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Abstract . We consider the discretization of obstacle problems for second 
order elliptic differential operators by piecewise linear finite elements. Assum­
ing that the discrete problems are reduced to a sequence of linear problems 
by suitable active set strategies, the linear problems are solved iteratively 
by preconditioned cg-iterations. The proposed preconditioners are treated 
theoretically as abstract additive Schwarz methods and are implemented as 
truncated hierarchical basis preconditioners. To allow for local mesh refine­
ment we derive semi-local and local a posteriori error estimates, providing 
lower and upper estimates for the discretization error. The theoretical results 
are illustrated by numerical computations. 
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1. ntroduc 
Given a closed subspace V C i / 1 ( 0 ) , 0 being a bounded polygonal doma 
in the Euclidean space IR , we consider obstacle problems of the form 

ind u G K such that J(u) < J(v) , v G K, (1.1) 

for the energy functional J7", 

J(v) = -a(vv)-£(v) , veV, 

and losed, convex et K C V, 

K = {v G V| u(x) < (/?(x) a.e. in 0 } 

Assumng that J is induced by a symmetric V-elliptic bilinear form ( •) 

(vw) = / 2 J 8j di djW dx, 

and some functional £ G V it is well-known that (1.1) is equivalent to the 
variational inequalty 

nd u G K such that (u, u — v) < £(u — u) , u G A". (1-

For simplicity we restrict our considerations to the case V = HQ(Q). TO 

ensure existence and uniqueness of the solution u of (1.1) and ( 1 . ) , respec 
tively, we assume tp G L ° ( f ) , ip > 0 a.e. on T = 0 , and 8j G L ° ( 0 
satisfying 

a) ii(x) = ^(x) , 1 < i, j < 2 , 

(1 3 
ei2 E ) ^ < « l^ l 2 ' ^G -R2, 0 < « < « 

for almost all x G 0 . 

Discretizing (1.2) in space by continuous, piecewise linear finite elements with 
respect to a triangulation of 0 , standard numerical schemes for the solution of 
the resulting finite dimensional variational inequality are projected relaxation 
methods (e.g. [15]). These iterative methods typically suffer from rapidly 
deteriorating convergence rates when proceeding to more and more refined 
triangulations which renders them inefficient from a numerical point of view. 
However, this drawback can be overcome by using multilevel techniques with 
respect to a hierarchy of triangulations. Multigrid approaches to obstacle 
problems have been developed by various authors ([10, 16, 17, 18, 19, 28, 



29]). For obstace type problems an alternative to projected relaxation is 
to use some sort of linearization techniques based on active set strategies 
e.g. [16, 17, 18]). This is an iterative scheme where in each iteration step a 

set of active constraints is prespecified and then a linear subproblem has to 
be solved for the computation of the new iterate. Note that the multigrid 
techniques used in [16, 17, 18] consist of outer and inner iterations where the 
outer iteration is an active set strategy and the inner iterations are multigrid 
iterations for the approximate solution of the auxiliary problems. 

Snce for the obstacle problems under consideration the coefficient matrices 
of the auxiliary systems are symmetric positive definite, an alternative choice 
for the inner iterations are preconditioned conjugate gradient (peg) methods, 
especially those based on multilevel preconditioners such as Yserentant's hi 
erarchical basis preconditioner [36] or the BPX-preconditioner [9]. A related 
approach has been proposed in [34] where relaxation methods have been 
applied with respect to hierarchical bases. 

