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Abstract

Most nonlinear computations require the evaluation of first and higher derivatives of vector func-
tions defined by computer programs. It is shown here how vectors of such partial derivatives
can be obtained automatically and efficiently if the computer language allows overloading (as is
or will be the case for C++, PASCAL-XSC, FORTRAN90, and other modern langunages). Here,
overloading facilitates the extension of arithmetic operations and univariate functions from real
or complex arguments to truncated Taylor-series (or other user-defined types), and it generates
instructions for the subsequent evaluation of adjoints. Similar effects can be achieved by pre-
compilation of FORTRANT77 programs. The proposed differentiation algorithm yields gradients
and higher derivatives at a small multiple of the run-time and RAM requirement of the ongmal
function evaluation program. T ;
Keywords Automatic Differentiation, Chain Rule, Ovetloa.dmg, Taylor Coeﬂicxents, Grp.dx—
ents, Hessians, Reverse Accumulation, Adjoint Equations. o

Abbreviated title: Automatic Differentiation by Overloading O o






1 Introduction

The methodology considered here yields numerical values of first and higher derivatives that are
not effected by truncation errors and would thus be exact if the calculations could be carried out in
exact arithmetic. This approach is often referred to as Automatic Differentiation or Differentiation
Arithmetic [16]. In contrast to the fully symbolic differentiation performed by symbolic manipulators
(e.g. MAPLE, Macsyma, Mathematica), the chain rule is applied here to the numerical values
rather than the algebraic expressions of the elementary partial derivatives. This avoids the so-called
expression swell, which often limits the use of the fully symbolic approach. The elementary partials
themselves are derivatives of a finite number of arithmetic operations and library functions and can
therefore be evaluated analytically at any suitable argument. Here we have tacitly assumed that
the vector function to be differentiated is factorable [2], i.e. the composition of such elementary
operations and functions. This is no serious restriction since most functions of practical interest are
defined or approximated by sequential programs in a high level computer language.

The term sequential in the title alludes to three aspects of this paper. First, we consider only
implementations on a single processor machine even though automatic differentiation generates
run-time dependency information that can be used for concurrent scheduling on multiprocessor
architectures. Second, we will ensure that almost all extra data needed for automatic differentiation
are generated and accessed in the same or exactly reversed order. Such Sequential Access Memory
(SAM) can be allocated on external mass storage devices without unduely slowing the execution
speed. Third, we provide for the likely scenario that the user wants to selectively evaluate derivatives
of increasing order at the same point. The classical application for this recursive mode are Taylor
series methods for ordinary differential equations, where the currently highest derivative feed into
the right hand side yields the next higher one by automatic differentiation.

A similar situation arises in constrained optimization, where second derivative information is only
required along the tangent space of the feasible set, which is calculated from the first derivatives of
the active constraints. If the resulting reduced or projected Hessian is (nearly) singular one may
want to examine third derivatives along the null space in order to test for local optimality. In
numerical bifurcation this process of examining higher and higher derivatives on subspaces in which
the lower derivatives are in some sense degenerate may continue in principle indefinitely. However,
in practice such calculations could be performed so far only on simple model problems or based on
increasingly inaccurate higher order differences. It is hoped that the techniques described here will
facilitate the numerical treatment of higher order singularities for problems of a realistic scale. With
regards to the optimization application it should be noted that we obtain the one-sided projection
of the Hessian so that one-step quadratic convergence is achievable.

As indicated in the title we concern ourselves primarily with the evaluation of derivative vectors of
the form
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Here F : R® — R™M is a nonlinear mapping, § € R™ is a row vector, and the column vectors
z(® € R® belong typically to the nullspace of the Jacobian F’(z). By repeated evaluation of
such expressions for varying vectors j and z() one can compose derivative matrices and tensors
of arbitrary order and size. The salient fact regarding the evaluation of these derivative vectors is
that the increase of run-time and RAM requirement (relative to the cost of evaluating F by itself)
grows like the square of the degree d, but it is completely independent of the numbers n and m of
independent and dependent variables respectively. However, it should be noted that for vectors of



the form (2) this favo#able'complexigy bound can-only be achieved by revense aq‘cﬂmulutip,n;:wh:mh
requires SAM proportional to the original run-time is available. A particularly important application
is nonlinear least squares, where (2) with § = F7(z) yields the gradient of the sum of squares.

