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Abstract. We study the space of all extensions of a real hyperplane arrangement
by a new pseudo-hyperplane, and, more generally, of an oriented matroid by a new
element. The question whether this space has the homotopy type of a sphere is a
special case of the “Generalized Baues Problem” of Billera, Kapranov & Sturmfels,
via the Bohne-Dress Theorem on zonotopal tilings.

We prove that the extension space is spherical for the class of strongly euclidean ori-
ented matroids. This class includes the alternating matroids and all oriented matroids
of rank at most 3 or of corank at most 2. In general it is not even known whether the
extension space is connected. We show that the subspace of realizable extensions is
always connected but not necessarily spherical.

1. Introduction

Let X be a central arrangement of oriented hyperplanes in IR". Consider the set £(X)
of all (equivalence classes of) extensions of X by a new oriented hyperplane H. This set is
partially ordered, with H < H' whenever H is obtained by moving H' into more special
position. The poset £(X) is isomorphic to the face poset of a convex r-polytope and hence
it is homeomorphic to the (r — 1)-sphere.

This homeomorphism is understood in the following sense. With any poset P we
associate the geometric realization |A(P)| of the simplicial complex A(P) of chains in P.
By the komotopy type of P we mean the homotopy type of the topological space |A(P)|.
Basic tools for determining homotopy types of posets are Quillen’s fiber theorem and its
relatives. These will be reviewed in Lemmas 3.1 to 3.3.

From a combinatorial point of view, it is natural to consider the larger poset of all
extensions of X by a new pseudo-hyperplane. This poset is an invariant of the oriented
matroid M of X. We call this poset the eztension poset E(M) of M.

More generally, for any (not necessarily realizable) oriented matroid M of rank r,
the extension poset £(M) is the set of all one-element extensions of M, excluding loops
and coloops, with their natural partial order [2]. The eztension space of M is the space
|A(E(M))], which we usually identify with £(M). For an introduction to the theory of
oriented matroids and complete references to the original literature we refer to [6].
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The theme of the present article is the following question: Does the extension space

£(M) have the homotopy type of the (r—1)-dimensional sphere; in symbols (M) ~ §7=17
An affirmative answer will be given for certain special cases; however, in general it remains

unknown whether £(M) is even connected.

We start out in Section 2 with a discussion of the case where M is realizable. Here
the question “€(M) ~ ST"1?” is seen to be an instance of the Generalized Baues Problem
[3], which asks whether the poset w(P,Q) of cellular strings of a projection of polytopes
P — @ is homotopy equivalent to a sphere of dimension dim(P) — dim(Q) — 1. Again,
it is generally unknown whether w(P, @) is a connected space. Using the Bohne-Dress
theorem on zonotopal tilings [7], we will see that £(M) is isomorphic to w(P, Q) when P
is a regular n-cube projecting onto an (n — r)-zonotope @, and M is the rank r oriented
matroid determined by the kernel of this projection.

For realizable M we may also consider the subposet £(M ),cq1 of realizable extensions,

which is proved to be connected. Using an non-isotopic oriented matroid due to Suvorov

[22], we will show that £(M),eq is in general not a nice space.

Theorem 1.1. There exists a realizable rank 3 oriented matroid M such that £(M)rea
does not have the homotopy type of a sphere.

In Section 3 we relate the topology of extension spaces to linear programming in
oriented matroids. A special role will be played by oriented matroid programs which
are euclidean in the sense of Edmonds & Mandel [10]. In fact, euclidean programs are
characterized by the contractibility of a suitable extension poset (Corollary 3.12).

In Section 4 we introduce the class of strongly euclidean oriented matroids. The
following is the main result of this paper.

Theorem 1.2. Let M be a strongly euclidean rank r oriented matroid. Then the
extension poset £(M) is homotopy equivalent to the (r — 1)-sphere S™1.

Theorem 1.2 applies to all oriented matroids of rank at most 3 or corank at most 2. We

conjecture that there exist oriented matroids of rank 4 which are not strongly euclidean. In -

order to establish strong euclideanness results, we analyze the structure of minimally non-
euclidean programs in terms of their inseparability graphs. As an application we prove that
the alternating matroid C™" is strongly euclidean, and hence its extension space £(C™") is
spherical. By definition, C™7 is the oriented matroid of the cyclic (r — 1)-polytope with n
vertices.

The strong euclideanness of C™" will be used in a subsequent paper to study the-

Higher Bruhat Orders B(n,n — r) of Manin & Schechtman [18]. These can be viewed as
posets of uniform extensions of C™". .

