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Abstract.
We study the higher Bruhat orders B(n, k) of Manin & Schechtman [MaS] and
- characterize them in terms of inversion sets,
~ identify them with the posets U(C"*17 n+1) of uniform extensions of the alter-
nating oriented matroids C™" for r := n—k (that is, with the extensions of a cyclic .
hyperplane arrangement by a new oriented pseudoplane),

~ show that B(n,k) is a lattice for k = 1 and for r < 3, but not in general,

— show that B(n, k) is ordered by inclusion of inversion sets for £ = 1 and for r < 4.
However, B(8,3) is not ordered by inclusion. This implies that the partial order
B_(n,k) defined by inclusion of inversion sets differs from B(n, k) in general. We
show that the proper part of B.(n, k) is homotopy equivalent to S™~2. Consequently,

- B(n,k) ~ 57?2 fork—landforr§4
In contrast to this, we find that the uniform extension poset of an affine hyperplane
arrangement is in general not graded and not a lattice even for r = 3, and that the
proper part is not always homotopy equivalent to SriM)=2,

1. Introduction

The higher Bruhat orders B(n,k) were introduced by Manin & Schechtman [MaS, §2]
[MaS1]. In this paper we clarify the geometric interpretation of the higher Bruhat orders
(as suggested by Kapranov & Voevodsky [KaV, Sect. 4]). We use the geometric picture to
analyze the main structural properties of B(n, k), including new proofs for the results of
Manin & Schechtman.

We start with a review of the weak ordering of the symmetric group, see also [YaO]
[Bj1] [BLSWZ, Sect. 2.3]. For this denote the set of integers {1,...,n} by [n], and the
set of k-subsets of [n] by ([") We write U CU’ if U, U’ are finite sets with U C U' and
|U'| = |U|+1. For any collection U of finite sets, we define the partial order by single step
inclusion on U by the condition that U < U’ if and only if there exist sets U; € § with
U=UycUi G... Uy =U’, where t = |U'| — |U| is implied.
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Definition 1.1.
(i) Let A(n,1) denote the set of permutations of the n-element set [n].
(ii) For every permutation p = (p1,...,pn), the inversion set inv(p) := {ij : i<j, pi>p;}
is a set of pairs, that is, a subset of ([’2‘]).
(iii) Define B(n,1) := {inv(p) : p € A(n,1)}. Every permutation is determined by its
inversion set, thus A(n, 1) is in bijection to the collection B(n,1) of inversion sets.
(iv) The weak Bruhat order is the set B(n,1), partially ordered by single step inclusion.

Some main structural properties of the weak ordering are the following:

(1) B(n,1) is a graded poset of length (), whose rank function is r(B) = |B|,

2) U C ([;]) is an inversion set, U € B(n,1), if and only for every triple : < j < I the
intersection U N {z3,4l, 5!} is neither {il} nor {ij, 5}, [YaO, Prop. 2.2]

(8) B(n,1) is a lattice, [YaO, Thm. 2.1]

(4) U < U’ holds if and only if U C U’, [YaO, Prop. 2.1]

(5) the proper part of B(n,1) has the homotopy type of the (r — 2)-sphere. [Bjl]

Furthermore, B(n,1) has various geometric interpretations. For example, it is the
“poset of regions” of the Coxeter arrangement A,_;, which is the arrangement of all hy-
perplanes spanned by n vectors in general position in IR" 1. This also suggests far-reaching
generalizations of the weak order, to the posets of regions of arbitrary arrangements. The
analogues of (1), (4) and (5) are still true in this context [Ed1] [EdW]. If the arrangement
is simplicial, then the poset of regions is a lattice, but not in general [BEZ]. If the poset is
a lattice, then an analogue of (2) holds, see [BEZ].

We will now generalize the construction of the weak orders B(n, 1) to give a definition
of the higher Bruhat orders of Manin & Schechtman. The equivalence of our version of
B(n, k) with the original definition is non-trivial; it will be demonstrated in Corollaries
2.3 and 4.2. Define a k-packet as the set P(I) := {J € ([:]) : J G I} of all k-subsets of a
(k+1)-set I = {33 < i3 < ... < iryq1} € (k[i]l) In the lexicographic order the elements of
P(I) are I\igy1 < I\ix <... < I\iy.

