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Abstract 

The present paper contains a generalization of a refinement of the Newton-
Mysovskii theorem, recently obtained by the authors, to the case of 
Gauss-Newton procedures for solving nonlinear least-squares problems 
with full Jacobians. Invariant sufficient conditions are given that ensure 
the convergence of the Gauss-Newton iterates towards a solution of the 
problem, as well as the uniqueness of that solution in an explicitly defined 
neighborhood. It is shown by a counter-example that the results do not 
carry over to the rank-deficient case. 
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1. Introduction 

The Gauss-Newton method is one of the most popular techniques to tackle 
nonlinear least squares problems. Only first-order derivative information is 
used to construct a useful local quadratic model. As has been shown earlier, 
the ordinary Gauss-Newton method converges locally for so-called adequate 
nonlinear least squares problems [2], which means a characterization of a "small 
residual" at the solution point in terms of second-order information — in basic 
agreement with results of WEDIN [8], but in contradiction with statements of 
GlLL/MURRAY [6] who suggested such a characterization based on first-order 
information (in particular, in terms of the singular value distribution of the 
Jacobian). In contrast to WEDIN [8], however, the characterization of [2] uses 
norms and quantities exclusively in the parameter space — a fact, which makes 
an extension to the constrained case much easier and even trivial (compare [3]). 
In fact, a rather general class of nonlinear least squares problems is covered by 
the convergence theorem of [4], which is a natural generalization of the well-
known Newton-Mysovskii theorem. Recently, in [5], the present authors gave a 
refinement of that theorem, which guarantees both quadratic convergence and 
uniqueness out of one frame of simple assumptions. The purpose of this paper 
here is to generalize that convergence theorem to the nonlinear least squares 
case. 

2. Local Convergence of General Gauss -
Newton Methods — the Full Rank Case 

Consider the nonlinear least squares problem 

g(x):= \\F(x)\\l = min (2.1) 

where F : D C IRn —> IRm is a twice continuously differentiate mapping of an 
open set D C IRn into IRm and m > n. In order not to complicate notation 
unnecessarily, the restriction to the finite-dimensional case is made throughout. 
At each step a Gauss-Newton method solves a linear least squares problem of 
the form 

gk(Ax) := \\F'(xk)Ax + F(xk)\\2
2 = min (2.2) 

to obtain a correction Axk
1 and then defines 

x^1 := xk + Axk . : (2.3) 
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If F\xk) has full rank, then (2.2) has a,unique solution. Otherwise the solution 
set of (2.2) is a linear manifold Mk of dimension p = n-rank (F'(xk)) in the 
parameter space IR™. 
The ordinary Gauss-Newton method takes as Axk the "shortest" solution of 
(2.2) i.e. the orthogonal projection of the origin of IRn onto the linear manifold 

^ . • : • . . . . , - • • . , - • , , . . . . . - • ; • • r . . - , - ; • 

1 " ' • ' • • Axk = Vi(\Rn,Mk){0). ' (2.4) 

In terms of the Moore-Penrose pseudo-inverse this can be written as 

M ' ; , " "'• ;:\&xk = -F,(xk)+F(xiey. • '(2:5)-

WEDIN*[8] interprets (2.2) as the problem of finding a point yk on the linear 
manifold 

My := {y £ \Rm : y = F\xk)h + F{x%h e IR*}. 

..t = F(xk) + n{F\xk)) 

that is closest (in Euclidian norm) to the origin of IRm. This point is unique 
and is given by the orthogonal projection of the origin of IRm onto. Mk i-e 

yfc = Pr ( IR m ,X f c ) (0) r . • ; , (2.7) 

Let Ak denote the affine mapping : 

Ak{h)'=F'(xk)K'+F{xk). •• •- •"'••' (2.8) 

W e have c lear ly ' " •' '" ' '• : : ; \ n ; 

Mk = Ak(\R
n), Mk±A?{f): •' - • .. (2,9) 

so that ' 
dim(Xfc) + dim(A0 = n . (2.10) 

Therefore Mk = {xk} if and only if dim(.Mfc) = n i.e. whenever F'(xk) has füll 
rank. 

