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Abstract. We prove combinatorial formulas for the homotopy type of the union
of the subspaces in an (affine, compactified affine, spherical or projective) subspace
arrangement. From these formulas we derive results of Goresky & MacPherson on the
homology of the arrangement and the cohomology of its complement.

The union of an arrangement can be interpreted as the direct limit of a diagram
of spaces over the intersection poset. A closely related épa,ce is obtained by taking
the homotopy direct limit of this diagram. QOur method consists in constructing a
combinatorial model diagram over the same poset, whose homotopy limit can be

compared to the original one by usual homotopy comparison results for diagrams of
spaces.

0. Introduction.

In this paper we describe a general method to construct the homotopy type of an arrange-
ment in terms of its combinatorial data. We demonstrate its use in the cases of linear,
affine, spherical and projective subspace arrangements.

The key lemmas for our approach are standard tools in algebraic topology, used for
example to define localizations of spaces in the setting of semisimplicial theory [BK]. It
seems, however, that they have not previously been applied in a combinatorial setting.
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To make them more easily accessible for other possible applications (e.g., arrangements of
quadrics in projective spaces, of trains in Grassmannians, etc.), we give a summary of the
set-up in Section 1. Simple proofs are given in the appendix to this paper. The following
is an outline of our approach.

0. Arrangement

An arrangement is a finite set of subspaces A = {A;,...,An} in a topological ambient
space U. We assume that the arrangement is closed under intersection. By the union of
the arrangement we mean the space D := |JA = |J=, Ai, by the complement we mean
M :=U\D.

1. Combinatorial data

The intersection poset P is a partially ordered set that is isomorphic to the set of all
subspaces in A, ordered by reversed inclusion. Thus for every element p € P there is
a corresponding subspace A, € A, and ¢ < p means A; 2 A,. The combinatorial data
specify for every p € P the homotopy type of A,, and for every q < p the homotopy class
of the inclusion map A, — A,.

2. Diagram of spaces

A diagram of spaces D = D(A) is a functor D : P — CW-Top, which associates a
topological space A, to every p € P and the inclusion map A, < A, to every order relation
g <pin P. The union of an arrangement is the (direct) limit of its diagram of spaces.
Assuming that the inclusion maps are cofibrations, this limit is homotopy equivalent to
the homotopy (direct) limit || D} [Projection Lemma 1.6).

3. Normalization

From the combinatorial data, one can construct a diagram D' of spaces over the same
poset P. The homotopy limit of this model diagram serves as a combinatorial model
for the union D(A). If there is a homomorphism of diagrams D — D' which induces
a homotopy equivalence D; — D; for all ¢, then the homotopy limits are homotopy -
equivalent [Homotopy Lemma 1.7], which yields a combinatorial formula D(A) ~ ||D|| ~
[ID'|| for the homotopy type of the union.

4. Simplification

Often the homotopy type of the model diagram can be further simplified. For example, if
all the maps are homotopically trivial, the homotopy limit has a wedge decomposition over
the poset P [Wedge Lemma 1.8]. If the homotopy types of the spaces and the embedding
maps are (up to homotopy) determined by dimensions, then one can sometimes get a wedge
decomposition over the rank levels of the poset P.

5. Duality

If the arrangement determines a relative (homology) manifold (U, D), then Lefschetz du-
ality yields information about the compactified complement. If the ambient space is a

(homology) sphere, then Alexander duality can be used to deduce the cohomology of the
complement.

Let us give one example for the formulas derived by this approach.
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- For this, déenote by A = {A;,...,An} a set of affine subspaces (not necessarily con-
taining the origin) in U = R". Assume (without affecting the topology) that the arrange-
ment A is closed under intersection, let P be an abstract poset that is isomorphic to the
set of all non-empty intersections of subspaces in A, ordered by reversed inclusion, and let
d : P — INg be the dimension function. Then D := | J.A is homotopy equivalent to the
order complex A(P) - this follows from the nerve theorem.

Theorem (2.2). The one-point compactification D = D ¥ {oo} is homotopy equivalent
to

D =~ \/ A(Pg,)* 5P,
pEP

From this, it is easy to see that

1R

ﬁi(ﬁ; ) @ ﬁi—l—d(p)(A(P@); z)

peEP

and thus by Alexander duality in R" & S" one gets Corollary 2.3 [GM, III.1.5 “Theo-
rem A”]:

H(R\D; Z) & @ Haz-i—a)(A(Pey); )
pEP

for all : € 7Z.

