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Abstract

The present paper contains a generalization of a refinement of the Newton—
Mysovskii theorem, recently obtained by the authors, to the case of
Gauss-Newton procedures for solving nonlinear least-squares problems
with full Jacobians. Invariant sufficient conditions are given that ensure
the convergence of the Gauss—Newton iterates towards a solution of the
problem, as well as the uniqueness of that solution in an explicitly defined
neighborhood. It is shown by a counter—example that the results do not
carry over to the rank-deficient case.
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1. Introduction

The Gauss—Newton method is one of the most popular techniques to tackle
nonlinear least squares problems. Only first—order derivative information is
used to construct a useful local quadratic model. As has been shown earlier,
the ordinary Gauss-Newton method converges locally for so-called adequate
nonlinear least squares problems [2], which means a characterization of a “small
residual” at the solution point in terms of second—order information — in basic
agreement with results of WEDIN [8], but in contradiction with statements of
GILL/MURRAY [6] who suggested such a characterization based on first—order
information (in particular, in terms of the singular value distribution of the
Jacobian). In contrast to WEDIN [8], however, the characterization of [2] uses
norms and quantities exclusively in the parameter space — a fact, which makes
an extension to the constrained case much easier and even trivial (compare [3]).
In fact, a rather general class of nonlinear least squares problems is covered by
the convergence theorem of [4], which is a natural generalization of the well-
known Newton-Mysovskii theorem. Recently, in [5], the present authors gave a
refinement of that theorem, which guarantees both quadratic convergence and
uniqueness out of one frame of simple assumptions. The purpose of this paper
here is to generalize that convergence theorem to the nonlinear least squares
case.

2. Local Convergence of General Gauss—
Newton Methods — the Full Rank Case

Consider the nonlinear least squares problem
g(z) := ||F(2)|}; = min (2.1)

where F: D C IR®™ — IR™ is a twice continuously differentiable mapping of an
open set D C IR" into IR™ and m > n. In order not to complicate notation
unnecessarily, the restriction to the finite—dimensional case is made throughout.

At each step a Gauss—-Newton method solves a linear least squares problem of

the form
g(Az) = ||F'(z¥)Az + F(z") |3 = min (2.2)

to obtain a correction Az*, and then defines

L N PR

= gF L AP B 7 (2.3)



If F'(z k ) has full rank, then (2.2) has a. umque solutlon Otherwise the solution
set of (2.2) is a‘hnear manifold Ny of dimension p = n—rank (F (zk)) in the
parameter space IR™.

The ordmary Gauss-Newton method takes as Az* the “shortest” solution of
(2.2) ie. the orthogonal prOJectlon of the orlgm of IR" onto the hnear mamfold

Nh o ,
Az :Pr(IR",Nk)(O)”; R (2 4)

In terms of the Moore-Penrose pseudo—-inverse this can be written as

Y
'y

Ak = —F/(=N)F(). D (25)'

WEDIN - [8] mterprets (2. 2) as the problem of ﬁndmg a pomt y on the hnear
manifold : .

M, = {ye R™: y=F(zF)h + F(zF), h € RF}.

(2.6)
F(z*) + R(F'(2))

that is closest (in Euclidian norm) to the origin of IR™. This point is unique
and is given by the orthogona} projection of the origin of R™ onto My i.e
y* =Pr(R™, My)(0).. . . . . (27)

Let Ay denote the affine mapping

Ax(h)'= F'@*) K4 F(z*) .~ e (28)
Weh‘a,Veiclez;rly" S T R
My = Ak(|Rn), N = A;l(yjk) T s (29)
so that -
dim(My) + dim(NV) =n . (2.10)

Therefore Ny = {z*} if and only if dim(M;) = n i.e. whenever £ (z*) has full

rank.

In summary, it follows that the ordmary Gauss—Newton method
gt =gf — (a8 Pk =0,1,... . (2 11)

is well defined, and at each step the correction Az* = z"‘” —z*is the pro;ectlon
of the origin of IR™ onto the linear manifold Ny formed by the solutions of the
linear least squares problem (2.2).



It is poss1b1e to con51dér rnore general Gauss Newton algonthms of the form
‘ i ¢

:ck"'l =z —I‘F(:c ), F(:rk) k=0,1,. e s(z 12)

where I‘ F( k) is a, hnear ma;pp,mg tha.t genera,hzes the Moore—Penrose pseudo—‘
inverse. The following theorem due to DEUFLHARD /HEINDL [4] gives sufficient’
conditions for the convergence. of the sgquence of iterates {z*} generated by
(2.12). o

LN
J

Theorem 2.1 Let F : D C IR* —. IR™ be a continuously differentiable mapping
defined on an open convex set Dc IR" ‘with values in R™, and let T'r : D —
IR™™ be a given mapping. Assume that one can find a starting point €D,
a mapping k : D — R and constants a, w, & > 0 such that

o) ITrE)FE) S . 0\ -

b) ITr()(F'(u+s-v) — F(u)] < s wffol?
0SSy e

' Lt RE R AR g

PR ﬁ(wﬁrF(x))th E n(m)lly sl VeyeD - (213)

d k(@)<E<VzeD'' Y T

.1
h' 5aw< 1—K' SENRESEN]

T
.......

e 5(a°p) C D with po:= a/(L~F —h).