In summary, it follows that the ordinary Gauss-Newton method 

• . • x
k+h=xk-F'(xk)+F{xk)^k = 0,lr... ; (2.11) 

is well defined, and at each step the correction Axk = xk+l —xk is the projection 
of the origin of IRn onto the linear manifqld Mk formed by the solutions of the 
Hnear least squares problem (2.2). 
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It is possible to1 consider more general Gauss-Newton algorithms of the formt 

xk+1 = xk - TF(xk), F(xk), fc = 0,l , . . . . •-•,-•:•• i <2,12) 

widere r-jp(^*).is a Unear mapping that generalizes the Moore-Penrose pseudo-
inverse. The following theorem due to DEUFLHARD/HEINDL [4] gives sufficient 
conditions for the convergence of the aequence of iterates {xk} generated by 

(2.i2). ; ' ; ' ': 

Theorem 2.1 Let F : D C IR" —> IRm,Ae a continuously differentiable mapping 
defined on an open convex set D C IRn, with values in \Rm, and let TF : D —> 
\Rn*™ be a given mapping, .fosume tha^ one can find a starting point x° ^ D, 
a mapping K : D —• IR+ and constants a, u, 7c > 0 such that 

^ a) \\rF(x0)F(x°)\\<;a , 

b) \\TF{y){F'(u + s-v)- F'iu^i < s-u\\v\\2 

c)']YF{y)(I^F'{lcfPF{^ (2.13) 

d) K ( X ) < 7 c < V x € / ) ' " ' ' " • • " ' • !"°' " '•' 

h : ~au> < 1 - 7 c , 1 ; J „ V , ; ,M . __; ;. (A .; ; 

e S(x°,p) C -D tfii/i /?o "••=?= a / i ( l - ? j , - fo) . 

Then the iterates {xk} from (2.12) are well-defined, remain in S(x°, po) and 
converge to some x* £~S[x9,,p0) with: ?: 

TF(x*)F{x*) = 0 . (2.14) 
»< . ! i ' : ; , , „ i . v . , r ; i • , • 

The convergence rate can be estimated according to, . : . ., 

Hx^1 - xk\\ <Uxk^) + £| |** - x*-1]!). II** - x*+1||,._ (215) 

Note that for the ordinary- Gauss^-Newtön xnethöd, where TF(y) = F'(y)+, 
condition (2.13.c) reduces to 

...I , (2.1,6) 
Vx,y 6 D , 
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while equation (2.14) will become, •••,•:•; r ,, < 

F'(x*)T F{x*) = 0 . (2.17) ' 

In the case n = m, andF'(,x) has full rank (i.e. nonsingular) then F'(x)+ = 
F'ix)-1 and (2.16) is trivially satisfied with K(X) '= 0 because ker(F'(x)T) = {0}. 
In this case Theorem 2.1 reduces to the ^affine invariant version of the Newton-
Mysovskii theorem of DEÜFLHARD/HEINDL [4]. As we mentioned in the intro­
duction, that theorem has been recently refined by DEUFLHARD/POTRA [5] so 
that it guarantees not only the convergence of the iterates towards a solution 
but also the uniqueness of that, solution. We will now generalize that result to 
the case of the ordinary Gauss-Newton when m > n and F'(x) has full rank. 
As will turn out, condition (2.13.c) can be replaced by a condition of the form 

\\(F'(y)+-F'(x)+)F(x)tt< X(x)iix - y\\ Vx,yeD . (2.18) 

We note that (2.18) does not necessarily imply (2.16)i • , 

T h e o r e m 2.2 LetF be a continuously differentiable mapping defined on an 
open convex set D C \Rn with values in \Rm and suppose1 there are a starting 
fpint x° £ D, a mapping A : D —»• IR+ and constants a, u, A such that 

a) \\F'(x°)+F(x°)\\ < a •.••••, - .• ••, • • ;; ;:, , .x -

'.••••'•••.' b) \\F'(u)+(F'(u + svj-F'(u))v\\ < su\\v\\2 

,< Vs e ( o , i ) , y e D , u e D , v < = D n ii(F'(u)+) 

c) \\(F,(y)+-tV{x)+)f(x)\\<Xx)\\x-y\\ryxiV-ie.D (?.19), 

d) \(x) <J<l\/<xeD 

h := \aijj < 1 w.I i ••'••• > • . • , - , • ( . • • •.. h 

t; e) ~3(x°,p) C D withp:=aj(l -J-h) 

Then the iterates {xk} from (2.11) are well defined and converge to some x* £ 
S(x°,p) with ' ' ' '"" 

: ' ' ; F^{x*fF(x*f=b: " ! (2;2t)): 

The convergence rate is characterized by ' 

.,. .., . ||a;*+i _ x*|| ,< (\(xk) + | | | x * - xk-{\\\ \\xk - x*"1!! . . (2.21) 
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Proof. By using the fact that in the full rank case F'(x)+F'(x) ' ^ ' / ^ w e can 
write 

xk+l-xk = -F'(xk)+F(xk) 

