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ABSTRACT

In this paper it is shown that for highly nonuniformly refined tri-
angulations the condition number of the BPX preconditioner for el-
liptic finite element problems grows at most linearly in the depth of
refinement. This is achieved by viewing the computational available
version of the BPX preconditioner as an abstract additive Schwarz
method with exact solvers.
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INTRODUCTION

The recently introduced BPX preconditioner of BRAMBLE/PASCIAK /XU
[5] for elliptic finite element problems has drawn a lot of attention to it due
to several interesting features: ‘

e its condition number estimate is independent of the space dimension

5, 18]
e it is fully parallel [5]

e it can be easily extended to preconditioners of other problems like prob-

lems arising from semidiscretization in time of a parabolic problem
[3, 4, 15

The theory presented in [5, 15] yielded as condition number estimate & =
O(3?) for a large class of problems on quasi-uniform triangulations of refine-
ment depth j. This result was recently improved in several ways:

o For highly nonuniform triangulations YSERENTANT [18] showed that
% = O(7).

e By means of a strengthened Cauchy-Schwarz inequality ZHANG (Courant
Institute, New York) obtained & = O(j) for quasi-uniform triangula-
tions, [14].

¢ By means of best approximation arguments in Besov-Sobolev spaces
OSWALD [11] obtained that £ = O(1) on quasi~uniform triangulations.

This paper is devoted to the proof of k = O(j) for highly nonuniform
triangulations, thus combining the results of YSERENTANT and ZHANG.

This can be achieved by viewing the computational available version of the
BPX preconditioner in a new way: directly as an abstract additive Schwarz
method with ezact solvers. This interpretation seems to be known in the do-
main decomposition community but was not consequently used for purposes
of a proof. DRYA/WIDLUND viewed instead in [7] the orthogonal projection
version of the BPX preconditioner as an additive Schwarz method with inex-
act solvers, XU considered in [16] the computational version as a multilevel
domain decomposition method. /

Our interpretation as an additive Schwarz method with exact solvers is
conceptually simple, allows to apply the well developed proof machinery of
the additive Schwarz methods and helps to clarify the understanding of the
computational version of the BPX preconditioner. A special feature of our



proof is — in contrast to all other known proofs — that we do not use the
weighted L2-projections, which constitute the orthogonal projection version
of the BPX preconditioner.

In Section 1 we provide some notation used in the following sections. Sec-
tion 2 briefly discusses abstract additive Schwarz methods as a general con-
struction principle for preconditioners and provides the proof machinery.

Section 3 gives the interpretation of the computational BPX version as.an
additive Schwarz method.

Section 4 derives a bound for the smallest eigenvalue of the preconditioned
system. Here the stability and approximation results of YSERENTANT [18]
for certain restriction or quasi-interpolation operators come into play.

In Section 5 a constant bound for the largest eigenvalue is derived by using
orthogonalities introduced by colorings of the triangulations and a strength-
ened Cauchy-Schwarz inequality between subspaces generated by those col-
orings. '

In Section 6 we discuss the implication for the orthogonal projection ver-

sion of the BPX preconditioner and the connection to the hierarchical basis
preconditioner.



1. TRIANGULATIONS AND FINITE ELEMENT SPACES

Let © C IR? be a bounded simply connected polygonal domain and T'p
a boundary piece of @ which is assumed to be composed of straight lines.
Introducing the space of weak solutions

Hp(Q) = {u € H'(Q) | ulr, = 0}

we consider the variational problem for some f* € (HL())*: Find u €
HE(9) such that

a(u,v) = f*(v)
for all v € HL(R). The bilinear form a(-,-) is defined by

2
a(u,v) =/;z Y a;j0udjvdz.

1,7=1

We assume that a;; € L*°(Q) and a;; = aj;.
A triangulation T of the polygonal domain 2 is given as the set of triangles
resulting from a simplicial partition of Q.
We start with a coarse triangulation Tp of 2 with the property that the
Dirichlet boundary piece I'p is composed of edges of triangles T' € To.
We assume that there are positive constants 0 < § < 1 < A and w(T) such
that 1
2 2 2
(1.1) Sw(T) I € < Y au(z)bbe < Aw(T) D¢}
i=1 §,k=1 i=1
for all T € Tp, almost all z € T and all ¢ € IR?.. Thus a(-,-) is a symmetric,
bounded and coercive bilinear form on H}(Q2). -
In addition to the usual (semi-)norms || - |lo and |- |1 of L*(2) and H*(9),
we introduce the semi-inner product

2
(u,v)1j0, = Z;/Qo Oiud;vdz

for Qo C © measurable with induced norm |uf}jq, = (u,u)1jq,. Furthermore
we introduce the weighted H'() semi~inner product

2
(u,9)1% = w(T)Z/T&-uB;vdx,

TeTy =1



which induces the seminorm |uz, = (u,u)15, and the weighted L*({2) inner

product @
w
(u v)g;T = Z ————/ uvdz
’ 0 Te% ITI T I
which induces the norm ||[ul}7 = (u,%)o;-
Relation (1.1) may now be written as

(1.2) Slully < a(u,u) < Alulfg.