Then the iterates {z*} from (2.12) are well-defined, remain in:S(z°, po) and

converge to some z* € ?(:&g,’;po),wzlth‘_g B
Fp(m‘)F(:t:*) =0. (2.14)
FA L [ Nortite
The convergence rate can be estzmated accordmg to ' . ‘
okt = 2#) < (a7 + St — o) I - k“n - (1)

Note that for the ordinary- Gauss<Newton mhethod, where T'r(y) = F'(y)*,
cond1t10n (2 13 c) reduces to

NG SRR TaN

P ) — ) Pr(R™ bes( P DI =s@lv=el = 5 16)
Vz,y € D,



while equation (2.14) will become .

P Fe) =0, @17’

In the case n = m, and F’(z) has full rank (i.e. nonsmgula,r) then F’( )+ =
F'(z)™' and (2 16) is trivially satisfied with «(z) = 0 because ker(F’(z)%) = {0}.
In this case Theorem 2.1 reduces to the affine invariant version of the Newton-
Mysovskii theorem of DEUFLHARD /HEINDL [4]. As we mentioned in the intro-
duction, that theorem has been recently refined by DEUFLHARD /POTRA [5] so
that it guarantees not only the convergence of the iterates towards a solution
but also the uniqueness of that, solution. We will now generalize that result to
the case of the ordinary Gauss-Newton when m > n and F'(z) has full rank.

As will turn out, condition (2.13.c) can be replaced by a condition of the form

H(F’( ) F'(x) ) (x)ll <)\( )Ilr—yll Vw y ED - (218)
SN A [ERER -
We note that (2.18) does not necessarlly 1mp1y (2. 16)
Theorem 2.2 Let F be a continuously dzﬁerentzable mappmg deﬁned on an
open convex set D C IR™ with values in IR™ and suppose: there ate a startzng'
peint 2° € D, a mapping A : D — RY and constants @, w, X such that '

Q) |F'(e®)FFEO)| <a: v e
b)) 1P ()t (F'(u + sv) ~ F'(u)o]| < swlfol]®
Vs €(0,1),y € D,u € D,v e DNR(F(u)*)
¢) (F'(y)* —F'(2)*)F(a)|| < \z)|lz.~ ]}, Yz, y € D (2.19).

d) Mz)<X<1VzeD
h:= %ozw( 1—X

o R R C [PREES

P e) S(2°p) C D with p:=af(l =X —h)

Then the ztemtes {x"} from (2 11) are well deﬁned and converge to some z* Ev
5(2°% p) with "~

t P )TF(:I:) A (2.’2‘0)‘t

The convergence rate is characterized by

et < (M) et - ) et - (221)
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Proof. By using the fact that in the full rank case F(z)*F/(z) =I;; we can
write

a:k'*"l _ xk: = F'( k)'*'F(:t"’) o
S e R F’(:tk)*F(l’é )+F’(a:k 1)+F'(d:k I)ex _1(2.1:—1)
- ‘ R ' k v+ k-1" AN Sk i TARTRETES B BRIV
R ‘“’“+F( )'Flr(x r ) ECRE TR IR FLERIN S F RN B RN R
BIRE ' L 4"=:r'(F’(w'° 1)+ F'(:tk) ) ( ) S AR AP SO pobeg
LT AR Y (R S Rk = F'(mk‘*) a0
The last two terms- inay be ma}orated by virtue of (2. 19! by c)to obtam (2 26)
Then the theorem follows by standard techmques (see [5]) o [

We note that condltlon (2 18) appears in BEN ISRAEL [1] and the above The-
orem 2.2 may be regarded’as a parametér:space based version of, Theorem 2.1
of [1]. Furthermore, we have

R CONE T .'\J\'t,"‘{'. ‘3'3-; RIS . ‘ Sl L g Y
Proposition 2.3 [1], Underithe lslkypot.[zeszsmof Theorem 2.2, z* 15 an 1solated
zero of the equation ' ' ' ‘

" Pt B(a) = 0 e (2.22)

in the set D NT, where T, is the linear manifold - '
D=t + R (). (2.29)
U R S A oL i

In case F”(z*) has-fiill fank then 7, = IR™'so that we obtain:'

Corollary 2.4 Under the hypothesis of Theoréin?j2“”s&p})oeeithatf F'(z*) s full
rank. Then z* is an isolated zero of the equation (2.22) in D,
o ) “, b |

- ARSI RS

The above corollary says that there is a ne1ghborhood of z* which contalns no
other solution of the equation (2:22) besides 2. We remark that thls does not
imply. the fact that z is an isolated 2€T0 of, the equation '

F '(zT)F (z)=0 (2:24)

In the following theorem we give sufficient conditions under which the iterates

produced by the ordinary Gauss—Newton method cOnv‘erge to an isolated zero
of the equation (2.24).