For the adaptive construction of a suitable hierarchy of triangulations efficient 
and reliable a-posteriori error estimates are required. While a variety of 
well-established results are available in the case of linear elliptic problems 
(see [3, 13, 21, 35] for further references) the situation is less clear in the cas 
of obstacle problems. Recently, the concepts introduced in [13] have been 
extended and applied successfully to a special obstace problem arising in 
semi-conductor device simulation [24]. A more detailed investigation of this 
approach will be a subject of this paper. A-posteriori error estimates for the 
penalty method together with strategies for the adaptive choice of a spac 
dependent penalty parameter and the mesh size have been given in [22] 

The paper is organized as follows. After a brief discussion of the active-set 
strategy proposed in [17], we will focus on the construction and analysis of 
multilevel preconditioners providing the efficient solution of the arising linear 
subproblems. In particular, we will derive two variants of hierarchical basis 
type by suitable modifications of the standard hierarchical basis precondi 
tioner. It will turn out that both variants are performing asymptotically as 
in the unconstrained case but that only one of them is robust with respect to 
the regularity of the free boundary. Inspired by a paper of Dryja and Wid-
lund [14], the preconditioners will be regarded as multilevel additive Schwarz 
(MAS) methods. This abstract framework allows for obvious extensions to 
other variants of the MAS method, in particular to the BPX-preconditioner. 
Comparing the actual approximation with another approximation of higher 
accuracy we will derive semi-local and local a-posteriori error estimates, 
followed by a detailed analysis of their efficency and reliability. The final 
chapter is devoted to some numerical experiments supporting the theoretical 

ndings. 



2. u t r— t e r a 

Let T denote a triangulation of the computational domain 0 C IR . We 
assume that T is regular in the sense that the intersection of two triangles 

}t G T is containing a common edge, a common vertex or is empty. The 
sets of vertices p and edges e which are not part of the boundary dft are 
called V and £, respectively. We approximate V by the subspace S of con­
tinuous, piecewise linear finite elements vanishing on the boundary dft with 
the associated nodal basis Ap, p G "P, of S defined by Xp(q) = Sq, pq G V 
(Kronecker delta) 

Further, let ipj- G S be a discrete obstacle approximating the given obstacle i 
in an appropriate sense. For example, ipj- may be chosen as the L-project ion 
of (f onto S or, if ip G C(O), as the <S-interpolate. Correspondingly, we denote 
by Kj = {v G S\v < (ff} the sets of discrete constraints. Then the finite 
element approximation of (1.1) amounts to the computation of an element 
uj G Kj satisfying 

(u u — v) < £(u — v), v G K (2-1) 

It is easy to see that the finite dimensional variational inequalty (2.1) is 
equivalent to a near complementarity problem. 

L e m m a 1 An element j G Kj is a solution to (2.1) if and only the 
ector I , N : V\ wth compnent = u(p), p G V, saisf 

max(Au - 6, u - f) = (2. 

whe A i the N x N fness marix with entri a = a (A , X), pq G V, 
nd b G IR and p G IR are the ectors with components b £(XP nd 

= (pj(p)} p G V. Nte th (2.2) as o be undersood cmpnenti 

Proof. Let uj G Kj be the solution of (2.1). Then Au < b which can be 
deduced by choosing v = uj — z n (2.1) with arbitrarily given z G <S, z > 0. 
Since u < <p, we thus have (u — )T(Au — b) > 0. But v = ipj in (2.1) gives 
(u — Lp)T(Au — b) < 0 where (u — t)T(A — 6) = proving ( 2 . ) . The convers 
tatement is obvious. • 

In the following w will consider an ou te r inner iteration technique for the 
numerical solution of the complementarity problem ( 2 . ) . The outer itera­
tions are governed by an active et strategy as presented in [17, 18]: 

uter teratio active set strategy): 

Step 1: Chos a startvector z0' G IR 



Step 2: Given vS> £ IR , v > 0, de te rmne V C V as the set of points 
p G ? such that (AuM - b)p > {u() - (p)p and et V° : V \ V. 
Then compute 'y+ £ IR from the splitting 

^ = u' + (2.3 

where 
= f p ^ , < e P (2.4) 

and u° satisfies 
0, p £ V (2.5 

and 
Au -A (2. 