The triangulation 7Ty is refined several times, giving a family of nested
triangulations 75, 71,...,7;. A triangle of Ti4q is either a triangle of 7k or
is generated by subdividing a triangle of 7 into four congruent triangles
or into two triangles by connecting one of its vertices with the midpoint of
the opposite side. The first case is called a regular or red refinement and
the resulting triangles as well as the triangles of the initial triangulation are
called regular triangles. The second case is an irregular or green refinement
and results in two so~called irregular triangles.

However, the irregular refinement has the character of a closure which we
force by the following rule:

(T1) Each new vertex of Ty, i.e., a vertex which does not belong to 7;_,, is
a vertex of a triangle which was generated by regular refinement.

The irregular refinement is potentially dangerous because interior angles
are reduced. Therefore, we add the following rule:

(T2) Irregular triangles may not be further refined.

This rule insures that every triangle of any triangulation 7 is geometrically
similar to a triangle of the initial triangulation 7 or to a green refinement
of a triangle in 75. These triangulations are meanwhile standard and have
been introduced by BANK et al. in [1].

The index of the final triangulation will always be denoted by 7 and will
be fixed in most of the following considerations.

By the depth of a triangle

i
TelJT
k=0

we mean the number of successive ancestors in the family of triangulations.

If we add the rule

(T3) Only triangles of depth k — 1 are refined for the construction of T,



we get the following expression for the depth of a triangle T € (Ji_, 7
depth(T) =min{0 < k<j|T € T;}.

Equipped with rule (T3) we can uniquely reconstruct the sequence 73, ..., 7;_;
from the knowledge of the initial triangulation 75 and the final triangulation -
T; alone, without knowing the actual dynamic refinement process leading
to 7; in an adaptive algorithm, see [6]. However, if we choose the data—
structures representing the triangulation cleverly, the sequence 7o, 73, ..., 7;
is smplicitly given. For example this is the case in the adaptive FEM code
KASKADE, cf. RoITzSCH [12] or LEINEN [10].

The refinement structure (T1)-(T3) implies the property of local quasi-
uniformity, i.e., the existence of a positive constant K depending only on the
local geometry of the initial triangulation 74 such that

(13) Z((f)) <K

for all T, T" € T; such that TNT" # 0. Here h(T') denotes the diameter of a
triangle.

Corresponding to the triangulations 7; we have finite element spaces
Si. Sy consists of all functions which are linear on each triangle T € 7; and

continuous on Q. Furthermore they vanish on the Dirichlet boundary piece
I'p. Because the triangulations are nested we have

SoCS& C...CS; C Hp(Q).

Let N = {z1?,.. ., 2"} be the set of vertices of triangles in 7%, whlch do
not lie on the Dirichlet bounda.ry piece I'p.

The nodal basis. The set Tx = {7, ...,%®)} of nodal basis functions,
where
gk)(:z(k)) =&y for 1<i,l< n,

forms a basis of S;. For ¢ € I, we denote by zy € ./V'k the supporting point
of ¥, i.e.
P(zy) = 1.
Structuring of the nodal bases of varying index k. We set
j
) ¥ = [JT4,
k=0
i) ¥y = T,
iii) U = Tx\Ti_;, whenever 1<k <.



[3, Lemma 4.1] states the easily proven fact that the set ¥ is the disjoint
union of the sets Uy, k = 0,...,5. For ¥ € ¥ we denote the set of indices,
for which a nodal basis function % occurs, by

Ky = {k| ¥ € Tk }.
Here we abbreviate the first resp. the last occurrence of 9 in a set Ty by

1) kg = rninK,l,,
i) kj = maxKy.

2. THE ABSTRACT SETTING OF ADDITIVE SCHWARZ METH-
ODS

The abstract framework of additive Schwarz methods as introduced by
DRYJA/WIDLUND (7, 8] can be viewed as a general construction principle
for preconditioners of elliptic finite element equations. Moreover it provides
methods for the analysis of such preconditioners.