This result is best possible in several respects. First, neither the homeomorphism type
of the union nor the homotopy type of the complement are determined by the combinatorial
data. In fact, the algebra structure of the cohomology of the complement is not determined
by the combinatorial data. These observations even apply in the special case where A is
an “even” arrangement (as considered by Goresky & McPherson [GM, p. 257]), that is, if
the subspaces in A have codimension 2 and all intersections have even codimensions, see
[Z1).

Our approach does not utilize any differentiable structure. Thus it carries over verba-
tim to arrangements of flats in an oriented matroid [BLSWZ] and their affine and projective
versions.

1. Diagrams of Spaces.

A functor D : § — A from a small category S to an arbitrary category A will be called
an S-diagram of objects in A. All S-diagrams of objects in A form a category, where
morphisms are natural transformations of functors. '

A finite partially ordered set (P, <) is here seen as a small category with arrows
pointing downwards, i.e., p — ¢ is equivalent to p > g. We will be solely interested in
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(P, <)-diagrams of topological spaces, usually spheres and projective spaces and almost
always CW-complexes, so for us a P-diagram of spaces is a functor

D: (P,<) — CW-Top

to the category of spaces having the homotopy type of a finite CW-complex. If D is a
P-diagram of spaces then the space associated with the element p € P is denoted by Dy,
and the morphism corresponding to p > ¢ is denoted by d,, := D(p — ¢).

Example 1.1. Let .4 be a finite collection of subspaces of a topological space M. Then
P := (A, D) is a finite partially ordered set and the identity map Z : P — A defines a
P-diagram of spaces with inclusion maps as morphisms. Diagrams of this type are very
frequent and will be referred to as subset diagrams.

Definition 1.2. An arrangement is a finite collection A = {A4;,...,An} of closed
subspaces of a topological space U such that

(i) A is closed under intersection, that is, A, B € A implies ANB € A, and
(i) for A,B € A and A C B the inclusion map A «— B is a cofibration.
The union of the arrangement A in U is D :=|J A, the complementis M := U\D.

Thus every arrangement gives rise to an associated P-diagram D = D(.A), where P is
the intersection poset of A: afinite join semi-lattice whose maximal element I corresponds
to A; =[] A, which may be empty.

The key to our treatment of arrangements is the replacement of the limit of its subset
diagram, which is | J A, by the homotopy direct limit [a. k. a. “the classifying space of
the corresponding small category of spaces”], which we will now define. This construction
belongs to the general class of “geometric realization of semisimplicial sets” constructions,
essentially started by Milnor [Mi] and widely used in topology, see for example [Se}, [BK],
[GZ], [Vo] etc. : '

The primitives for the construction are the order complez A(P), i.e., the geometric
realization of the simplicial complex of chains in P, and the mapping cylinder Z(f) of a
map f : A — B, obtained from Ax[0,1] U B by identification of (a,1) with f(a) for all
a € A. The subspace Ax{0} of Z(f) is referred to as the top of the cylinder, the image of
B as its base.

Definition 1.3. Let D be a diagram over the finite poset P. The homotopy direct limit
D] := holim D is obtained from the disjoint union X :=]],cp A(P<p) x Dy by “making
the obvious identifications”, as follows.

Let Y be defined by Y := Hp>q A(P<g) x Dyp. There exist two obvious maps o, :
Y — X, where o consists of the maps A(Pg,) X Dp — A(P<p) X Dp, induced by
inclusions A(P<g) — A(Pgp) for p > g, and B consists of the maps A(P<q) X Dp —
A(Pgy) x Dy, induced by the maps d,q : D, — D,. Now ||D|| is the difference cokernel
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of these two maps, i.e., ||D|| is the space obtained from X by identifying (z,u) and (z', u')
whenever a(z,u) = 8(z',u').

A less formal and more geometric description of this construction is the following.

One starts with the disjoint union of all spaces D,, p € P. Then one attaches to this, for

‘every map dp, : D, — Dy, a copy of the mapping cylinder Z(d,,) by identifying the top
with D, and the base with D,. The process is continued by attaching, for every p > ¢ > r,
a copy of X, x A({p,q,r}), where A({p,q,r}) is a two dimensional simplex spanned by
{p,q,r}, for example the order complex of the poset p > ¢ > r. This space is attached
along the sides of the triangle A({p,q,r}) to the mapping cylinders of maps dp,, d,r and
dpr. This construction is continued inductively for the chains in P of all lengths.

Let @ : D — & be a morphism of P-diagrams, i.e., a collection a = (a;)pep of contin-
uous maps a, : D, — E, that satisfy the usual commutation relations epq0ap, = ag0d,,.
Then o uniquely determines a continuous map @ : ||D|| —» ||€]| of the corresponding
homotopy limits.