Our theory (though not our current implementation [7]) allows for multivariate Taylor series and thus
the direct calculation of Hessians and higher derivative tensors as a whole. However, this aggregate
approach reduces the computational complexity only by a constant, while it causes a significant
increase in the storage requirement. It is conjectured [6] that the problem of finding the optimal
ordering for applying the chain rule to accumulate Jacobian is NP-hard. No such combinatorial
optimization problem arises here because the optimal procedure for the evaluation of derivative
vectors is forward or reverse accumulation in cases (1) and (2) respectively. In Section 2 we will
explain these terms, which are equivalent to the notion of bottom up and top down accumulation
used by Ir1 [10]. _ v o

The large SAM requirement of the basic reverse mode is definitely a reason for concern but not
for despondency. In nuclear engineering and weather modeling [18] the mathematically equivalent
method of adjoint sensitivity analysis has been applied to large problems for many years. However,
until recently these adjoint codes were written “by hand” after a careful analysis of the underlying
mathematical models. It is hoped that further progress in automatic differentiation will eliminate
this laborious process and produce adjoint codes of comparable or even better efficency. Moreover,
there has been a recent proposal [8] to reduce the SAM requirement such that it is no longer
proportional to the run-time of the original evaluation program. The large body of quantitative and "

qualitative dependency information collected for the purpose of reverse accumulation can also be - *

utilized for the estimation of evaluation errors [11] and the concurrent scheduling of both function
and derivative evaluations.

The reader may ask why the concept of overloading figures prominently in the title and indeed our
way of looking at automatic differentition. Far from being just a language attribute, overloading
allows one to concentrate on the essential aspects of a particular algorithmic task without freezing
aspects whose variability may be important on another level. In this spirit we will develop in Section
2 an algorithm for the adjoint evaluation of composite functions with minimal restrictions on the

underlying arithmetic in a suitable normed ring with identity. The "user’ may choose between real

or complex arithmetics with various levels of precision or for example introduce his own interval
arithmatic package. All the while one may simply think of the algorithm discussed in Section
2 as an method for computing gradients of real functions with respect to real arguments. . For
the evaluation of higher derivatives the reals may be replaced by truncated Taylor series without
effecting the program structure. The required properties and most important examples of the
algebras and their arithmetics are discussed in the final Section 4. In the central Section 3 we
discuss implementation questions and in particular the crucial issue of storage allocation and memory
management. Unfortunatly, these questions depend to some extend on the computer language
because only C++ allows the overloading of variables declarations and deallocations. Nevertheless
we consider these software issues as integral aspects of the algorithmic design, because just specifying
and counting the arithmetic operations involved simply does not adequately describe the structure
and efficiency of automatic differentian methods.

Most algorithmic devices discussed here have been implemented and tested in our C++ package:
ADOL-C. However, we do not view this paper as documantation for a particular piece of software
because many of the ideas have been utilized much earlier in Rall’s PASCAL-SC differentiation
package [15] and the FORTRAN precompilers JAKEF {17], GRESS [9], and PADRE2 [13]. It
is hoped that a language independent discussion of the major issues will aid the communication
between active researchers and spurn new implementations in other computer languages.
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Here n,m are positive 1ntegers a.nd the ring of scalars R may at ﬁrst be thought of as the normed

field of real numbers. However, as we will discuss in Section 4, R can be replaced by any normed .
algebra and in particular rings of truncated Taylor series. The requu:ed vector calculus can be | o
extended to this more general setting with little difficulty. : T

The functlon F need not be globally defined so that z may be 1mphc1tly restncted to some open B
domain in X on which F is differentiable. Given any such a.rgument z and a linear functional in ;, .-
the dual space Y = L(Y,R) of Y, there exist a unique functional Z in the dual space X =£(x, R)

of X such that forallv € X

Zv = <%Zv> = FF(za)v ~ (4) wo
. . : . A A T
where F(z)’ denotes the Jacobian of F at z. Throughout most of this section we will consider onlyi = .
one particular pair z,§ and may thus refer to § and Z as the adjoint vectors (or values).of y = F(z). -1 -
and z respectively., As we will see the extra cost of obtaining Z for given 4 is in terms of arithmetic ¢
operations only a small multiple of the original effort to calculate y from z. However, to achieve this- :.j:u;:
low complexity bound the adjoint calculation may need substantially more storage than the original. .."."*
evaluation of y = F(z). -

Since § is fixed we may interpret Z as the gradient

i = VFF@) = 0F F(z))/os ®) ..

of the scalar function - F(z) at the current argument z. This interpretation of adjoint vectors as
gradients will be particularly useful for intermediate quantities. It also shows that gradients can
always be evalua.ted a.t essentlally the same cost as the underlymg scalar function.