Let V be a finite dimensional vector space with the two inner products
a(,+) and (-,-). Let {V;}}, be a family of subspaces of V such that

N
(2.1) V= ZV,

1=1
Define the projections 7,0y : V — V; as
(miu,v;) = (u,v;) and a(oyu,v;) = a(u,v;)

for all v; € V;. Furthermore define the representation operators A : V — V

and A; : V; - V; through

(Au,v) = a(u,v) and (Aju;,v;) = a(uy;, v;)
for all u,v € V resp. u;,v; € V;. Observe that
(2.2) A = Aio;.

The corresponding additive Schwarz method transforms the equation Au = f
into an equivalent one
ou = f,
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where o denotes the sum of the Ritz projections o;

N
(23) o = Za" ’

=1
This transformed equation will be solved iteratively. Thus the aim of additive

Schwarz methods is to find subspace decompositions (2.1) such that «(o) is
small.

It can be easily seen with the help of (2.2) that
o= BA
with
N
(2.4) B=Y 4'm.

i=1
Hence a good additive Schwarz method yields a good preconditioner B for A
since
- k(o) = k(BA).
The following meanwhile well-known Lemma provides a technique of bound-
ing the smallest and largest eigenvalue of o.

LEMMA 1.
i) Let there exists a positive constant co such that for allu € V we get a
decomposition u = N | u;, u; € V;, such that

N
(2.5) > a(u;,w) < coa(u,u).

i=1
Then we get the estimate foru € V

cgla(u,u) < a(ou,u).

i1) Let there exist constants €;; for i,j = 1,...,N such that the following
Cauchy—Schwarz like inequality
a(ui,u;) < eja(u, ui)Pa(u;, u;) 2
holds for u; € V;, u; € V;. Then we get the estimate
a(ou,u) < p(E)a(u,u)
for uNE V where p(E) denotes the spectral radius of the matriz E =
{ei}i=1-

An elementary proof of i) may be found in [13], of ii) in [9].



3. BPX AS AN ADDITIVE SCHWARZ METHOD

Now we turn to the finite element equations. The following considerations
strongly rely on the notation introduced in Section 1.
We specify the subspace decomposition (2.1) to be

Yev

with Vj, = span{+}.
Corresponding to the considerations of the last section we introduce the
projections g, 0p : S; = Sp and Ty, 0y 1 S; = V,, defined as

(7"0“., ’Uo)o;% = (’U,'vo)g;% and G(O'QU,Uo) = a(u, ’Uo)

for all vg € Sp and

(mou, ¥)oz = (4, ¥)oz and a(oyu, ¥) = a(u,¥)
for all ¥ € V.

Furthermore we introduce the representation operators Ay : Sy — S and
A,p : V¢. — V,p by
(Aruk, vi)ozy = aux,vk)

~ for all ug, v € Sk, k=0,1,...,7, and

(A¢1l)a"/))0;73 = a(¢7 ¢)

for all y € 0.

The preconditioner of A; which corresponds to the abstract version (2.4)
is given by

Bj = Agl‘ll'o + Z Azzlﬂ-’(/'

Ve
A straightforward computation shows that -for v € S; and ¥ € ¥
A...]ﬂ_ u = (uad))();% )
P ) Y
Thus (%)
(3.1) Bju = Ay'mou + 3 12t 0%
AT )

for v € S;. This is just the computational available version of the BPX pre-
conditioner as considered by YSERENTANT([18], cf. especially the discussion



around formulas [18, (5.46)-(5.48)]. Note that for the application of B; in a
conjugate gradient method the values (u,%)q,7, are already known and need
not to be computed, as explained in [4, 18].

An estimate of the condition number of

BjAj=0'=00+ E‘w
YeY
will be obtained with the help of Lemma 1.

4. A BOUND FOR THE SMALLEST EIGENVALUE

In order to bound the smallest eigenvalue of o by means of Lemma 1.i
we have to specify the splitting for which the estimate (2.5) can be shown.
An effective estimate of this kind relies strongly on the existence of linear
restriction operators

‘ . Rk . qu - Sk
for £ =0,1,...,  such that certain approximation and stability results hold.
If we specify R, = My, where the M are the quasi-interpolation operators
introduced by YSERENTANT in [18, (4.11)], then [18, Lemma 4.2] gives the
approzimation estimate :

(4.1) I(7 = Ri)ullyz < 5747 Julig,,
for k = 0,1,...,7, and [18, Lemma 4.4] gives the stability estimate
(42) |Riul?.q, < ciflullsg,

for k =0,1,...,7. Here the constants cj, ¢; depend only on the local geome-
try of the initial triangulation 75 and the constant 7 measures the jumps of
w as follows:

7 =maxn(T)

ith
" () - mel(T) | T € Ty, T'0T £ 0)
T = min{e(T) | T € T, T'NT £ 0}

REMARK 1. Note that we also could take the Rk as the weighted L2-
projections Qi : L*(Q) — Sj defined by
(Qrw, vr)o, = (4, vk )oizs

for all v; € Sk. For these projections the same estimates as (4:1) and (4.2)
hold by [18, Theorem 4.3/4.5].



