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ABSTRACT 

Part III of the paper is devoted to the construction of an adaptive 
FEM solver in two spatial dimensions, which is able to handle the sin­
gularly perturbed elliptic problems arising from discretization in time. 
The problems of error estimation and multilevel iterative solution of 
the linear systems — both uniformly well behaved with respect to 
the time step — can be solved simultaneously within the framework 
of preconditioning. A multilevel nodal basis preconditioner able to 
handle highly nonuniform meshes is derived. As a numerical exam­
ple an application of the method to the bioheat-transfer equation is 
included. 

AMS CLASSIFICATION: 65F10, 65F35, 65M50, 65M60, 65N30. 

'This is Part III to the articles [6,7] with the same main title. 
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INTRODUCTION 

This paper condenses material of the author's thesis [8] and constitutes a 
direct continuation of Parts I [6] and II [7] 1, in which one can find detailed 
explanations of the proposed algorithm. 

The objective of this part III is to present a 2D version of the algorithm. 
We will consider an adaptive finite element solver for the arising singularly 
perturbed elliptic subproblems 

u + TAU = f. 

The singular perturbation results from the time step r of the discretization in 
time; standard adaptive finite element solvers like PLTMG [4] or KASKADE 
[12, 16, 21] run into difficulties for small time steps, which occur in transient 
phases. 

In view of Section 1.4 we have to construct two devices: 

• Error estimator 

• Linear solver 

Both devices have to behave well - uniformly in the time step r > 0. Using 
a multilevel iteration as linear solver, the question of a proper preconditioner 
arises. As it turns out this preconditioner is the key to the error estimator 
as well. 

Because of its use of orthogonal projections a recently presented precondi­
tioner for elliptic equations due to B R A M B L E / P A S C I A K / X U [9] — extended 
to the case of highly nonuniform meshes by YSERENTANT [30] — is ideally 
suited as conceptual base for our purposes. Moreover this concept is not re­
stricted to certain space dimensions, like hierarchical basis preconditioners, 
but is easily extended to higher dimensions. 

In Section 1 the singularly perturbed problem is stated. Details of trian-
gulations and FEM approximations, which will be used later on, are given. 
Furthermore we state a list of requirements which a preconditioner has to 
obey. 

Section 2 is devoted to the construction of a preconditioner on the base of 
the elliptic preconditioner of BRAMBLE/PASCIAK/XU [9]. We first deal with 
the case of an elliptic operator with no Helmholtz term and natural boundary 
conditions outside the Dirichlet boundary piece. The thus developed precon­
ditioner, which gives a smooth transient from diagonal preconditioning of 

^ h e y will be cited throughout this paper with leading roman numbers I resp. II. 
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the mass matrix to a preconditioner of the stiffness matrix, is thereafter ex­
tended to the presence of a Helmholtz term and general Cauchy boundary 
conditions. For the need of error estimation we present the precondition­
ing of quadratic elements. We close the section with a discussion of error 
estimation. 

In Section 3 some algorithmic details are given. They include such im­
portant issues as the optimal choice of certain parameters, the discussion 
of possible orders for the time discretization in dependence of the imposed 
accuracy, a stop criterion for the time error iteration, a stabilization of or­
thogonal projections and the direct solver on the coarsest triangulation in 
2D. The latter becomes important when the starting grid already consists of 
"many" nodes. 

Section 4 finally gives a real life application of our method to the bioheat-
transfer equation. This equation plays a prominent role in planning hyper­
thermia, a recent clinical method for the treatment of malignancies (cancer), 
which at this time is in an experimental status. This shows the full applica­
bility of our method to the given problem class. 

ADDENDUM TO PART II 

The author has recently proven that the conjecture of Remark II.2.9 is 
true. In fact, he proved [8, Lemma 2.1] for the Laguerre polynomials: 

LEMMA. 

a) \Ln{x)\ < 1 forxe [0,1], n > 0. 

b) Ln(l) ^ 0 forn > 1. 