2.1 T-he ‘Adjoi'nt Chain Rule o . _ e E

e

In order to compute Y and Z for given z and § we will ma.ke the entirely realistic assumption that o .
Fisa composxte function and then apply an adjoint form of the chain rule. Let us firstly consider '_ N ,'r
the case of a diamorid where there y is computed from z via two intermediate vetors u and v such
that for contmuously dlﬁ'erentlable functlons G and H and F of appropriate dimensions

» v = G(z)
y = F(“’v) . ' ] ' - PR BN A

Then we obtaln by the chain rule the total derivative

_ O Fn)] 86 , B F] 0 g
- u Oz v Oz "
= @-8G(z)/dz + v-0H (z)/0z (8) ..

where the adjoint values # and % of v and v are defined by

a=§-0F(u,v)/0u and ¥=§-8F(u,v)/0v . ‘ 9)



Starting with 7 = 0, @i =0, and ¥ = 0 we can thus effect the calculation of Z by the sequence of
assignments

7 += §-0F(u,v)/0v

i += §-0F(u,v)/0u

i += ©-0H(z)/0x (10)
g += #-0G(z)/0=

where a+ = b means increment a by b as in the programming language C. One may derive and
execute the adjoint program (10) from the original program (6) by the simple recipe:

o Select the adjoint § of the dependent vector y and initialize the adjoints of all intermediate
and independent values to zero.

¢ Replace each assignment of the form w = f(z) by 7+ = @ f(z) and execute these incremental
assignments in reverse order.

It should be noticed that in order to execute this reverse sweep the current values of all arguments w
must have been saved from the preceding forward sweep, i.e. the execution of the original program. ,

2.2 Reverse Accumulation for Sequential Programs

Obviously this recipe can be applied to “programs” involving an arbitrary number of intermediate
variables. In fact any program can be broken down recursively into smaller and smaller blocks
or procedures until each individual calculation is of suitably elementary nature. From now on we
will assume that the overall vector function y = F(z) is evaluated by a sequence of elementary
assignments

FOR t=1,2,...,T

W = (V)imiea+1,ie-1ie = Jt(Vj)ien (11)

where the variables v; and v; belong to R, and the index sets J; contain no numbers greater than

t:—1. In other words we assume that the scalar quantities v; are numbered consecutively as they*
are generated with i; being the total number of scalar quantities generated by the first ¢ elementary

function evaluations. Moreover, with i = n and I = ir we may assume that the vectors of

independent and dependent vectors are given by

z = (Vi)iz1,n ond Yy = (%)izl-m41,..1 - (12)

Usually there are many different ways of breaking F'(z) into elementary functions and the sequenc- ’

ing of the elementary assignments can often be altered or even abandoned in favor of concurrent - i

evaluations. However, we will assume here that the user has provided an evaluation program in a
high level computer language that can be automatically interpreted in the form (11) during the first
evaluation of F at a given argument z. This may be achieved simply by overloading all arithmetic
operations and standard univariate functions. Subprograms are no problem and will in effect be
inlined, except when the user flags them to be treated as elementary functions thus adding them to
the pool of library functions. In the latter case he also has to supply a subprogram for the evaluation
of the corresponding adjoint evaluation, which is called in the following adjoint program



w2 e FOR t=TT=1,...,1 .

U; += w-0f;/0v; forallje T, (13)

where initially
(#i)i=1,2,..1-m = 0 and (%)izr—m41,..0 = §

Since the scalar increments associated with each elementary function can be combined into one
adjoint operation of the form + = @, f} , one finds that on a serial computer

wn = TS < mat a

where Work{-} may be any reasonable measure of computational effort. Thus we see that the
penalty factor Q{F} for evaluating its adjoint in addition to the composite function F itself is no
greater than the maximum of the penalties Q{f;} for anyone of its constituent elementary functions.
Provided the latter are drawn from a finite library, the penalty factor is therefore uniformly bounded
for all possible compositions, independent of the number of independent and dependent variables.
This complexity result dates back at least to Linnainmaa [14] and was subsequently rediscovered by
several authors (See e.g. [10] and [5] for other references).

