for small 7. By
55
Lemma 1, the symmetry of (™) leads to the symplecticity of a—j ]

3. Special perturbed Hamiltonian systems

The typical case for perturbed Hamiltonian systems is the system in which the
first approximation is integrable, i.e., Hy(z) is an integrable system. Hence under
some symplectic transformation, Hy(z) has the form Hy(Z), where Z—¢ are action-
angle variables. We also use (p,q) to denote them, i.e., in this case we assume
that Hy is of the form Hy(p) and ¢ are 27 periodic. For the sake of simplicity,
we also assume that Hy(z) = 0,k > 2. Then the perturbed Hamiltonian is of the
form

H(z;¢) = Ho(p) + eHi(p, q), q mod 27 € T™. (3.19)

Obviously, p = (I,0)z = Bz, where B = (1,0) is an n X 2n matrix. So Ho(p) =
Ho(Bz). Set .
Ho(z) = (Ho 0 B)(z) = Ho(Bz).

Then _
H(z;€) = Ho(z) + eHy(2), g mod 27 € T".

I 0

Nowweta,keV:[C 7

} € sp(2n), where C7 = C € Sm(n). Then

1
Bay = 5BJ(I + V) = Onxzn-
Consequently,
Bw* = B(w + ¢, V¢ (w,t)) = Bw
and form > 1,

D™ Ho(w*)(a; Vi) (w, 1), - - -, 4, V) (w, 1))
= (D™ Ho)(Bw)(Ba; V™ (w,t), -, Bay V¢t (w, 1)) = 0.



Hence the equations (2.11-2.13) become

¢\ (w,1) = —Hy(w") = —Hy(Bw),
¢ (w, 1) = — Hy (w*),

k-1 :
1
k22, ¢Pwt)=-3 — 3 DrH(w')
m=1 figte+im=k—1

u>1

x(a; V) (w,1),-- -, a1V¢("“)(w,t)).

Integrating these equations, we get the following recursive formula

¢ (w, ): —tHo(Bw) = —tHo(w), (3.20)
¢ (w,t) = / Hy(w*(s)) ds, (3.21)
=1
k>2, ¢ (w,t) = _mzﬂ = +.,,._k / D™ Hy (w*(s))
a>1

x (a1 V@ (w,s), -, a; Vlim(w, s)) ds, (3.22)
where
w*(s) = w+ a; VD (w,t) = w — sJBT (VHp)(Buw).
Example 1. We first consider a linear perturbed Hamiltonian system. Let
I ¢ j
H(z;¢) = 7P Ap+ €52 Qz,

where A € Sm(n) and @ € Sm(2n). In this case,

1 ~ 1 «~
Ho(p) = §PTAP7 Ho(z) = Ho(Bz) = §2TA2,

whereﬁ:BTAB:{61 8] So

-~ t
¢O(w,t) = ~tHo(w) = —§wTAw,

and

w* =w —tJBTABw = (I — tJ A)w.

Since Hy(z) = %ZTQZ is a quadratic form,

DH,(z) = Qz, D*Hy(z) =



Therefore, the equations (3.21-3.22) can be simplified as

2

~ —~ 3 ~ o~
¢ (w,t) = —%wTQw - %wT(AJQ - QJA)w + %wTAJQJAw,

t ~
k>2,  ¢W(w,t) =~ / w' (I — sJA)TQa, V¢ (w, s) ds

1 k-2
——Z/ (a1 VD (w,s))TQa, V¢(k ~tD(w,s) ds
If we take @ = I3, and C =0 in V, then the equation
2k+1 - Zk = JV?,b(l)(w,T; 5)|w=(p"+1,q")

defines a first order symplectic difference scheme in €. Expanding it we get

2

P pF = _!Apk+l — regt,
2 (3.24)
k+1 k T’ E+1 T’ , 4
The second order symplectic difference scheme in ¢ is
T2¢ 72¢
PPl —pF = ——G p* — (I + —A) ¢,
2 iy 3 (3.25)
qk+1 ;. qk — 7.G2 pk+1 + ‘“2—G1 qk’
where
5 2
Gy = eI+A+ﬁT €A,
Gy, = el+ A+ 17‘ 2eA? 4 -2-7'262/4 + i7462/1‘3
2T 3 3 12 '
Example 2. We now consider the pendulum
3—? = —esing,
dg
a - F
Its Hamiltonian is ]
H(p,q) = §p2 — €C0sq. (3.26)