Thus Theorem II.2.8 is true for all j > 1. 
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1. TRIANGULATIONS AND THE FINITE ELEMENT DISCRETIZA­

TION 

In this section we slightly generalize the parabolic problem considered in 
Par t II1. Furthermore the discretization of the 2D elliptic subproblems — 
which arise by using the time-stepping procedure of Part II — is discussed 
in detail. 

1.1. T H E P A R A B O L I C P R O B L E M 

We are concerned with linear scalar selfadjoint parabolic ini t ial-boundary 
value problems: 

Given a domain Ü C IRd with Lipschitz boundary dtt = T^ÜTc , a time 
Tan > 0, solve for x € H, t e]0, Tfin] 

i) ^ ( x ) ^ M + A ( x , ö ) u ( t , x ) = / ( x ) , 

; i - i ) 

iii) ( £ + «•))«(*,-) -£(•). 

iv) u(0, •) = u0. 

Here A(x, d) denotes a formally selfadjoint elliptic operator of second order, 

which has a principal part in divergence form: 

d 

A(x, d)u(x) = - ^ dk (aik{x)diu(x)) + q(x)u(x), 
i,k=l 

where a,-jt = ak{. The associated conormal derivative is defined as 

d d 

ö— = H nkaikdi, 

where n = ( n i , . . . ,nj)T denotes the outer unit normal on du. Boundary 

condition iii) is sometimes called Cauchy boundary condition. 

NOTATION. The norms of the Sobolev spaces Hs(tt) will be denoted by 
|| • ||s, their seminomas by | • | s , the norms of the spaces Ws'p(Cl) by || • ||SiP 

throughout this paper we use the notation introduced in Part II. 
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and the inner product of L2(H) will be denoted by (•,•). For a function 
V» € L°°(fi) = W0,oo(ß) with x/} > 0 a.e. we abbreviate 

^max = IIV'llo.oo and T / W = l/| |l/0||OiOO. 

We make the following assumptions: 

1. f2 has Lipschitz boundary, i.e., fi £ C0'1. Furthermore Tß is a closed 
subset of 9f2. 

2. ^ C a ^ E L ^ O ) . 

3. 0,(?,C > 0 a.e., moreover (j>toin > 0. 

4. A(x, d) is strongly elliptic, such that there are constants 0 < 8 < 1 < A 

for all £ € IRd and almost all x 6 ^ . 

5. / , u 0 e l 2 ( f t ) . 

6. g,( e H^dO). 

By means of assumption 6 and the known properties of the trace operator, 
we can take by a simple transformation the case that 

9^ = 0. 

For ease of representation we will assume mostly in this paper 

<f> = l . 

The extension to the case <f> ^ 1 will be discussed in Section 4.3.1. 

We introduce the space of weak solutions 

H1
D(n) = {u€H1(Sl)\u\rD=Q}, 

(the restriction is understood in the sense of traces) and consider the following 
continuous symmetric bilinear form a(-, •) on H^O,) x H})(Q,): 

a(u.v) = y^ / aikdiudkV dx + / quvdx + / (uv da, 
^Ja Ja hc 
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u,v G HJJ(Ü). The Hx
D(Q.)-ellipticity of the form a(-, •), i.e. the existence of 

a constant Ci > 0 such that 

a(u,u) > ci||u||i for all u G Hl
D(tt), 

follows from well known conditions given in the next Lemma, a proof may 
be found in [8, Lemma 1.1]. 

LEMMA 1.1. Each of the following cases guarantees the Hp(Q)-eUipticity 
of the form a(-, •): 

i) mes(Tc) = 0. In this case we estimate for u G H})(£1) 

c 

a M ^ i T 4 7 2 l K 

and 

a(u,u) > -p\\u\\2
0. 

Here d^ denotes the band width of a strip containing fi. 

ii) <?min > 0. In this case we estimate for u G H\)(Vt) 

a(u,u) > min(5,gmin)||u||J 

and 

a(u,u) >gminlMlo-

iii) mes(r£)) > 0. 

iv) mes(rc) > 0 and £„„„ > 0. 

The weak representation A of the differential operator A(x, d) with the 
given boundary conditions and the spaces H2a = DA<* can now be introduced 
like in Theorem II. 1.1. 