We will refer to the first execution of the loop (11) as the original forward sweep. Subsequently one
may want to perform more forward sweeps with the components of the independent vector z either
altered or extended to elements from a larger scalar ring. After each forward sweep (11) one may
perform corresponding reverse sweeps (13) for any adjoint vector § whose components belong to the
appropriate ring. QOur only requirement on the elementary functions f; is that the functionals on
the right hand side of (13) can be be easily computed during the reverse sweep. To this end one has

to record during the forward sweep for each elementary function the following information ’

® An operations code and possibly parameters defining the function.
o The names or better addresses of its result and arguments.
o The values of its arguments at the time of evaluation.
As we will discuss in Section 3 there are some variations on this basic storage scheme but none

reduces thé total storage requirement by more than a constant, except for linear functions and in °
other special cases.

2.3 Approaches to Limit the Stbrage Requirement

Since practical calculations tend to involve millions of elementary operations the recording of the

execution ‘trace may require a very substantial or even prohibitive amount of storage. To make this. =t

problem magiégegble one may employ the following techniques:
1. Organize the calculation such that most extra data are generated and accessed strictly sequen-
tially, i.e. in either the same or exactly reversed order.

2. Combine scalar variables in vectors and define corresponding elementary functions to avoid
storing consecutive addresses and duplicating operations codes.



3. Allow for recursive adjoint evaluations of procedures by reevaluating them during the (outer)
reverse sweep to avoid storing their internal intermediate values.

4. Preaccumulate local gradients if only first derivatives are required.

The first point has been fully implemented in our current package, which increases the RAM re-
quirement of the original program roughly by afactor of two. All extra information isrecorded on a
conceptual tape whose content are buffered to and from a mass storage device, e.g. an optical disk.
Hence one needs a large Sequential Access Memory (SAM). This should not slow the execution
because storage and retrieval are done at the usually higher burst rate. The realization of this very
desirable RAM/SAM ratio is based on alive variable analysis discussed in Section 3

To illustrate the second point let us briefly consider the linear case. The adjoint of any linear
function w = f(Z) — Aw issimply the incremental vector operation z+ = wA, which isisin fact
independent of the argument z Irrespective of the number of rows and columns in the matrix A the
penalty factor is here almost exactly Q{ff — 2, and the storage requirement between sweeps should
be small, especialy if the components of z have consecutive indices. However, if the matrix vector
product is broken into individual scalar operations each of them will be represented separately on
the tape. Even worsg, if the same constant matrix A isused in several matrix-vector products al its
entries Will be copied repeatedly into memory. In principle the inclusion of standard matrix-vector
and dot products into the library of elementary functions should provide no difficulty.

The third points closely related to the second except that we are thinking here of nonstandard
procedures that involve a significant number of local variables and are quite expensive to evaluate.
Purely in terms of arithmetic operations it would then be advantages to store all their internal
intermediates during the forward sweep as part of the overall execution trace. However, especially
if the same procedure is called many times with different arguments (as may happen for example
in a finite element calculation) one can save a lot of memory by storing only the arguments and
then repeating their evaluation and the corresponding adjoint operation during the (outer) reverse
sweep. This idea was already published by sc Volin and is also the basis of the logarithmic method
proposed in [8].

The fourth proposal can be applied to complicated right hand sides or scalar valued subroutines
primarily if only first derivatives are required. Actually, in combination with ring arithmetic it can
also be used to calculate higher derivative vectors of the form (1) and (2) provided the weight vector
y and the directions *W are already known during the forward sweep. The idea is that whenever a
single scalar is calculated as afunction of one or more arguments using some unnamed intermediates,
then its gradient with respect to these arguments can be calculated by alocally reversed sweep during
the overall forward sweep. For the purposes of calculating global first derivatives this local function
can be immediately replaced by its linearization, i.e. the gradient. The variables that are eliminated
by this preaccumulation need not be unnamed, provided one can be sure that they do not occur
anywhere else as an argument. This is clearly true for the local variables in a scalar valued function
routine or the temporaries generated during the evaluation of a complicated expression. To the best
of our knowledge the precompiler GRESS is the only implementation that immediately linearizes
the right hand sides of scalar assignments. In terms of arithmetic operations such preaccumulations
are only beneficial if several reverse sweeps follow the original forward evaluation. However, they
always lead to areduction in the storage requirement. This approach may still be worth while if a
few scalars are computed from a sizable number of arguments using alarge number of intermediates.
We will not pursue this idea here because it leads again to a combinatorial optimization problem.

The second point is the reason why we did not simply assume that all elementary functions are
scalar valued, which is of course possible from a theoretical point of view. In fact all current
implementations of automatic differentiation known to us break the calculation down to real valued
elementary functions, and most limit them to binary arithmetic operations and univariate functions



