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ABSTRACT 

An adaptive approach to the numerical solution of the wave propa­
gation in integrated optics devices with ID cross sections is described. 
First, Fresnel's approximation of the exact wave equation resulting 
from Maxwell's equations is considered. A criterion to estimate the — 
validity of this approximation is derived. Fresnel's wave equation be­
ing formally equivalent to Schroedinger's equation uniquely defines an 
initial-boundary-value problem, which is solved numerically by a, step­
wise calculation of the propagating field'. 
Discretization in longitudinal direction first with stepsize control leads 
to a stationary subproblem for the transversal field distribution, which ~ 
is then handled by an adaptive finite element method. Thus full adap-
tivity of the algorithm is realized. ,. 
The numerical examples are concentrated on taper structures playing 
an essential role in integrated optics devices for telecommunication 
systems. 



CONTENTS. 

1. INTRODUCTION 1 

2. THE PARAXIAL WAVE EQUATIONS 3 

2.1. The Vector Wave Equations 3 
2.2. The Wave Equations for Structures with ID Cross Sections . . 4 
2.3. The Paraxial Wave Equations 5 
2.4. Normalization 10 
2.5. The Weak Formulation . . * 11 

3. THE NUMERICAL ALGORITHM 13 

3.1. The Discretization in the Direction of Propagation 13 
3.2. The Complete Discretization 13 
3.3. The Problem of the Conservation of Energy 15 
3.4. The Local Matrices 16 
3.5. Adaptive Refinement of the Finite Element Grid 18 
3.6. The Longitudinal Stepsize Control. 21 

4. APPLICATION TO TAPER STRUCTURES 24 

4.1. The z-uniform Slab Waveguides 24 
4.2. The Butt Coupling . 28 
4.3. The Symmetrical Taper Structure . 31 
4.4. The Asymmetrical Taper Structure . . . . . . . . . . . . . . . 40 



1. INTRODUCTION 

The interest in the numerical simulation of the wave propagation in inte­
grated optics devices for optical telecommunication systems is constantly 
growing and much work is being invested to the development of fast and 
reliable algorithms. Starting with the basic publication of FEIT and FLECK 
[6] a large variety of methods have been published until now (see for example 
[15], [7], and [11]). Because we are interested in the handling of complicated 
spatial refractive index geometries, and the progress in the technology forces 
the trend to more sophisticated optical components, the algorithm proposed 
by KOCH [10] using a finite element method for the transversal field descrip­
tion was the starting point to develop a more efficient algorithm. 

All the methods mentioned above are based on a discretization, which is 
fixed in advance, but some of the complicated components, for example the 
taper structures treated in this paper, can no longer be simulated efficiently 
by using an a-priori fixed discretization. 

A successful handling of such devices requires an essential reduction of the 
computational amount of work, which becomes most evidently in the case of 
three space dimensions. An attractive concept of such an amount of work re­
duction is adaptivity, i. e., the automatic nonuniform discretization of every 
transverse cross section and the use of a related step size control in the longi­
tudinal direction. The objective of this paper is to test the idea of adaptivity 
in the field of wave propagation in integrated optics devices. The algorithmic 
proposals concerning the adaptive formulation, whose application to optical 
problems are presented, are mainly due to the work of BORNEMANN [2], [3] 
and they are theoretically grounded there. Because this paper is devoted to 
the principal formulation of wave propagation using adaptive methods, it is, 
for the time being, restricted to problems with ID cross sections. Of course, 
this restriction is understood as a first step. " 
The physical problem we want to solve can be described as follows. Suppose 
two infinite, parallel planes bounding-ihe partol.our component, we are in-
tersted in. A coherent light source emits a beam, which travels through the 
first plane, the input plane and then through the component until it passes 
the second plane, the output plane. We are looking for the field distribution 
between both planes. In the most general case we have to solve the time 
dependent1 Maxwell's equations until a stationary state is reached. But if 
we would restrict ourselves to perfect reflection free structures, we will be 
able to formulate our problem as an initial-boundary-value problem, because 
every field distribution at a given plane parallel to the input plane defines 
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uniquely the field distribution behind this plane. Now, for practical purposes 
it should be enough, if the reflections within our component are sufficiently 
small. To formulate such an initial-boundary-value problem we will use the 
slowly.varying amplitude approximation leading to Fresnel's wave equation, 
which is a standard procedure in optics (see e. g. [10]). But we will take some 
care in looking for an approximation, which is well suited for the adaptive 
numerical formulation. It will turn out, that the adaptive method reacts very 
sensitive to the 'inherent difficulty' of the problem and that therefore a very 
close interdependence between the modeling of the problem, the formulation 
of the algorithm, and the numerical efficiency can be observed. 
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2. T H E PARAXIAL WAVE EQUATIONS 