We wish to thank Eric Babson, Anders Bjorner, Nicolai Mnév and Jirgen Richter-
Gebert for helpful discussions. This research is supported by the DFG Schwerpunkt at
Augsburg and by the ARO through MSI Cornell (DAAG29-85-C-0018). The first author
acknowledges partial support by the NSF (DMS-9002056).
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2. Realizable extensions and the Generalized Baues Problem

Throughout this section M denotes a realizable oriented matroid of rank r > 2 on [n] =
{1,2,...,n}. Let &(M)rear be the subposet of E(M) consisting of all realizable rank r
oriented matroids M’ on [n + 1] such that M’'\ {n +1} = M and n + 1 is not a loop of
M. For two elements M' and M" of E(M)reqr we have M' < M" if and only if M'is a
weak image of M", i.e., every signed basis of M' is a basis with the same sign in M" (see
(6, Sect. 7.7])..

Proposition 2.1. The space E(M),cq1 of realizable extensions of M is connected.

Proof. Let X be any realization of M, considered as a configuration of n vectors in
IR". Let X% be the configuration of linear hyperplanes spanned by vectors in X, and
let M®%X) denote the rank r oriented matroid of this hyperplane arrangement. Thus
M?24(X) is the adjoint of M determined by the specific realization X (see [2], [6, Sect. 5.3]).
The regions of the arrangement X ¢ are in order preserving bijection with the one-element
extension of M which can be realized in X. In other words, the poset £(X) is isomorphic
to the poset of nonzero covectors £L{M*4(X)).

We call two realizations X and Y of M adjoint equivalent if M4 (X) = Ma9(Y).
There are only finitely many adjoint equivalence classes. We choose a system of represen-
tatives X1,...,Xm, and we abbreviate £; := £(X;) = L(M*¥X},)). Clearly, each L; is
homeomorphxc to the (r — 1)-sphere S™! :

Let ¢; : £L; <« E(M)rear denote the inclusion of the sphencal poset L;. By con-
struction, each element of £(M),cqr lies in ¢;(L;) for some i € [m]. Now consider the
subposet N, $i(L;) of those extensions which can be realized in every realization of M.
This poset is non-empty since it contains all parallel extensions of M. More generally, all
lezicographic eztensions of M lie in N, ¢;(L;) by [6, Prop. 8.2.2].

We have shown that the poset £(M),eq; is the union of the connected posets ¢;(L;)
whose intersection is non-empty. This implies that the space £(M)reas is connected. O

We will now show that £(M ) eqr is in general not homotopy equivalent to a sphere.
Theorem 1.1 is implied by the following more specific result.

Proposition 2.2. There exists a rank 3 oriented matroid M on 14 elements such that
E(M)reat is not homotopy equivalent to a sphere.

Proof. We choose M to be Suvorov’s rank 3 oriented matroid Suv(14) on 14 elements
[22], in the version presented in [6, Sect. 8.6]. This oriented matroid has the property that
its projective realization space consists of precisely two points, X; and X,.

In the above notation we have m = 2, that is, M has precisely two realizable adjoints
L1 = M*(X;) and L3 = M*¥(X;). Both X$? and X4¢ are central arrangements of 45
planes in IR3. The corresponding 45 lines in the projective plane are constructed as the
connecting lines of the 14 points in [6, Fig. 8.6.1]. By identifying corresponding regions,
~ we can determine how the space (M )yeqr is glued from two 2-spheres £ and £,.
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We now zoom in on a particular local situation in the two projective line arrangements
L1 and L2. In both adjoints we consider the triangle spanned by the points 9,10 and 11.
In Figure 1 we depict all the lines of £, (resp. L) which pass through this triangle. This
diagram has been derived from the two “big pictures” in [6, Fig. 8.6.1].

Figure 1. A triangle in the two realizable adjoints of the Suvorov oriented matroid.

The lines which cross the boundary of the triangle {9,10,11} are the same in both
L3 and L2, and each triangle edge is crossed in the same order. This shows that the cells
on the boundaries of the two triangles are labeled identically in both adjoints. Hence the
boundaries of the two triangles are identified in the space £(M)reai-

This identification of the boundaries extends throughout the shaded part of the inte-
riors in Figure 1. On the other hand, the unshaded interior regions in the two triangles are
disjoint in E(M)rear. Note that A(L;) is the barycentric subdivision of the cell complex
of X4, and the shaded parts are subcomplexes of these barycentric subdivisions.