Definition 1.2.

(i) A permutation p of ([’,:]) is admissible if every k-packet P(I) occurs in it either in
lexicographic order or in reversed lexicographic order. Let A(n, k) denote the set of
all admissible permutations of ([',:]).

(if) For each p € A(n, k) the inversion set inv(p) C ( ,C[_’:]l) is the set of packets that appear
in reversed lexicographic order in p.

(iii) The set B(n,k) is defined as the collection of all inversion sets B(n, k) := {inv(p) :

p € A(n,k)}. .

(iv) The higher Bruhat order B(n, k) is the partial order on B(n, k) given by single step
inclusion.

In this paper, we will treat the questions for higher Bruhat orders that correspond
to the five structural features of the weak order listed above. In the course of our work,
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we will also show that our definition is equivalent to the original one given by Manin &

Schechtman [MaS]. Specifically we prove the following results, where r := n — k.

(1) B(n,k) is a graded poset of length (}), whose rank function is r(B) = = |B|, [MasS, §2
Thm. 3b] (Theorem 4.1(G))

2) U C (k+1) is an inversion set, U € B(n,k), if and only for every K € (k[:;lz) and
for { < j < I} C K, the intersection U N {K\l, K\j, K\i} is ne1ther {K\j} nor
{K\l, K\i}. (Theorém 4.1(B))

(3) B(n,1) is a lattice for k = 1 and for r < 3, but not in general. (Theorem 4.4)

(4) U < U’ holds if and only if U C U’, provided that k = 1 or r < 4, but not in general.
(Theorem 4.5)

This last fact shows that the (simpler) partial order B_(n, k) on the set B(n, k) defined
by inclusion does not in general coincide with the partial order by single step inclusion
defined by Manin & Schechtman. However, the combinatorics of B(n,k) is intimately
related to that of B.(n, k), so all main results on B(n, k) have counterparts for B.(n, k),
see Theorem 5.1. The partial order of B c(n, k) is easier to study, however. We prove the
following result, which applies to B(n, k') whenever B_(n,k) = B(n,k):

(5) the proper part of B(n, k) has the homotopy type of S("=2), (Theorem 5.2)

The key to our development is the interpretation of B(n, k) and of B (n, k) as “posets
of oriented matroid extensions” of a cyclic configuration of n vectors in IR" by a new ele-
ment. Choosing a particular vector representation, B(n, k) includes elements that corre-
spond to the regions of the “adjoint” arrangement of hyperplanes spanned by the vectors,
plus in general many more extensions that correspond to other extensions, realizable or
not. We refer to [BLSWZ, Sect. 5.3] for the fact that the regions of the adjoint arrangement
correspond to only a part of the realizable single element extensions of the correspond-
ing oriented matroid. In this paper, we will treat oriented matroids as arrangements of
pseudo-hyperplanes. So we get the interpretation of B(n, k) as the poset of extensions of
the cyclic hyperplane arrangement X?’""’"l by a new pseudo-hyperplane.

This paper is organized as follows. In Section 2 we collect elementary facts about
admissible orderings and show that their inversion sets are “consistent”, while in Section
3 we discuss affine hyperplane arrangements and show that for “cyclic” arrangements the
extensions by a new pseudohyperplane correspond to consistent sets. In Theorem 4.1,
this is used for a geometric characterization of the sets A(n,k) and the higher Bruhat
orders B(n,k). From this, we get in Section 4 structural information about the posets
B(n, k), whose homotopy types are determined in Section 5. The geometric interpretation
of B(n, k) also suggests a generalization: one can consider the poset of all extensions of any
affine arrangement in general position by a new pseudo-hyperplane. This poset, however,
does not retain any of the above structural features, see Section 6. Enumerative results
are collected in Section 7.



2. Admissible Orders and Consistent Sets
We will now review the original construction of the set B(n, k) by Manin & Schechtman.