; '• ;' • = \-r'[xkfi:F{xk) + xk -x*-1 + F'^yFix^T'*' ,:{ 

'"•;•':'' : ' . . " ^ ( ^ - M + F f x ^ y / ! ' ' n ; ' ' ' ' i-^^'::-^'^ 

:t" : ' -= (^(x^^+'-F^+^x^)- ' . * - ••-- - > ' , , , , ;; f..-.-; 

, ''' ",. ,' ''' •' 'J'1 ̂ F'lx^y(F(xk) -F(xk+l) - f(xk^Wk%xklJlfi " ; " 

The last two terms' may be majorated by virtue of (2.1$ib;'c)>to obtain' (2.26).-
Then the theorem follows by standard techniques (see [5]) H 

• "• '- ' ' ' . - ' '•" ; | \ ' - '••' ; ' ' ' . " |( ' i : ' ""• •' i ' v . :'':: 

We note that condition (2.18) appears in BEN-ISRAEL [1] and the above The­
orem 2.2 may be regarded'äs a 'pat?tmeterrspace based version! of; Theorem 2>1 
of [1]. Furthermore, we have 

Propos i t ion 2.3 J1].A Underxthe hypothesis „of Theorem 2.2, x* js an isolated 
zero of the equation K , , .;. -., 

F'(x*) r ^ ( x ) = 0 (2.22) 

in the set D V\T* where T* is the linear manifold \ '• ' '•, 

;?!\=;X* + mF'(**yih . ; -»•• ; • ? (2.23) 

• 

In case F'(x*) has-full rank then L?; =' lRn;so that we! obtain:»:v' -

Corol lary 2.4 Under the hypothesis of Theorem^..2t suppose-thatF'(x*) is full 
rank. Then x* is an isolated zero of the equation (2.22) in D. 

• ' • - ' ( - A • . : : v. *.>;••:• : . : • - . • ' • • : ! • • ' . • • 

The above corollary says that there,is a neighborhood of,x* ,which contains no 
other solution of the equation (2.22) besides xv. We remark that this does,^ot' 
imply, the fact that x is an isolated zero of vthe ̂ equation 

F'(xT)F(x\ = Q,v _ _ , , : i , ( 2 - 2 4 ) 

In the following theorem we give sufficient conditions under which the iterates 
produced by the ordinary Gauss-Newton" method converge to an isolated zero 
of the equation (2.24). 

5 



Theorem 2.5 Let D C IRn be convex and open and let F : D —> IRm, m >n 
be a continuously differentiablß mapping whose Jacobian F'{x) has full rank for 
all x G D. Suppose that the nonlinear equation (2.24) has a solution x* G D 
and that there are constants cu > 0 and 0 < A* < 1 such that -. : ..- ••••' 

a) \\F'(x)+(F'{x + sv)-F'{x)v\\<su\\vf • 

Vs € (0,1), x eD, v eD 
(2.25) 

b) \\(F'{x)+ -F'{x*)+)F(x*)\\ < X.\\x -x*\\, VxeD 

c) BJ^*) :;= {x 6 IR",: ||x ->x*\\ < a = 2(1 - A,)/w} C D !. 

TTten /or any starting point x° .G D such that 

p := \\x - x°\\ < - ( 1 - A,) =: a (2.26) 

the Gauss-Newton iterates (2.11) are well defined, converge to x* and satisfy 
the following inequalities 

:'j|xfc+1 -x*n<%\\x k-x*ii2 .+ A;i|xfc.->if'<:,c||xfc-x*ii<P: j s ^ i ) 

where 
c = | p + A, < 1 . ''(2.28)' 

Moreover x* is the unique solution of the nonlinear equation (2.24) in the open 
iklBa{x*).K '' ' ' '' • ; ' ' " - ' ' •' "' •'• ' - ' ' 

Proof. If F'(x) is of full rank then F'(x)+F(x) = I so that we can write 

: 'xkr¥i_x* ±.•'•^••^x* -F'{xk)+F(xk) ••-:'-• 

= F'(xk)+(F(x*)-F(xk)-F'(xk)(x*-xk)) 