It is obvious that the computation of the iterate ySv+ according to (2.6) 
actually requires the solution of a "reduced", i e . , lower dimensional linear 
system 

The set V is called active, since in view of up
u+' = tpp, p £ V, it contains 

the nodal points where the obstacle is active. Correspondingly, V° is said 
to be the inactive set. Introducing a corresponding spl t t ing of the finite 
element space S S° © S' in linear subspaces <J>°, <S* C S defined by 

{v £ S\ v{p) = 0p £ V} , S = {v £ S\ v(p) = 0,p £ V (2.7) 

the reduced system ( 2 . ) can be rewritten as the variational equality 

nd £ S such that (uv) = £(v) — (u,) , v £ S (2-8 

with solution u £ S and u £ S defined by u(p) = u* 

Remark 2.1 If (2.6) respectively (2.8) is solved exactly, it can be shown 
that for arbitrarily given initial iterate IT0' the sequence vS\ v > 0, of iter 
ates is a monotonically decreasing sequence converging to the unique solution 
u of ( 2 . ) (see e g . [17, 18]). Actually, we do not want to solve (2.8) exactly 
but compute an approximation up to a certain accuracy K0 by means of an 
efficient iterative solver. In this inexact case, the convergence of a related 
most constrained strategy has been proved in [16] providing a topping cri 
terion for the inner iteration. However, this strategy turns out to be much 
too pessimistic in actual computations leading to prohibitive large number 
of outer iteration steps. 

In contrast to [17, 18] where multigrid techniques have been used, in this 
paper we will focus our interest on multilevel preconditioned cg-iterations 
which for well-known reasons are more suited to be used within an adaptive 
FEM code. For an introduction to the preconditioned cg-method we refer 
to [1] while the construction of appropriate multilevel preconditioners will be 
subject of the next chapter. 



3. Additive Schwrz Mthods and 
Herarchical Bas 
Let 7o be an intentionally coarse regular triangulation of ft. 

The triangulation 7 is refined several times providing a sequence of triangu-
lations 7 7 T j and a corresponding sequenc of nested finite element 
spaces So C S\ C • • • C Sj. The underlying refinement process described in 
the sequel, is meanwhile standard in the literature on multilevel precondi 
tioning [3, 4, 5, 6, 8, 13, 37]. Note that this refinement in general does not 
coincide with the actual refinement process performed by some finite element 
code. Nevertheless, the triangulations 70, 7i ., 7j are available without any 
computational effort, if the underlying data tructures are chosen properly 
[3, 26, 31, 32] 

A triangle t £ Tk is refined either by subdividing it into four congruent subtri 
angles or by connecting one of its vertices with the midpoint of the opposite 
side. The first case is called regular (red) refinement and the resulting trian­
gles are regular as well as the triangles of the initial triangulation 70- The 
second case is called irregular (green) refinement and results in two irreg­
ular triangles. As we do not want that new points are generated by green 
refinement we introduc the rule 

l) Each vertex of which does not belong to T is a vertex of a regular 
triangle. 

Note that irregular refinement is potentially dangerous, because the interior 
angles are reduced. Hence we add the rule 

T2) Irregular triangles must not be further refined. 

We say that a refined triangle is the father of the resulting triangles which 
in turn are called sons. We define the depth of a given triangle t £ U 
as the number of ancestors of t. Of course, the depth of all triangles 
is bounded by k. Due to the final rule 

T3) Only triangles t £ T of depth k may be refined for the construction of 
T , 0 < k < j . 

the whole sequence 7 7 i . . , 7 j can be uniquely reconstructed from the 
initial triangulation 70 and the final triangulation T alone, neglecting the 
preceding dynamic refinement process. Recall that in actual computations 
we may chose the data structures representing the triangulations cleverly so 
that the sequence 70, 7 i . . ., Ti 1S explicitly given. Note that the subscript j 
does in general coincide with the number / > j'of refinement steps which 



have been necessary to create T from 7 by the actual finite eement code. 
In practical calculations the difference I — j of the refinement level / and 
the maximal depth j can be used to judge the quality of the implemnted 
refinement strategy. 