Definition 2.1. [MaS, Def. 2.2]

(i) A permutation of ([ ]) is admissible if its restriction to each k-packet I € (k[-t]l)
either the lexicographic order or the reversed lexicographic order. A(n, k) is defined
as the set of all admissible orders on ([ ])

(ii) Two permutations p, p' € A(n, k) are elementarily equivalent (p ~ p') if they differ by
an interchange of two neighbors not contained in a common packet. Let B(n, k) be
the quotient by the induced equivalence relation and A(n,k) — B(n,k), p — [p] the
quotient map.

(i) For each p € A(n, k) the inversion set inv(p) is the set of packets that appear in
reversed lexicographic order in p. Here p ~ p' implies inv(p) = inv(p'), so the inversion
set inv[p] := inv(p) is well-defined for {p] € B(n, k).

We will view permutations of ([',:]) as linear orders on the set ([',:]). For [p] € B(n,k)
let Q[p] be the intersection of the linear orders in [p], that is, the partial order on ([',:])
defined by I' < I if and only if I' <, I for all 7 € [p]. Similarly, let Q'[p] be the intersection
of all admissible orders 7 with inv(r) = inv(p).

Lemma 2.2. The following four sets coincide:

A;: [p], the set of linear orders of ([2]) equivalent to p,

Aj: the linear extensions of Q[p],

Ajz: the admissible orders of ([’,:}) with inversion set inv(p),
Ay: the linear extensions of Q'[p].

Proof. Every 7 that is equivalent to p is admissible with inversion set inv(p), and thus
" it is also a linear extension of Q'[p]. Now we use that any two linear extensions of a
poset @' can be connected by a sequence of transpositions of adjacent elements that are
incomparable in Q'. Furthermore, if I,J € ([2]) are incomparable in Q'[p], then they are
not contained in a common k-packet. Thus every linear extension of Q'[p] is in [p].

With this we have shown that A; = A3 = A4. But the equality of the first and the
third set also implies Q[p] = Q'[p], that is, A; = A; implies Ay = As4. 0

Corollary 2.3. [MaS, §2 Thm. 3d] Every [p] € B(n,k) is uniquely determined by its
inversion set inv(p).

In particular we get from this corollary that our Definition 1.2(iii) of the set B(n, k)
is equivalent to that of Definition 2.1(ii) due to Manin & Schechtman. Our goal is
now to characterize inversion sets. For this we consider any (k+1)-packet P(I), with
I = {i1 < i3 < ... < tk42}, in its lexicographic order. Thus a beginning segment is of
the form {I\tx41,I\ix,..., \ij} for some j. An ending segment of P(K) is of the form
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{I\i;,I\tj-1,...,I\i1} for some j. The subsets § and P(I) are considered both as begin-
ning and as ending segments of P(I). We get the following lemma, which identifies the
characterizing property of inversion sets. Its converse will be proved in Theorem 4.1(B).

Lemma 2.4. Every inversionset U € B(n, k) satisfles the following equivalent conditions:

(1) U and its complement are both convez: if {j;<j2<j3} C K for some K € (["] ), then
the intersection of U.with {K\js, K\j2,.K\j1} is neither {K\j3, K\j1} nor {I(\j2},

(2) U is consistent, that is, the intersection of U with any (k+1)-packet is a beginning or
an ending segment of it.

Proof. The condition (2) that U N P(I) is either a beginning or a final segment of P(I)
means the following: if we consider the k+1-packet in its lexicographic order I\i;y; <
tk+1 < ... < i1, then there is at most one switch between elements of U and between
non-elements of U. This yields (2) <= (1).

Now assume that p € A(n, k) is an admissible order on ([Z]), and let {j1<j2<j3} C K

for some K € ( k[?i-]z)' Now if

K\j3 € inv(p), K\j; ¢ inv(p), K\j1 € inv(p).
then this implies
K\{j3,j1} >p K\{73,72}, K\{j2,73} <, K\{s2, 71}, K\{j1,52} >p K\{41,753},

which yields a contradiction. An analogous contradiction arises if we find {j;<j2<j3} with

K\js ¢ inv(p), K\j2 €inv(p), K\j1 ¢ inv(p). Thus inv(p) satisfies (2). 0
Let U C (k(:_]]) be a consistent set. Then the complement U := ( k[_':_]l of U is con-
sistent as well. Define the boundary of U by 8U := {I={i1<...<ixq1} € ({3,) : I\ix ¢

U, I\ir42 € U} Similarly, let Ux{n+1} ;= {KU{n+1} : K € U}, and define the eztension
Uc ([’;I;]) of U as U := Ux{n+1} UAU.