1.2. T H E SINGULARLY PERTURBED ELLIPTIC PROBLEMS 

As we have seen in Section II.2.2 the elliptic problems resulting from dis­
cretization in time of the parabolic problem can always be given in the fol­
lowing variational form: Find u G i/]j(0) such that 

(u,v) + Ta(u,v)=6*(v) + T6*1(v) for all v G Hl
D(Ü). 
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Here 0*,0* € L\ü) C H^iü) = (H^ü))*. In order to bound the energy 
norm for large values of r , we scale with 1 + r to get the equivalent problem: 
Find u £ H})(Q) such that 

(1.2) aT{u,v) = 6*r{v) for all v € Hl
D(ü), 

where we made use of the following notation: 

1 T 
i) aT(u,v) = --—(u,v) + —-—a(u,v), u,v € H},{Sl), 

1 + r 1 + T 

ü) e;(v) = Ti_öS(ü) +-l-öi(t ,) , « e « 
1 + r 1 + r 

REMARK 1.1. Note that this scaling is not invariant to a linear scale of 
the time variable. Thus the question of an appropriate scaling of given phys­
ical examples arises. This can be answered in a satisfying way as discussed 
in Section 4.3.2. 

Furthermore we get as the corresponding weak representation (cf. Section 
II. 1.1) the positive selfadjoint operator 

with the domain of definition 

n , A . J H\ r > 0 

The energy norm {{A1^2 • 110
 w m be denoted by || • ||A-

Case T = 0. In this case problem (1.2) reads as 

(u,v) = 6*{v) for all v € #£(Q). 

The corresponding energy norm is the L2-norm: 

|M|A = ||U||o, u € L2(Ü). 

Case T = oo. In this case problem (1.2) reduces to the stationary problem 

a{u,v) = 6*{v), veHjjiO). 

The corresponding energy norm is the energy norm of the elliptic operator 
A: 

NIA = NI*I . «€#£(«)• 
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1.3. TRIANGULATIONS AND THE FINITE ELEMENT SPACES 

1.3.1. Triangulations 

Let Q C IR2 be a bounded simply connected polygonal domain. This 
implies that 

üeC°'\ 
i.e., assumption 1 of Section 1.1 is fulfilled. 

A triangulation T of the polygonal domain f2 is given as the set of triangles 
resulting from a simplicial partition of Q. 

We start with a coarse triangulation T0 of fl with the property that the 
Dirichlet boundary piece I"^ is composed of edges of triangles T € To. The 
triangulation T0 is refined several times, giving a family of nested triangula­
tions T0,7i,..., Tj. A triangle of 7i+ 1 is either a triangle of Tk or is generated 
by subdividing a triangle of Tf. into four congruent triangles or into two tri­
angles by connecting one of its vertices with the midpoint of the opposite 
side. The first case is called a regular or red refinement and the resulting 
triangles as well as the triangles of the initial triangulation are called regular 
triangles. The second case is an irregular or green refinement and results in 
two so-called irregular triangles. 

However, the irregular refinement has the character of a closure which we 
force by the following rule: 

(Tl) Each new vertex of 7jt, i.e., a vertex which does not belong to T^-i, is 
a vertex of a triangle which was generated by regular refinement. 

The irregular refinement is potentially dangerous because interior angles 
are reduced. Therefore, we add the following rule: 

(T2) Irregular triangles may not be further refined. 

This rule insures that every triangle of any triangulation Tk is geometrically 
similar to a triangle of the initial triangulation TQ or to a green refinement 
of a triangle in T0. These triangulations are meanwhile standard and have 
been introduced by BANK et al. in [3, 4, 5]. 

The index of the final triangulation will always be denoted by j and will 
be fixed in most of the following considerations. 

By the depth of a triangle 

Te {]% 
k=0 

we mean the number of successive ancestors in the family of triangulations. 
If we add the rule 

7 



(T3) Only triangles of depth k — 1 are refined for the construction of Tk, 

we get the following expression for the depth of a triangle T € Ul—o Tk 

depth(T) = min{0 < k < j | T e %}. 