Of course, adaptive refinement should be based on reliable a-posteriori error 
estimates which will be considered in the following chapter. For the moment 
let us assume that a hierarchy 7o ,7 i , . . ., Tj with the property (Tl - T3) is 
available. We further assume that we have a disjoint splitting Vj = V' U V° 
which may result from an active set strategy applied to (2.1) with respect to 
the triangulation T = Tj. Recall that this splitting is supposed to change in 
each outer iteration step. In the sequel we will deal with the construction of 
two multilevel preconditioners of hierarchical basis type to provide an efficient 
iterative solution of the corresponding reduced system 

ind u G S such that (u v) = £(v) — (u v) , u £ S (3-1) 

For this purpose we provide a decomposition Vk = Vk U Vk of the sets V of 
the nodal points on the lower levels 0 < k < j'by means of the definition 

=VkH, V \ V 0 < < j - l (3. 

For 0 < k < j and p G Vk we refer to M G S as the level k nodal basis 
function having as its supporting point, i e . , (p) = 1. According to (2.7) 
the splitting (3.2) induces the subspaces Sk = span{A^ | p G V%} C Sk, 0 < 
k < j . Collecting the hierarchical basis functions with inactive supporting 
points according to 

= {Af | p e V} , = { \ \ p G V \ V\_d, l<k<j, (3.3 

we denote by AH = {jk=1 Afc the set of all hierarchical basis functions on 
the levels > 1. Furthermore, we will utilize the subspaces V spanA0 

and V\ pan{A}, A G AH- However, the hierarchical decomposition of 
functions G S cannot be given in the standard way, since the subsets A0 

and Ak of Sj in general are not contained in S . This is due to the fact that 
functions v G Sk-, 1 < k < j , in general do not vanish in active nodal 
points p G Vl\Pl_ appearing on the subsequent level k. We will modify 
such functions by means of suitable truncation operators Tk : Si — S 
0 < / < k < j , defined by 

v = E <P)^ (3-4) 

Note that TkV = v} v G Sk. Now a feasible multilevel splitting of S is defined 
by simple truncation of the standard hierarchical basis 

i 1 ^ 0<k<j. (3.5 



We will consider a second multilevel splitting which is based on e re­
trictive choice of coarse grid functions. For this reason e define 

r s = {P e V f } , o < k < j (3. 

Obviously ( 3 . ) can be regarded as a weighted modification of the pointwise 
restriction (3.2) of the active set V* to the lower levels. Note that we have 
Vlreg C V% and V°reg = . Now the standard hierarchical splitting with 
respect to Vreg

} 0 < k < j is given by 

= {Af| p e Vrs} = {A | p e Vrs \ n°l r8} l<k<j. 
(3-7) 

Note that a restriction of the active set which is similar to (3.6) has been 
used in [17]. In the context of hierarchical bases ( 3 . ) has been propoed by 

erentant [38] 

Remark 3.1 The difference between Ak and A is llustrated in Figure 
3.1 where for ease of expostion we have considered the -D cas 

(i (i (iii) 

Figure 3.1 

In particular, Figure 3.1 (i) represents a level k — 1 basis function M ' with 
supporting point p £ Vk_1 \ V^^ having a level k active neighbour q £ V' 
on the left. Figures 3.1 (ii) and (iii) display the basis functions Aj, ' and 
M > selected in (3.5) and (3.7), respectively. Note that T̂ Ajj, ) generally 
results in a "nonsymmetric truncation whil the choice of the higher evel 
basis function Â  may be regarded as a " s y m e t r i c " cut. 

As proposed in [14] the hierarchical basis preconditioners obtained from (3.5 
and (3.7) will be treated in the framework of additive Schwarz methods. For 
recent results on the BPX preconditioner as an additive Schwarz method w 
refer to Bornemann 6] and Zhang [39] As far as the following definitions and 
assertions do not differ for j , /i = 1 the index /i is skipped for notational 
convenience. 