The following two lemmas contain the key to an inductive treatment of consistent sets.
Their geometric significance will become clear in Section 3. In fact, both the statements
and the arguments in the proofs can be identified in Figure 1.

Lemma 2.5. Let U' be a consistent subset of (["]) and let U" be a consistent subset
of (,_:_‘ ). ThenU :=U"U U’*{n+1} C (["+1]) is consistent if and only if 8U' C U" and
aUI C UII

Proof. Let K € (I712]). If n+1 ¢ K, then P(K)NU = P(K)NU" is a beginning or

ending subset of P(K), because U" is consistent.
KK ={h <...<iig1 <n+l}, welet I:= K\n+1 and get

P(K) = {I<K\i1+1<...<K\i1}, P(I) = {I\iz+1<...<[\i1}.
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Now if U’ N P(I) is a beginning, but not an ending subset of P(I), so that I € U’, then
U N P(K) cannot be an ending subset of P(K), so consistency if U implies I € U". From
this we get the requirement that 8U' C U".

Similarly, if U’ hP(I ) is an ending, but not a beginning subset of P(I), so that I € au’,
~then UN P(K) cannot be a beginning subset of P(K), so consistency of U implies I ¢ U".
From this we get the requirement that aur C U,

If U'nP(I) is both a beginriing and an ending segment of P(I), then either P(I) C U’,
so that U N P(K) automatically is an ending segment of P(K), or P(I) NU' =, so that
U N P(K) automatically is a beginning segment of P(K). From this we get that the two
conditions of the lemma are also sufficient for consistency of U. d

Lemma 2.6. Let U C (['l’]) be a consistent set. Then

(i) the boundary 8U of U is a consistent subset of (,[_';]1),

(ii) the extension U of U is a consistent subset of ([',’:11]),
(iii) U is also a consistent subset of (["',H]).

Proof. (i) Choose K = {i1 < ... <1142} € (1[;']2) We have to show that U N P(K) is a
beginning or ending segment of P(K).

As the first case assume that K\{i1,41+2} € U. This implies that K\¢;4o ¢ OU. If
K\{i1,i2} € U, then this implies P(K\:;) C U and thus U N P(K) = 0. Otherwise we
- get the existence of values s,t, with 3 < s <I+2,1 <t <41 with
P(K\i) U = {K\{in,ij} s <j < 1+2),

P(K\i142) VU = {K\{i142,15} : 1 < j < t}.
From this we can compute
OUNP(K)={{K\i; :1 <j <min(s — 1,)},
which is a beginning segment of P(K).

As the second case now assume that K\{i;,i142} ¢ U. This implies that K\i; ¢
oU. I K\{iiy1,542} ¢ U, then this implies P(K\ij4+2) € U and thus 8U N P(K) =
0. Otherwise we get the existence of values s,t, with 2 < s < I42, 1 < t < | with
P(K\Zl) NU = {K\{Zl,zj} :2<5< S},

P(K\ti42) N U = {K\{i142,%;} : t <j < I+1}.
From this we can compute

U NP(K) = {{K\i; : max(s,t +1) <j <142},
which is a beginning segment of P(K).