From (3.20), we know

3
¢(0)(w’ t) = _iwi

w* _ w
- wq + twl ?

where w = (w;,w;)". Here we also take C =0 in V.
t
oW (w,t) = —/ Hy(w*(s))ds = /0 cos(wy + sw; )ds
= (SIH(U)2 + tw;) — sin wy),
¢D(w,t) = — / DH,(w'(s)) - e, VD (w, 5)ds

= 8w3 —[4 sintw; — 4sin(2w;z + tw;) + sin 2w,
+35in 2(wy + twy) — 4twy — 2tw; cos 2(wq + twy)].

Then the first order scheme in € is

€
P = = (cos(qk +1pH) — cosgt)
k € . .
¢t — gt =t - pk+1 cos(q* +7p**!) — el ¢* — sin(¢" + rp**1)X3.27)
The second order scheme in ¢ is
2
k+1 k. _€ k+1 ¢ k k+1
p—pt = pk+1(°°S(‘1 +7p"1) - cos¢®) + W[—‘lws(?q +1p")
+ cos 2¢% + 3cos 2(¢F + 7pFHY) 4 2rp* L sin 2(¢F + TpFY))],
. €T €
¢t -t = - e —7 cos(¢F + ) — W(smq — sin(¢* + rp**"))
2
+W[12 sin 7p**t1 — 12sin(2¢* + Tp**1) + 3sin 2¢F — 8rp*t!

+95sin 2(¢* + 7p**) — 107p*+ cos 2(¢* + Tp*+1) — drp*H! cos Tpk
+47p* cos(2¢F + TpF+Y) — 4(7pF1)? sin 2(¢F + TP

4. Order of the schemes in time stepsize

In previous sections we have proposed symplectic difference schemes for perturbed
Hamiltonian systems, whose order is estimated in €. For general perturbed Hamil-
tonians H(z;€), these schemes are only consistent in the time stepsize 7. So when

10



the time step size 7 approaches to 0, the solution of the schemes does not con-
verge to the solution of the perturbed Hamiltonian systems but approximates it
with the order O(e™*!). Of course, in actual computation, the time stepsize is
not taken very small, hence as ¢ is small enough, the computation results are
acceptable. But for the perturbed Hamiltonians which are of the form (2.10),
ie.,

H(z;€) = Ho(2) + €H,(2), (4.28)

we can prove that the order of the schemes (2.16) in the time stepsize 7 are the
same with the order in e.

In order to prove this result, it is enough to prove that the m-th order truncation
Y™ (w, t;€) in € of the generating function @(w,t;e€) is also of m-th order in t¢.
Expanding ¢*)(w,t) in ¢ and noting ¢ (w,0) = 0, we get

#0w, 1) Zt’¢(k) (4.29)
Then
dw tse) — pM(w ) = Y dg®(w,t)= kztld)(k)
k=m+1 k=m+1 =1
= Y 3 gP(w) + o).
=1 k=m+1
So

$(w, t;€) — ™ (w, t;¢) = O(t™)

if and only if
d)l(k)(w):(), l:l,--o,m; kZm-{—l

These equations are valid for m > 1 if and only if

We first consider the general case H(z;¢) and deduce equations that ¢ (w)
satisfy. Differentiating (4.29) with respect to w and t, we then get

Bw,t) = S0+ 1)t (w),

1=0

Ve (w,t) = 31V (w).