Our discussion shows that the two partly-glued triangles in Figure 1 constitute a non-
trivial 2-cycle in the spacé E(M)reat- By considering the negatives of all involved covectors
of £; and L3, we find yet another non-trivial 2-cycle. This proves that the rank of the
second homology group of £(M ) eqi is at least 3, which completes the proof of Proposition .
2.2 and of Theorem 1.1. d

Our results in Section 4 imply that the space £(M) of all (not necessarily realizable)
extensions of the Suvorov oriented matroid M is homotopy equivalent to S2. In particular,

the 2-cycle coming from the triangle {9,10,11} is a 2-boundary in the extension space
E(M).
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An important motivation for studying the extension space of a realizable oriented
matroid M comes from recent developments in the theory of convex polytopes. The
remainder of Section 2 is devoted to this connection. It is independent of the rest of this
paper, and it assumes that the reader is familiar with the theory of fiber polytopes [4] and
the “Generalized Baues Problem” which was posed in [3, Sect. 3].

There is an isomorphism from the extension poset £(M) to a poset of cellular strings
on the n-cube. Let C™ = conv{—1,+1}" denote the standard n-cube. The face poset of
C™ will be identified with the poset of sign vectors {—,0,+}", which is partially ordered
componentwise via “—~ < 0” and “4 < 0”. Fix an r-dimensional linear subspace ¢ in IR".
Its oriented matroid M = ([n],V) is given by the set of vectors V = {sign(v) : v € £}
(see [6, Sections 1.2, 3.7]). ‘

For a € R" we consider the polytope P, = (a+¢) N C™. Let F, denote the poset
of proper faces of P,. We get a poset embedding of F, into {—,0,+}" by mapping each
face of P, to the smallest face of C™ containing it. We say that a € IR"™ is admissible
if P, # 0, and we call two admissible vectors a,b € IR"™ equivalent if F, = F3. Thus
for each equivalence class ¢ we get a subposet F, of {—,0,+}". Note that P, and F,
depend only on the image of a in IR"/¢. The set of admissible vectors in IR"/{ is a
zonotope Z. The oriented matroid of Z [6, Sect. 2.2] is the dual M*. The equivalence

- dasses form a polyhedral cell decomposition I’ of Z, called the chamber complez.

Let 0,7 € I' be chambers with ¢ C 7. Then there is a surjective order-preserving
map por : Fr — Fq, which can be described as follows. Given F, € F,, then p,(F;) is
the join in {—,0,+}" of all sign vectors G € F, such that G < F.

Let w = w(C™, Z) denote the inverse limit of the inverse system {F,}ser in the
category of posets. By definition, the elements of w are the tuples (¥,)ser such that
por(Fr) = F, whenever ¢ C 7. These tuples are called cellular strings in [3]. The
following theorem is a reformulation of a result of Bohne & Dress on zonotopal tilings [7];
a uniform version has also been given by Kapranov & Voevodsky [15, Sect. 4].

Theorem 2.3. The poset w(C™, Z) is isomorphic to the extension poset E£(M).

The theorem of Bohne & Dress [7] states that the zonotopal tilings of Z are in order-
preserving bijection with the one-element extensions of M (see also [6, Thm. 2.2.13]). It
can be seen that this statement is equivalent to Theorem 2.3 using the constructions in [4,
Sect. 5] and [3, Sect. 3]. The proof of the Bohne-Dress theorem is difficult. Here we only
describe the maps for the promised isomorphism.

We first construct a map from w to £(M). For any cellular string F = (F,)qer in
w we define the following subset of {—,0,+}"**:

Ve = {(X,0): XeV} U {x(Fo,+):0€l}.

Lemma 2.4. Theset Vg C {—,0,+}"*! is the set of vectors of a rank r oriented matroid
Mg with Mg\ {n+1} = M. The map w — E(M), F — My, is order-preserving and
injective. '

For the inverse map one has the following lemma.
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Lemma 2.5. Let M' € £(M). For each equivalence class ¢ in IR", there exists a unique
vector X of M’ such that o intersects the face of the cube C™ defined by X.

Given o and X as above, then X defines a unique face F, of the polytope F, =
C™ N o. It now remains to be verified that the tuple of faces F = (F,),er satisfles
the gluing relation p,-(F,;) = F, whenever ¢ C 7. Thus the assignment M' — F is a
well-defined map £(M) — w. It is the inverse to the map in Lemma 2.4.

3. Extension spaces of oriented matroid programs

In this section we introduce extension spaces of oriented matroid programs and we discuss
their homotopy types. An oriented matroid program is euclidean if and only if its exten-
sion space is contractible (Corollary 3.12). For an introduction to linear programming in
oriented matroids we refer to (6, Ch. 10].

We begin by collecting criteria for establishing homotopy equivalence. For a survey
and general discussion of such criteria see [5]. Every poset P is trivially homeomorphic to
its order dual P°P. For every order preserving map f : P — Q, there is an induced order
preserving map f°P : P°? — @Q°P. This leads to dual versions of the results below which
will not be stated separately. For the set of all elements above & we write P>, := {2 € P :
z > z}, and similarly we use P<,, P>, etc.