There are other approaches to the definition of ||D||, and some of them, including
the two mentioned above, can be found in [BK, Sect. XII.2]. There exists an even more
general approach which deals with the case of diagrams of spaces which commute only up
to coherent homotopies, see [Vo).

Examples 1.4.

(a) A map f: A — B can be seen as a diagram D over a poset of two elements {p > ¢}.
In this case ||D|| is the mapping cylinder of f.

(b) The mapping cone of f : A —» B is obtained as | D|| for the diagram over the poset
q < p > r where D, = A, Dy = B, D, is a one point space, and dpq = f.

(c) The poset P can be seen as a diagram P over itself having a one point space {p}
associated to each p € P. In this case ||P]| is the order complex A(P).

(d) In case of the diagram T : P — A of subspaces of a given space M, see Example 1.1,
there exists a natural “collapsing” map ¢ : ||Z|| — M. If A is a covering of M that
is closed under intersections, then ¢ is a continuous map with contractible fibers, so
it is “usually” a homotopy equivalence (see Projection Lemma 1.6 and Example 4.3).

The map ¢ defined in Example 1.4(d) can be used for comparison of the homotopy
limit of a subspace diagram with the underlying space. It can be seen as a special instance
of the map arising in the following construction. ‘

There is one more category naturally associated with diagrams, the category of all
diagrams over all finite posets. A morphism a : D — £ between a P-diagram D and a
Q-diagram £ is a pair (v,(ap)pep), Where v : P — @ is an order preserving map and
ap : Dy — E,(;), p € P, is afamily of continuous maps satisfying the usual commutativity
relations. A map @: ||D|| — ||€|| arises naturally and the map ¢ from Example 1.4(d) is
seen as a special case of @.



Examples 1.5.

(a) If D is a P-diagram and P' C P is a subposet, then there is a natural restriction
of D to a P'-diagram D' = D|P’, the inclusion map P' C P induces a morphism of
diagrams D' — D. The corresponding map of homotopy limits embeds ||D'|| as a
subspace of ||D||.

(b) Assume that P contains a maximal element 1 and that D is a P-diagram for which
D; = 0. Then for P' := P\1 and D' := D|P' we get that the map ||D'|| — ||D'] is a
homeomorphism.

(c¢) Let D be a P-diagram, and let po be a minimal element of P. Then each of the posets
P! := P\po, P? := P5p, and P'? := P5,, = P' N P? inherits a diagram structure
from D, where we write D' = D|P!, D? = D|P? and D? = D|P!2. In this situation
we have '

DN ID*[ =D and D' UIID?| =Dl

This leads to the “deletion and contraction” approach to the construction of D. For
example, a Mayer-Vietoris sequence can be applied to compute the homology of D by
induction on the size of P.

(d) Let Q = {0} be a one element poset, so Q-diagrams can be identified with spaces.
Then a morphism from a P-diagram D to a space E, seen as a Q-diagram &, is just a
collection a of maps o, : Dp — E satisfying the condition agodyy = o, forall p > ¢.
In this case ||€|| = E and @ will be as in Example 1.4(d) denoted by £. Note that
a collection a = (a,),ep of maps which define a morphism from D to &, naturally
define a diagram D over P = {0} U P where 0 < p for all p € P. For this extended
diagram we get ||D|| & Zg, where Z; is the mapplng cylinder of £.

Conversely, whenever D is a diagram over a poset P with a unique element 0, then

|D|| is the mapping cylinder of the map ||D|| — Dj;, where D is the restriction of D
to P := P\0.

The following two propositions will serve as our primary tools for finding homotopy
models of arrangements. The first of them, referred to as the Projection Lemma, was
proved in [Se]. The second, called the Homotopy Lemma, is essentially proved in [tD].
Special cases of this result were of course known before; for this see the references of [tD).
A very general treatment, where it is shown that these lemmas hold under mild restrictions
for diagrams over arbitrary small categories, can be found in [BK] and [Vo]. In this paper
we are interested in the special case of diagrams over finite posets. So, we refer the reader
to the appendix, where direct and elementary proofs of these statements are outlined.

Projection Lemma 1.6. [Se] [BK, XII.3.1(iv)]
Let A be an arrangement (Definition 1.2) in U with intersection poset P, let D be the
corresponding P-diagram of spaces, and ||D|| its homotopy limit.

Then the natural collapsing map £ : ||D|| — D (see Example 1.4(d)) is a homotopy
equivalence.



Homotopy Lemma 1.7. [tD] [BK, XII1.4.2] [Vo]
Let a = (ap)pep be a morphism of two P-diagrams D and £.