These restriction operators induce the splitting

J
U=Uo+zuk
k=1

with

U; = U — R,-_lu, Uk = (Rk - Rk_l)u
for k=1,...,7 —1and uo = Rou. Put @ = Y}, ux = u — ug, U = uj for
k=1,...,7 and % = 0. Since % € Sk for k =0,1,...,7 we can decompose
as follows '

where we have put uy = S(u, ¥)¢ with

Blu, ) = Y @(zy).

keK,

We thus end up with the decomposition

(4.3) u=up+ I Uy
Yev
where ug € Sp and uy € Vy.
First we estimate ¥ ,cq a(uy, uy) from above by a(u,u). Usage of the
inverse inequality (18, Lemma 3.3] together with (1.2) yields

(4.4) 3 a(ug,ug) < AKo Y B2(u, ) 4% (%, 9)ozs,
YeV Yew

where the constant Ky depends only on the shape regularity of the triangles of
the initial triangulation 7y. With the help of the Cauchy-Schwarz inequality

we estimate

Blu, ) = LZK 27" (2kﬂk($¢))}
= () (e

4 ko k|- 2

< 3¢ "’kezI; 4 lar(zy)|*

10
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Insertion in (4.4) yields

(4.5) > a(uy, uy) < §AK024'° > w(zy) (%, $)om.
YeEY k=0 el :

The last expression can be further estimated by means of the following

Lemma.

LEMMA 2. Foru € Si the estimates

(6, Wom < T2 Nu(@s) P, o < 2w,

Yel

Do) =

holds.

Proof. We have ;
w(T) 1
> lu@) P, Whom = 32 22 (g LIPS IU(m)P) .
YEls TeTs I I TeTi, TcT  =ENkOT
The estimates of [4, Lemma 2.3] show that
uldz < - 1T > |u(z)? <2/ vidz
2/ TET TCT TENRNT . '/T

for any T' € Ty. Thus the Lemma. follows by the definition of (-, -)oyz,- u

Replacing the discrete term in (4.5) in this way gives

8 ke
(46) Z a(u,p,u,/,) S E’;AI{O Z4k”uk“gﬂﬁ'
Yev k=1

By the approximation estimate (41) we get
1851z, = 17 = Ri—)ulldg < et~ Dlulig,

and

laln < 2 (10 = Roullg + (7~ Ret)ullis,)

IA

O (ke
-§C2774 (k l)lulg;’ﬂ;

fork=1,...,5 - 1.

11



The missing term a(ug,Ug) can be easily bounded by a(u,u) with the help
of the stability estimate (4.2). Thus weobtain by (1.2) the following estimate
of type (2.5):

a(Ug,Uup) + 52 a(uru,j,) < cofi—j + 1) a(u,u)

for the decomposition (4.3), where CQ depends only on the local geometry of
the initial triangulation TQ.
Lemma |.i shows that we have proven the following

THEOREM 1. There exists a positive constant CQ, depending only on the
local geometry of the initial triangulation %, such that

C 1

for allu G §.

5. A BOUND FOR THE LARGEST EIGENVALUE

Here we have to establish orthogonalities and some strengthened Cauchy-
Schwarz inequalities in order to estimate a(cru, u) effectively from above.
First we consider colorings of 7*: A coloring of T" is a mapping

XfC:ijC_>{I121-"1X(ch)}1

such that x(i) ~ x{"2) for x,x2 € Sk connected by an edge of Tk. A
well known, easily proven theorem ([2, Chap. 12, Theorem 12]) states that a
minimal x(“fc) < 5 can aways be found. The famous four color theorem of
APPEL/HAKEN shows that even x(T~k) < 4 for the minimal x(*fc)- "¢ '¥e
for the following a four coloring of the Tk.

Weput fori=1,... ,4

n = {b er |xfc(t) =*}

Obviously the tp € r*e are mutually orthogonal for fixed i, k with respect to
a(-, *) and any other inner products involving integrals of functions and their
derivatives. Thus the operators

%i = X] o4,