Lemma 3.1. Let f : P — Q be an order preserving map of posets. If f~Y(Q>z) is
contractible for all z € Q, then f induces a homotopy equivalence between P and Q.

Lemma 3.1 is the “Quillen Fiber Theorem” (19, Thm. A}, [5, (10.5)]. The following
variant of Lemma 3.1 is due to E.K. Babson [1]. The proof below is due to A. Bjorner.
We thank both of them for the possibility to include this material here.

Lemma 3.2. [1] Let f: P — Q be an order preserving map of posets. If
(i) f~Y(z) is contractible for all z € Q, and

(i) P>y N f~Y(z) is contractible for all z € Q and y € P with f(y) < «,

then f induces a homotopy equivalence between P and Q.

Proof. By Lemma 3.1 dualized, it suffices to show that F(z) := f~1(Q<«.) is contractible
for all z € Q. We now apply Lemma 3.1 to the inclusion ¢ : f~(z) — F(z). By (ii), we
know that ¢g~!(F(z)>y) = f~!(z) N Py, is contractible for all y € F(z). Hence g is a
homotopy equivalence. Since f~1(z) is contractible by (i), also F((z) is contractible. d

Babson’s Lemma 3.2 will be our principal tool for relating the extension spaces £(M)
and £&(M/g) in Section 4. In this section we need the following version of the Quillen
Fiber Theorem.

Lemma 3.3. Let f : P — P be an order preserving map which satisfies f(f(z)) =
f(z) Lz for all x € P. Then the surjection f : P — f(P) is a homotopy equivalence.
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Proof. We derive this from Lemma 3.1. Let x € f(P). Then the fiber /"*(/(P)>x) has
a unique minimal element (namely, re). Thus it is a cone and hence contractible. D

We next define the posets to be investigated in this section. Let M. denote a loop-
less oriented matroid of rank r on a ground set E. By the Topological Representation
Theorem of Folkman & Lawrence, we can represent M by an arrangement AM of signed
pseudospheres {S}«eE [H]> [65 Ch. 4].

We distinguish a special element g 6 E. The pair (A4, g) isan affine oriented matroid.
In the pseudosphere arrangement we interpret (M,g) as the "&afine space” 5+, which
consists of all covectors Y with Yy = +. Covectors Y with Y; = O are said to be at infinity.
Each element e € E which isnot parallel to gisrepresented by apseudohyperplane S. D &
in the affine space (Ai,g). An oriented matroid program is atriple (M,g,f), where M is
an oriented matroid and f,g are distinct elements of M such that / is not a coloop and g
isnot aloop [9], [6, Sect. 10.1].

Given (Ai,g) as above, then every extension M. = M. U/ yields an oriented matroid
program (M,gf) on E U{/}. This program is non-trivial if / is neither parallel nor
antiparallel to g. By a result of Las Vergnas each extension M. of M. can be identified
with its localization [16], [6, Prop. 7.1.4]. This is the unique function a which assigns to
each cocircuit Y of M asign cr(Y) € {—,0,+} such that (Y,cr(Y)) is a cocircuit of M.
There is a natural partial order on localizations and hence on extensions which is induced
by "0<-" and"0<+".

Definition 3.4.
(i) The extension poset £(Ai) consists of all extensions of M. by a single element which
is neither a loop nor a coloop.
(i) The extension poset £(M,g) of an affine oriented matroid (Ai,g) consists of all ex-
tensions in £(Ai) that are not parallel or antiparallel to g.
(iii) The extension poset £(M,g,f) of an oriented matroid program (Ai,g,f)  consists of
all extensions of Ai := M\f by an element /' such that Ai/lg — (M U f)lg.

In the topological representation AMI the extensions in £(M,g,f) correspond to
those affine pseudo-hyperplanes S> which agree "at infinity” with &, that is, SC\S =
SN S>. _

We define the graph Gf of an oriented matroid program (M,g, f) asfollows, slightly
modifying [6, Def. 10.1.16]. The vertices of Gf are the cocircuits Y of M with Y, — +.
These correspond to O-cells of the arrangement AM —(S)eeE  which liein the affine space
S+ Two such vertices are connected by an edge in Gf if and only if they are connected
by a 1-cell in AM- Some of the edges (Y°,!'') of Gf are directed, as follows. Let Z be
the unique cocircuit obtained by elimination of g from Y* and —Y°. The edge (Y°, Y1) is

directed from Y° to Y' if a(Z) = +, it isdirected from Y* to Y° if a{Z) = -, and it is
undirected if cr(Z2) = 0, where a denotes the localization of /.
A path in Gf is a sequence of vertices P = (Y., Y such that (Y-, Y') is

an edge which is either undirected or directed from Y - to Y*. A path P is directed if at
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