Equipped with rule (T3) we can uniquely reconstruct the sequence T l 5 . . . , 7}_j 
from the knowledge of the initial triangulation T0 and the final triangulation 
Tj alone, without knowing the actual dynamic refinement process leading 
to Tj in an adaptive algorithm, see [12]. However, if we choose the data-
structures representing the triangulation cleverly, the sequence T0, Tx, •.., Tj 
is implicitly given. For example this is the case in the adaptive FEM code 
KASKADE, cf. ROITZSCH [21, 22] or LEINEN [16]. 

1.3.2. Notation for Finite Element Spaces 

Corresponding to the triangulations 7jt we have finite element spaces Sk-
Sk consists of all functions which are linear on each triangle T G Tk and 
continuous on Ü. Furthermore they vanish on the Dirichlet boundary piece 
TJD. Because the triangulations are nested we have 

SQCS1 C.C Sj C i ^ ( O ) . 

Let A4 = {x\ , . . . , x$} be the set of vertices of triangles in %, which do 
not lie on the Dirichlet boundary piece T£>. 

The nodal basis. The set Tk = {ip[ ,... ,ip^} of nodal basis functions, 
where 

4k\x\k)) = 6u for 1 <i,l<nk, 

forms a basis of Sk- For ip € Tk we denote by x^ € A4 the supporting point 
of V>, i-e. 

tp(x^) = 1. 

Structuring of the nodal bases of varying index k. We set 

i) * = Ü r*. 
fc=0 

ü) *o = r0, 

iii) $k = rfc \ rjt_i, whenever 1 < k < j . 

It should be stressed that we split the set of nodal basis functions rather than 
the set of nodal points as done in hierarchical basis approaches. For ip G ^ 
we denote the set of indices, for which a nodal basis function ip occurs, by 

IU = {k\ $ 6 Tk}. 



Here we abbreviate the first resp. the last occurrence of tp in a set Fk by 

i) k% = minify, 

ii) k^ = raaxA'^,. 

The duality map. According to the Theorem of Frechet-Riesz the duality 
map 

Zk • Sk —> Sk 

u t-» u* = (u, •) 

is an isometrical isomorphism. 
Tie duai basis. On <S£ a natural basis is given by the canonical dual basis 
Ffc = {̂ *l ^ £ Tyt} to the basis Tk of <Sfc. As usual ip* is defined as the 
evaluation functional at x^: 

^:Sk -» IR 

u (-»• u(x^), 

such that ^»(v7) = <W f° r a ^ V'JV £ £*• The choice of these bases will be 
called the natural representation of the spaces Sk and <Sj*. 
The orthogonal L2-projections. The orthogonal £ 2 projections 7Tj. : L2(fl) —* 
£fc, for 0 < & < j are given for u £ £2(f2) as 

(7TfcU,z;) = (u,v) for all i> £ <Syt. 

1.4. T H E FINITE ELEMENT DISCRETIZATION 

The finite element (FEM) discrete solution uk £ Sk is given as the Galerkin 
approximation to the variational problem (1.2) 

(1.4) aT(uk,vk) = f*(vk) for all vk £ Sk. 

Here /* £ Sj denotes an approximation of 6* on Sj. Due to the Theorem of 
Frechet-Riesz there are symmetric positive definite linear operators Ak, Ak • 
Sk —+ Sk, such that for given u,v £ Sk 

(Aku,v) = a(u,v) 

resp. 
(Aku,v) = aT(u,v). 

For 0 < k < / we obtain the relations 

Ak = TT/t̂ /Ufc 
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and 

At = TTtA/U, = h -\ Au, 
" * 1 + r 1 + r ' 

where Ik denotes the identity on the space Sk- Problem (1.4) is now given as 

(1-5) Tkhkuk = r\sk. 

1.5. T H E SOLUTION PROCESS AND REQUIREMENTS FOR A PRECONDI-

TIONER 

Computationally problem (1.4) is realized for k = j as follows: We have 

which implies the equivalence of (1.4) and 

JTUj(x ,U)) aT(4J\^]) = /*(0p>) for all 1 < / < nr 

J'=I 

By introducing the mass matrix M = (m,;),-; with 

and the stiffness matrix A = (a,;),-/ with 

for 1 < i, I < rij, we gain as problem matrix AT the following convex combi­
nation of M and A: 

AT = ^ - M + - ^ - A . 
1 + T 1 + T 

Introducing the vectors u = (iij(x a)) J and / = (/*('0; )) w e obtain the 

computational problem 
(1.6) Ku = f. 