Theorem 2.5 Let D C IR" be convez and open and let F: D — R™, m 2 n
be a continuously differentiable mapping whose Jacobian F’'(z) has full rank for
all z € D. Suppose that the nonlinear equation (2.24) has a solution z* € D
and that there are constants w > 0 and 0 < A\, < 1 such that: NI

a) [|F'(2)* (F'(z + sv) = F'(z)o]| < swpofl?

Vse€(0,1), zeD,veD
(2.25)

b) (F(2)* = F(a V()] < Alle =2, Vo €D
o) Bola) = fp € R Jomatl <o=301-A)w}CD
Then for any startmg poznt 2°€ D such tﬁat 5 S | A
||z — :z:°|| < 1(1 — /\ Y=o o ' (226)

the Gauss—Newton iterates (2.11) are well deﬁned, converge to * and satisfy
the following inequalities s L

e — s s Sl - 4 At~ Sellet ol <o (22T)

whére w . .
= Yot a <1, )
Moreover z* is the umque solutwn of the nonlznear equatzon (2 24) n the open

BalIBy(z*)." -

Proof. If F’(z) is of full rank then F’(m)"'F(m) I s0 that we can write

] oo

‘ fa:k.ﬂ —z* = ~z_’°'~—x —F’(x’“)+F(x’°) |

= FEFRE) - FEH) - P -
| - (P = P FE)
and by using (2.25) we dbtain |

l|$k+1

»* w * *
—z < et -+ A - 2

w i
= (Fle* =274 %) ik — ") = et — =)
t
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For £ =0 we have W St ed e ennee iy
“h ' e ) YRR ' ey
coEc=2 =p+ X, <-a+)\—-1 T
, T A SR 2 2 w o ) BT
and therefore we have®' -« RV T R SR TIL N

o — 2% Sieoflz® = o]l < [la® —a™f| S pi 1

By induction we can prove that o SRR S AU | SR
65+ ~ 27l < il — 27| ot

wherefrom we deduce the ‘convergence bf the sequéhée {z*} bechise ¢ < 1.

Suppose now that there is another solution z*™* of equation (2.24) such that
p = |lz* —z**|| < 0. If we take 2% ='** then the ordinary Gatss-Newton'
method (2.11) gives 2! = z* a.nd by applymg (2.27) we have

||x :1:||<co||a: —x” 0<c<1
(RN ’ B TSR S T . T S

wherefrom it follows that z* = z** R, .‘ ‘\ P |

In case our problem is compatlble, ie if F (a; ) = 0, then A\, = 0 and (2 27)
shows that the sequence {m"} converges "even quadratically. In the particular
case n = m Theorem 2.5 reduces to the refined Newton-Mysovskii theorem

obtalrled in [5].

B N T -

3. A Counter-Examplé for the Rank-Deficieit
Case |

PN IRt A ARSI S TR
In order to throw some light into the rank—deﬁaent case, we present a counter—
example which shows that Theorem: 2.5 cannot be extended in a straightforward

way to the case where the J acoblan F (:1:) is rank deﬁc1ent Let n=2,m=3

' 1
i

and o AR SR » SERRN
2 ﬁ f’l ‘
zz( ),F(m)=% 52—77 . (3.1)
77 2 R ‘ . . P . .
We have
& —n
P@=|¢ | . (32)
0 0
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For convenience let us take o "

IR P v R ; ot

Dz{(é)elR2:£>p,n>0,§+n>1}. (3.4)

Then it js easily seen that the hypotheses of Theorem 2 1 are satlsﬁed for || - || =

Il - ||2and( \ P | L
vm°=(‘),a=-7—,E:0,w=1, 4 .

: T .3\ T 20 PR o § : (3.5)
C o h=gLe=¥0 o

Therefore the Gauss—Néwton iterates will converge quadratlcally to.a solution

of the equation F'(z)* F(z), which in our case reduces to
R ‘ < s . s i : o/ !

S =gl L L (3.6)

We note that in our case t‘.he solutlon sets of (2. 1) (2 24) and (3 6) comade
and clearly this solution set contains no isolated pomts ‘We also note that the
J acoblan of the 1terat10n mapping, ' '

H(z) =z — F'(z)*F(z) (3.7)

[ TR AL B PR

at a solution point with £ =5 is giver_l by

R L . . (3.8)
¢ 11

The above n)lratnxhas the éigénvali;es equal to 0 and 1 and therefore

e e

Therefore the qhddratic lc'o‘nve;i‘\gén(;:ej of the Gauss-Newton iterates cannot be
proved in a standard: way. However, from Theorem 2.1 it follows that .

Nlb-l

o~ < Bt o k= L2l (310

and by using Proposition 6.4 of [7] we deduce that there is a constant § > 0
such that
|25t — 2*|| < §||a* —2*|* k=0,1,... (3.11)



Generally speaking, the Gauss-Newton method will converge within some sub-
space, if the nullspace ptojection re rema.lhs ‘constant throdghout D. Even more,
convergence can be guaranteed, if this projection itself satisfies a Lipschitz con-

dition. These cases, however, are left to some future investigation. ' ° o
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