I=1

11



Therefore,

DmHk_i(w*)(a1V¢(i‘)(w,t) a1V¢(i"‘)(w 1))

= D" Hy_(w™)(3" t'ay Vg (w zt'a1v¢’m’(w))
=1
= Y DM () (@ Ve (w), -, a1 Vi (w))
11,Im=1

o0

St Y DMHi(w ) (@ Ve (w),- -, a Vi (w)).

l=m L+ tlm=l
ljZl

Since ¢(¥)(w,t), k > 1 satisfy (2.9), substituting the formulae above into it, we
get

i 1
1 m [ tm
FX Y ) T D)@V (w), 0 Vi (w)
i=l m=1 D
i;>1, 1;>1

Hence comparing the terms of the both sides of the equation with the same order
in t, we obtain, for k£ > 2,

B(w) = —Hi(w*), (4.30)
2<1<k: ¢ (w)= -7 5

1=l m=1 m' 1=1 m=1 m'
x 3 DHe(w )@V (w), -, a Ve (w))(4.31)
R
1521, ;21
I>k4+1:
(4 (4 1& &1 m . (i1) (im)
~7. Z Z - Z D™Hy_i(w )(alv¢,1 (w),-- Ve (w))(4.32)
EhmEL A b
21, 121

Lemma 5 For the perturbed Hamiltonian (4.28), }k)(w) =0, k>, [>1.

Proof. We use induction with respect to l. For [ =1, it is just the assumptlon for
by (4.30) ¢{"(w) = —Hi(w*) = 0, k > 2. We now assume that " (w) = 0 for

12



kE>1,1<1<1,and then want to prove that ¢§k)(w) =0fork>1 =1+ 1.
Since for ¢ < k — 2, Hy_i(z) =0, (4.31) becomes

l

|
—

Pw) = -3~

o~

i 2 DTH@)@VE W), a Ve w)
T
>1, ;>1

1% } Z DmHo(w*)(MVngl)(w), .. ’a1v¢§i‘m)(w)).
i;>1, 1;>1

-~

m

—~] =
-
|
—_

m

In the first term, because for k > [,
bt -ty =k=1>1-1=L 4+ -+ 1,,

there must be a jo such that ¢;, > l;, and [, <L +---+ 1L, =1—1=1I. By
inductive hypothesis, ¢f;j°)(w) = 0. Hence the first term is zero. Similar is the
second term. This compfetes the induction. =

Theorem 6 For the perturbed Hamiltonian (4.28), the m-th order symplectic
difference schemes (2.16) in € with m > 1 are also of m-th order in the time
stepsize T.

Proof. From Lemma 8§, it follows that
™ (w,t;€) = p(w, t; ) + O@E™).

Consequently, the solution of the symplectic difference schemes (2.16) is the ap-
proximation of the solution of (2.5) with the m-th order of accuracy in . |

In fact, we can get more general result. If H(z; €) has the form
H(z;€) = Ho(2) + eHy(2) 4 -+ - + €V Hy(2),
where N is a natural number, then ¢fk)(w) =0,for k>1+ N, [ >1. Hence
P (w,t;¢) = d(w, t;¢) + O™ +2).

In this case, the symplectic difference schemes (2.16) of m-th order of accuracy
in € with m > N are of (m — N + 1)th order of accuracy in the time stepsize 7.

13



5. Conservation laws

In this section, we consider the preservation of the first integrals of the system
(2.3) by the schemes (2.16). As isknown in[22], linear symplectic difference
schemes for linear Hamiltonian systems always have nfirst integrals for small r,
which are the perturbation of the original ones. For general cases, the schemes
(2.16) preserve some kind of the quadratic first integrals of the system (2.3).

Theorem 7 // the quadratic form f(2) =\? &, where S' = Sis independent
of t, isa first integral of the system (2.3) and V'S+ SV =0, then itisalsoa
first integral of the schemes (2.16).

Proof. Since §2) isthe first integral of the system (2.3),
-22T82 = -22T <
where z— g\z; e). Itcan be rewritten as
hz + 2)'"S[(z2) = 0. (5.33)

From the condition V'S+ SV =0, itfollows that

Mz - 2)Sz -2 =\{z 2V'Yz -2

=hz- 2YV'S + Wz -2) =0, Vz,z e R™.
Combining itwith (5.33), we have

@z + D+'-N(z2)'z2) = 0.

Using (2.5) and (2.7), it becomes

1 1 °° 1 1
(EQ2+2)+i;V(z= 2)'SI £ IVN\-(z .+ +-V(z 2,1 =0

Since Sis independent of g thus

w'SIv<f>Owt) =0, Vj >0, Vio € R?", for t sufficiently small.
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