(ii) Here 8U' is consistent by part (i), hence we can apply Lemma 2.5 for U" = U':
we also have U’ C U", because U’ and U are disjoint by definition. (iii) This is also
a special case of Lemma 2.5: for U’ = § we get also have U’ = 9U' =0, so U = U’ is also

a consistent subset of ([',:Ii]) _ a



3. Cyclic Arrangements

Consider any arrangement X = {H;,...,H,} of n affine hyperplanes in general position
in IRY. Then every vertex is determined as the intersection of d hyperplanes. Associating
the vertex with the set of n—d hyperplanes that do not pass through it, we get a bijection
V=V(X) (n[ﬁ] ') between the vertices of X and the (n—d)-subsets of [n]. Similarly,
every l-dimensional line in X is the intersection of d—1 of the hyperplanes. Associating
every line with the n—d—1 hyperplanes that do not contain it, we get a bijection between
the lines of X and the (n—d+1)-sets in [n]. Furthermore, under these bijections the vertices
on a line of X correspond to the (n—d)-sets in the corresponding (n—d+1)-set, i.e., the
vertices on a line correspond to an (n—d)-packet.

The key observation is now that if X is the cyclic arrangement of n hyperplanes in
IR™~* then the vertices on a line correspond to a k-packet in lezicographic order.

Definition 3.1. The cyclic arrangement X™% is the arrangement {Hi,...,H,} in IR?
given by
H; = {(z1,...,2z4) € R?:zy + tizg + ...+t?_1zd +tf = 0}

for 1 < ¢ < d, with arbitrary real parameters t; < t2 <t3 <... < tn.

For every choice of the parameters ¢; this arrangement represents the alternating
oriented matroid C™4t1. Here the hyperplane at infinity corresponds to the extension
¢ntlid+l of crd+l by a new element g := n+1. Thus the combinatorial type of this affine
arrangement does not depend on the choice of the parameters ;.

Lemma 3.2. The vertices of X™¢ correspond to ( n[':]d) in such a way that the vertices
on an affine line correspond to the (n—d)-packets in lexicographic order (or its reverse).

Proof. There are many ways to derive this basic fact, either by elementary linear al-
.gebra. (the vertices Vi corresponding to I € ([Z]) can be explicitly determined in terms
of Vandermonde determinants), or using simple oriented matroid tools to compute the
contractions (any contraction of C™? is a reorientation of a cyclic oriented matroid, with
the induced linear order of the ground set), or by exploiting orthogonality resp. oriented
matroid duality. a

Now consider any extension of the cyclic arrangement X™¢ by a new oriented hy-
perplane Hy in general position. For this, two extensions by hyperplanes Hy, Hy are
equivalent if on their negative sides they have the same set Vi = Vy of affine vertices of
the arrangement. From Lemma 3.2 we see

Vi = {K e ([Z]) : K corresponds to a vertex on the negative side of Hy}

is a consistent set V; C (7). The same is true for any extension of X" by a new oriented
pseudo-hyperplane (topologically deformed hyperplane) H in general position. The proper
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Figure 1: The cyclic arrangement X~'? with a pseudoline extension / and the corre-
sponding vertex set. *

framework to study such extensions of an arrangement X by a pseudohyperplane is the
theory of oriented matroids.

We will only sketch the connection, and refer to [BLSWZ] for the details. Let
X —-{Hi,...Hn} be an afine arrangement in IR*. The affine space IR? can be iden-
tified with a hemisphere of S', where the hyperplanes Hi correspond to intersections of
(d—1)-subspheres of S' with the hemisphere. Assuming that a positive side has been
chosen for every hyperplane, the hyperplane arrangement (resp. the corresponding sphere
arrangement) represents an oriented matroid Mo of rank d+1 on the ground set [n], sO
the hyperplane Hi of the arrangement corresponds to the element i G [n] of the oriented
matroid. By representing Mo by an affine arrangement we have distinguished the hyper-
plane at infinity, which corresponds to the extension of Mo by a new element g = n+l.
In this sense we say that X represents the affine oriented matroid (M,g), that is the
oriented matroid Mo = M\g together with a distinguished extension of Mo by g. In
particular, the cyclic arrangement X"'® represents the affine alternating oriented jnatroid
(C™1 nt), whose structure is well understood [BLSWZ, Sect. 8.1].

The fact that the extensions of an affine arrangement by a new pseudohyperplane
correspond to oriented matroid extensions is due to the "topological representation theo-
rem", see [BLSWZ, Chap. 5]. Here two extensions are considered equivalent if and only
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