(F'(xk)+- F'(x*)+)F(x*) 

and by using (2.25) we obtain 

\\xk+l-x*\\ < | | | x
f c - a ; * | | 2 ^ A , | | a ; f c - x * | | 

( | lN* - * 1 + A*) 1 1 ^ - *1I = Ck\\xk - a:*|| 
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For fc = 0 we have1 

co =/c = -̂ /> + A, < -~<J + Xm = 1 ' *' 
I k 

. ' 1. < > . ' ^ " i f •• i > t_ 

3 ) . ; j . ' . • . . . , • \ 

" l i ' and therefore we have'.1 v- s 

Hx1 - x ° | | <;teB;||x?-*l < ||x° -,x*| | < /a,.,-,'... •. , ( 

By induction we can prove that , (\ v ... ,.H <.'.'-•' 

||xfc+1 -x*|h<cfcjjx^ - x * | | < 4 C o | | ^ - x ? | | •'•• • " > / • 

wherefrom we deduce the convergence of the sequence {xk} because CQ < 1. 
Suppose now that there is another solution x** of equation (2.24) such that 
p — \\x* — x**|| < a. If we take x"8 — *x** then the ordinary '"Ga'üss-Newtörr 
method (2.11) gives x1 = x** and by applying (2.27) we have 

| |x**-x*| | <co||x-**-x*||, 0 < c < l 
. " ; , . . . . - . - • r ' ' - » • • • • • • ' • , » f • 

. . w v > ' v . '• n '. '• i ' . '• • ' . 1 . • ." :' :.. s v ^ J , \ . -, , . - *• 

wherefrom it follows that x* = x**. .,\Sl . ,• 

In case our problem is compatible, i.e. if F{%*) = 0, then A» = 0 and (2.27) 
shows that the sequence {x*} converges''even quadratically. In the particular 
case n — m Theorem 2.5 reduces to the refined Newton-Mysovskii theorem 
obtained in [5]. 

•i-S' 

3. A Goüi^ef-Exärnple for the ftant—Deficient 
Case 
' r •, . • : ,.ii'> :.,-. ' .-. ' t v ' ^ '' . , ; ' ' \ , ; . - ; ; j v : ' : " u : ,'• ' •-. < • ; 

In order to throw some light into the rank-deficient case, we present a counter­
example which shows that Theorem\2.5~cannot be extended in a straightforward 
way to the case where the Jacobian -f'(x) is rank deficient. Let n = 2, m = 3 
a n d f W 7 \ '-•'" •• 

x=M T>(W= i e2 - ^ (3.1) 

We have 

(i 
F'(x) = 

-»7 \ 

t -v 
\o o y 

(3.2) 
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« ^ ' • 4 - ' ! ; •' • -••' ( 3 " 
For convenience let us take 

ß = | [ M e l R 2 : e > P , ^ > 0 , f + i 7 > l l . (3.4) 
I \ »/ / J : • 

Then it is easily seen that the hypotheses of Theorem 2.1,are satisfied for || -J| = 

II' h a n < i • * >, . • 

. . • . , . • « ° = . ( . J ) . « « • = * . " = , » . ' - l . - . : ( 3 . 5 ) 

r . , , 4 0 i' r 3 3 v I : - ..-; • . , , , ', , , • 

Therefore the Gauss-Newton iterates will converge quadratically to a solution 
of the equation F'(x)+F(x), which in our case reduces to 

: V '• <• . , , , . - > . " ^ = ^ 2 - , •'.: . . - " " • • -. • • (3 .6)" 

We note that in our case the solution sets of (2.1), (2.24), and (3.6) coincide 
and clearly this solution set contains no isolated points. We also note that the 
Jacobian of the iteration snapping .;'<••,•'; , ' 

H(x) = x - F'(x)+F(x) '",],' '"'.',' (3-7) 

at a solution point with £ — rj is given by 

The above,matrix has the eigenvalues equal to 0 a,nd } and therefore 

. ^ ri ||^Qj|| = l'.' (3.9) 
i - ' : . ; 1 . •••••'>•'• ; - ; ü i ; , • : . • . . . , , • • • • _ . • - : • • • . • • : • 

Therefore the quadratic convergence of the Gauss-Newton iterates cannot be 
proved in a standard-way: However, from Theorem 2.1 it follows that : 

'; " ''• | |a :*+il-a.*j| , '<l|fa.*_a.*-i| |2 £ = 1,2,..! , ' (3.10) 

and by using Proposition 6.4 of [7] we deduce that there is a constant 8 > 0 
such that 

||x*+i -x*\\< 8\\xk - x*f k = 0 , 1 , . . . (3.11) 



Generally speaking, the Gauss-Newton.method will converge within some sub-
space, if the nullspace projection remains constant throughout D. Even more, 
convergence can be guaranteed, if this projection itself satisfies a Lipschitz con­
dition. These cases, however, are left to some future investigation'. ' r ! 
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