However, this linear equation on IRnj is just the natural matrix representation 
of the linear problem (1.5) in the case k = j 

(i.7) i^]U] = /*. 

This fact is the reason why we have stressed the importance of the natural 
representation of the dual pair (Sj,Sj), which will serve as a rather elegant 
method to describe the computational problem. 
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The large linear system (1.6) has to be solved iteratively. Since the involved 
matrices are symmetric positive definite a preconditioned conjugate gradient 
(CG) method is the method of choice. 

We require several features for a preconditioning matrix BT: 

(PI) The spectral condition number K — K ( B T A T ) ) should only grow in j 
like j 2 " , where 0 < v < 1. Further it should remain bounded indepen­
dently of the time step r > 0. These properties should neither depend 
(severely) on the shape of the domain under consideration nor on any 
quasi-uniformity of the triangulations. 

(P2) The cost of computing BTf should be proportional to the dimension n y 

By requirement (PI) the number £(e) of iterations necessary to reduce the 
error in the energy norm of AT by the factor e is bounded by 

£(e) < ±V£ log \ = o(r) , o <«/<!, 

independently of T. If we solve each of the linear problems only as accurate 
as the discretization on the corresponding triangulation is expected to be, 
we end up with an overall complexity of 

öCT+%), 0 < a < 1, 

in view of requirement (P2) — an idea due to DEUFLHARD et al. [12] and 
implemented in the adaptive FEM solver KASKADE. The exponent a is con­
nected with the progression of unknowns during refinement: a — 0 in the case 
of geometrical progression, whereas a = 1 in the case of pure arithmetical 
progression. Note that we do not propose to force the number of unknowns 
to progress geometrically — for a reason discussed in [8, Example 8.3]. 

Reliable time-step control requires that the locally arising systems of or­
dinary differential equations, as which our algorithm can be viewed in each 
time-layer, are smooth, thus leading to 

(P3) The matrix BT should depend smoothly on r > 0. 

Finally we do not want to analyze the problem in matrix notation but 
in the corresponding operator version (1.7). If we introduce the operator 
Q*j : Sj —> Sj, whose matrix in the natural representation of (Sj, Sj) is given 
by BT, the preconditioned CG-method can be written in its untransformed 
fashion as follows: 
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1.5.1. Preconditioned CG-method on (Sj,S*j). 

We want to solve 
ZjAjU = /*. 

Given a start iteration üo we set 

Po = r0 = Q*(f* -IjAjüo). 

For k = 0 , 1 , . . . we iterate 

ük+i = ük + akpk 

pk+i = rfc+1 - ßkPk 

with 

rfc+1 = 0*(r-IjA iu,+1) 
(^jAjrfc)(pfc) 

Of/. = 7 r-

* ~ (2-,-A f̂c) (©i^AiPfc) ' 

In the natural representation of (<Sj,<Sj) we directly get the computation­
ally available version of the preconditioned CG-method. We thus have to 
require that the operator 6* is in fact already given in that representation, 
that means 

(P4) The operator 0} should be given in such a form that directly allows to 
reconstruct the matrix B r without any further effort. 

1.6. QUADRATIC ELEMENTS 

For the use of error estimation the space of piecewise quadratic elements 
on Tj will be needed later on. Here we introduce the corresponding notation: 

The space SQ consists of all functions which are a quadratic polynomial 
on each triangle T G Tj and which are continuous on fi. Furthermore they 
vanish on the Dirichlet boundary piece YD, such that 

SQ C Hh(Sl). 

Let MQ be the set of midpoints of edges belonging to T3 but not to the 
Dirichlet boundary piece YD. Take the (quadratic) hierarchical basis YQ, 
which consists of those ip £ SQ, for which 

1>(x) = 0 
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