If ap : D, — E, is a homotopy equivalence for all p € P, then the associated map
@: || D] — ||€|| is also a homotopy equivalence.

We note that this homotopy lemma becomes trivial if we assume the existence of a
homotopy equivalence between the diagrams D and £, that is, if we assume that the ho-
motopy equivalences between the “stalks” D, and E, can be chosen compatibly. However,
there is no compatibility assumption in Lemma 1.7, which makes it quite powerful.

In the following we analyze the situation when D : P — CW-Top is a diagram
with trivial maps. It turns out that in this case the homotopy type of ||D|| has a simple
description in terms of the subcomplexes A(Pgp) of the order complex A(P), and the
spaces D,. As a consequence one obtains a direct sum decomposition of the homology
H,(ID|l; ZZ). We refer to the Appendix (Section 4) for a list of basic constructions and for
proofs.

Wedge Lemma 1.8. Let P be a poset with a unfque maximal element 1, and let D be
a P-diagram so that there exist points ¢, € D, for all p < i such that dpq is the constant
map dpg : T+ cq € Dg for all p> q. Then

Dl = V (A(P<p) * Dp),
pEP

where the wedge is formed by identifying c, € A(P<p)* Dp with p € A(P;)* Dj for every
p<i.

Corollary 1.9. In the situation of the Wedge Lemma 1.8,

ﬁ.(“D”,Z) = @ ﬁ-(A(P<p) * Dp).
peEP

2. Homotopy Types of Arrangements.

We will now demonstrate the po‘wer of the diagram technique by computing combinatorial
formulas for the homotopy types of four types of subspace arrangements:

(a) affine arrangements,

(b) compactified affine arrangements,

(c) spherical arrangements (links of central arrangements),
(d) projective arrangements. )

The computation of the cohomology of a complement of a hyperplane arrangement
(subspaces of codimension 1) is a classical problem [OS] [Or] [BZ]. The cohomology of
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the complement M of an arbitrary subspace arrangement was first computed by Goresky
& MacPherson [GM, Part 111], who used this example to demonstrate the power of their
newly developed "Stratified Morse Theory". They show that the cohomology groups can
be constructed from the data given by the intersection poset of the arrangement, together
with its dimension function. (An alternative approach is due independently to Jewell,
Orlik & Shapiro [JOS] and to Vassiliev [Va, 4.2.A], see also Section 3(e).)

We obtain the cohomology of the complement by Alexander duality from case (c) for
central arrangements and from case (b) for affine subspace arrangements. The computation
in the projective case needs extra arguments, see Theorem 2.8.

2(a) Affine Arrangements.

Our first application of the diagram technique will be a description of the homotopy type
of an &ffine real subspace arrangement.

For this, let A = {Ai,..., An} be a finite set of affine subspaces in K", closed under
intersection. Let P be the intersection poset of .4, where p € P corresponds to A, € A
We order by reversed inclusion: p > qmeans A, C A;. The poset P includes a maximal
element 1, corresponding to Aj = f]A, which is either empty or contractible. Since all
spaces A, for p < 1 are contractible there is a unique homotopy class of maps A, —¢ A,
and a complete set of combinatorial invariants (in the sense of the introduction) is given
by the poset P together with the information whether Aj is empty.

Theorem 2.1. Let Abe an affine arrangement with intersection poset P. Then

WA ~ MCtf). ~j=0>
A \ {1},

otherwise.

Proof. The P-diagram V of A is a subspace diagram that satisfies the conditions of the
Projection Lemma 1.6, so we conclude that £ : \W\ —e« (JA is a homotopy equivalence.
Now let V be the trivial P-diagram, with D', = 0if A8 = 0, and A, = {c,} otherwise.
Then there is an obvious map of diagrams V —- V, to which the Homotopy Lemma 17
applies. Finaly |X>|= A(P\1) if A isempty, and |X>| = A(P) ~ 1 otherwise. D

This theorem is also proved in [GM, Chapt. 111.2]. It can alternatively be derived by
two applications of the nerve theorem [Bj], asin [BLY, Prop. 4.1].

2(b) Compactifled Affine Arrangements.

If A is an arrangement of affine subspaces of R", then another natural invariant is D =
\JA = U-ALlyeel € B," U{oo0}, the one-point compactification of D = \JA seen as a
subspace of the one-point compactification R." = H" U{oo} = S' of the ambient space.

We interpret D as the union of an arrangement A of compactified affine subspaces A,
with intersection poset P. We assume that the arrangement includes Aj = {oo} as the
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