2.1. T H E VECTOR WAVE EQUATIONS 

It is assumed that the dielectric media is isotropic, nonmagnetic, and source-
less and that the permittivity e depends only on the position. The usual time 
dependence exp(iwi) is understood, where u denotes the optical angular fre­
quency. Maxwell's equations are given by 

(2.1) V x H = ieoCruE 

(2.2) V x E = -inoull 

(2.3) V H = 0 . 

(2.4) V-(e rE) = 0 . 

(H: magnetic field, E: electric field, e0: permittivity in vacuum, e,.: relative 
permittivity, po: permeabihty in vacuum) 

Using these equations, we get the vector wave equation for the electric and 
the magnetic field • ' , 

(2.5) --;-• -V2E + uj2€QeTnoE + V ^ • E ) = 0 , 

(2.6) V2H + w'eo^oH + — x (V x H) = 0 . 

We define the Poynting vector as usual to 

(2.7) S = E x H * . 

where the V indicates the complex conjugate vector. From the equations 
(2.1) and (2.2) follows 

, V - S = V - ( E x I T ) 

(2.8) v = ieoerwEE* - i^owHH* . 

The theorem of Poynting states that the real part of Sis the average power 
flux density [12]. 
We use a x, y, z-Cartesian coordinate system, where every plane z = const 
defines a cross section of our integrated optical component with'the transverse 
coordinates x and y, and the wave should travel almost parallel to the z-axis. 



The integration- of V • S over a cross section and the application of the 
divergence theorem in two dimensions gives 

(2.9) ' / V-Sdn = 4~ I Szdü+ [ StndT , 
K J

 JQ dz Jn Jr 
where D, indicates an area integration in the x, y - plane and T is a line 
integral about this area, Sz is the z-component of the vector S, St the or­
thogonal projection of S to the transverse plane and n is an outward normal 
unit vector from the contour I \ 

Using (2.8) and (2.9), and integrating over the infinite cross section leads 
to 

(2.10) T-Pa(z) = » { / »eoCrwEE* du) 

(2.11) PQ{z) = StU Szd£l\ . 

The line integral at infinity is identically zero because of the vanishing field 
at infinity. Pa indicates the whole power over a cross section, besides a factor 
of two. If the optical media are all loss-free, e is purely real and the right 
hand side of (2.10) is identically zero. In this case it follows that we have 
Pn(z) = const for every cross section of the structure, as it is clear from the 
principle of the conservation of energy. 

2.2. T H E WAVE EQUATIONS FOR STRUCTURES WITH ID CROSS S E C -

: : : : : T I O N S • • • -".. . . : - . : . . . . : - : . • , , . . - . . : : . . - • . . . ...•.:..":"". 

Because we are restricted to problems with ID cross sections e is set.to 
be only a function of x and z. Additionally, the field solutions we look 
for should not change in the y-direction. With these assumptions we get 
the well known, independent TE (Transverse Electric) and TM (Transverse 
Magnetic) solutions of Maxwell's equations (2.1)-(2.4). From (2.5) and (2.2) 
it follows 

(2.12) TE: V 2E y + n 2 ^ E v = 0 
d 

(2.13) H r . = — T j - E , 

(2.14) H z = ^ - | - E , 
[IQU) OX 

Jy 
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and from (2.6)" and (2.1) 

(2.15) TM: V ( ^ V H y ) + fc^H, = 0 

(2.16) ET = - - 1 _ A H , 
CotrU) GZ 

i_d_ 

where we have introduced the refractive index n and the vacuum wave num­
ber fco by 

(2-17) E* = - — - i z & y > 

„2 _ ^ 
n = er 

fco = CQUOPJ2 . 

The z-components of the appropriate Poynting vectors are given by 

TE: ;. S,eM. = - E s x H ; 
i dE* 

(2.18) = - E ^ - e , 

,- ; TM: Szez = Ex x Hy 

(2.19) = ± H ^ , e , ;••••-' 
&jj y oz 

2.3. - T H E PARAXIAL WAVE EQUATIONS : 

As discussed above, we want to investigate a class of problems, which can be 
handled approximately as initial-boundary-value problems. For this purpose 
we use in the following the slowly varying amplitude or Fresnel approxima­
tion. The slowly varying amplitude Ey is introduced by 

(2.20) Ey = Eye-in°koz, . , ' 

where n0 (real, positive) is not fixed so far. 
Replacing Ey in (2.12) with (2.20) yields the transformed wave equation 

This equation is still exact, no approximation has been performed. If we are 
allowed to neglect the second term on the left hand side of (2.21), we get a 
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partial differential equation (PDE) with only a first derivation with respect 
to z. Clearly, this approximated PDE is a well defined initial-boundary-
value problem, because the boundary conditions about the cross section are 
known to be the homogeneous Dirichlet conditions and a given field solution 
at z = ZQ uniquely determines every field distribution at z > ZQ. Due to 
these reasons, the equation we want to solve for the TE-polarization is 

(2.22) TE: —^ + (n2 - n2,) k2
0Ey = 2in0k0^ . . _ • 

The same argumentation holds for the equation (2.15) describing the TM-
polarizätion, but in addition it is assumed for the moment that the refractive 
index is only a function of the transverse coordinate x. This leads to the 
approximated TM-equation 

(2.23) TM: °li?*L + ±^l&,-*i*L°& . 
x ' oxn2 ox n2 n2 az 
In practice equation (2.23) is used for slowly varying z-dependent refractive 
index changes too. This approximation is not examined here. 
In the following the paraxial equations (2.22) and (2.23) are analyzed. To 
make this as easy as possible, the whole structure is assumed to be loss-free, 
i. e., the refractive index is purely real. The general idea is, that the power 
over a complete cross section (eq. (2.11)) remains constant throughout-the 
structure.- This follows from equation (2.10) and is a direct consequence from 
Maxwell's equations. But Maxwell's equations are violated by the paraxial 
wave equations (2.12) and (2.15), consequently the power calculated on the 
basis of the paraxial equations no longer remains constant. Therefore we can 
conclude two things: : . : : • - . : : -

• the deviation of the calculated power based on the paraxial wave equa-; 
tions from a constant value can be seen as a physical measure of the 
validity of these equations, and ~ 

• the free parameter n0 should be chosen so that this deviation is as small 
as possible. 

If the Poynting vector formulation equations (2.18) and (2.19) are rewritten 
in terms of the slowly varying amplitudes one gets 

(2.24) " TE: : Sz = — i - E y ^ + ^EyE*y 
UflQ OZ UJJ.Q V 
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(2.25) TM: Sz~ = _ L _ £ ; 2 3 L + ̂ SJ? 

The case of the TE-polarization is considered first. To abbreviate the nota­
tion the usual Z^-scalar product of two complex functions fi(x) and f2{x) is 
introduced by 

(2.26) (/i,/2)= [fi(x)-fZ(x)dx . 

The equations (2.11), (2.21), and (2*24) lead to a formula for the power PQ 
over a cross section, which is still exact: 

TE: * = dÄ {- (§• f ) + « • (*• <»' - • * * ) + 

(2.27) Mvtm\^[&yA) . 
Ö22 J J WJJo 

If we step over to the paraxial approximation, the third power term on the, 
right hand side of equation (2.27), containing the second z-derivative is ne­
glected and Pn becomes inexact. To make one of the consequences clear, 
we assume for the moment that a z-independent waveguide is given. As it 
was shown in [8], the field distribution in every transverse plane of such a 
waveguide can be written as modal expansion of all transverse eigenfunctions 

(2.28) Ey = J2aj(*)e-ißjZ > 
i ' • • • • • • 

where forward and backward traveling waves are included. Therefore we have 
in the loss-free case (real ßj) 

"(2.29) |A,,^)<0V 7 r 

independently from the direction of propagation. Thus, the calculated power 
based on the paraxial approximation is always larger than the true one, and 
we cannot decide if the power deviation is due to reflected waves or tcrthe 
approximation of the forward propagating wave. 
In order to keep Pa as accurate as possible, the neglected power term has to 
be much smaller than the other terms. As n0 is the only parameter we have 
to influence the quality of our approximation, we require, that the power 
difference has to be a minimum in dependence of no. 
Rewriting equation (2.27) leads to 
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