The d i ec t subspace decompos 

0 (3.8 
\eA 

of S where V = spanA0 and Vx = span{A}, A G Aff = , gives ris 
to an additive Schwarz method providing a reformulation 

= £ 

of the original problem (3.1) where 

P = P E 
A 

is the sum of the Ritz projections P , PA : VA, A G 
defined by 

(PuW v) = (w} v) , v G Vv , ^ = 0, A , 

for each w G <S and £' G )' is chosen appropriately. Denoting by ( •) the 
tandard L nner product we introduce the L projections Q : <S° Vo, 

A : < > V\ and the representation operators A : V V , A A : VA VA,  
defined by 

(Qw,v) = (w,v) , n £ K 

for each u; G < and 

(Av) = (w,v) , v G K 

for each u; G K , z/ = , A. Then the operator P may be rewritten as 

P = H 

where tands fo the preconditioner 

J2 
A 

and A is the representation operator of ( - ) on X < . Evaluation of  

eads to 

^ (4ß E T T v ^ 1 2 - (3-

n view of R e m a k 3.1 we wi ef o H nd i s v a n t as he non-

symmetric preconditioners and to as the " s y m e t r i c preconditioner, 
respectively. 



Let us b r i e y discuss som odificaions of the precondiione /i = 1 2 . 

The evauation of ( A ^ ) 2o 
requires the s o l u t n of near s y s e m or the 

stiffness matrix given by « ( , • ) restricted to VQ X V /i = 1,2. Due to 
the definition (3.5) the entries of A^ and a(A, A), A £ A ^ may change with 
each step of the outer iteration. To avoid the corresponding evaluations of 
the quadratic form ( •) the preconditioner H may be replaced by 

j ^ W £ ^fxl^ (3-10) 

where A 0 is t h e r e p r e s e n t a t i o n of a(- , •) r e s t r i c t ed t o <SQ X <SQ a n d Q0 deno tes 
t h e L p ro jec t ion t o <SQ, respect ively . N o t e t h a t a r e l a t ed modif ica t ion of 

(2) 

Hj is not necessary as only the selection and not the shape of the involved 
hierarchical basis functions is depending on the actual active set V*. Still the 
linear system on the coarsest level is supposed to change with each outer iter­
ation step, each time causing a Cholesky decomposition of the new coefficient 
matrix. To reduce the computational effort, we may replace the matrix by 
its diagonal or even by the identity matrix (see [36] for a further discussion) 
In the case of rapidly varying coefficients, frequently occurring in practical 
problems, the jumps should be incorporated in the preconditioners. We refer 
to Yeren tan t [7 ] for details. 
Note that existing implementations of the standard hierarchical basis precon­
ditioner are easily changed to (3.10) by simply neglecting the contributions 
from active points [20]. For a similar application of truncated hierarchical 
basis functions to obstacle problems we refer to [34] 
The final part of this chapter will provide condition number estimates both 
for the nonsymmetric and for the symmetric case. The subsequent analysis 
will be guided by the following lemma on abstract additive Schwarz methods. 

L e m m a 3. i) Assume th for all v £ S° the is a splng 

AGA uch th 

(vv Y ( " A ^ A ) } < (vv) (3-11) 
A 

lds for some fixed posie c a n t c. Then e h e the e t e 

(v) < (Pvv) , v £ < 

ii ssume th for all splng v = V \ E A °f V £ $j the e t e 

(vv) < C{(vv ^ ( " A ^ A ) (3.12) 
\eA 



lds for some fixd posie c n t C. Then e h e the e t e 

(Pv) < C(v) , v G S 

Proof. The assertion i) is the wellknown lemma of P.L. Lions [ ] To 
prove the second assertion we apply (3.12) to the plitting v = 

A P\v f° r some fixed v G S° to obtai 

(Pvv) < C{(Pv J2 ( P v } = (Pvv 
\eA 

which completes the proof • 

Remark 3.2 The assumptions (3.11) and (3.12) can be regarded as an 
asymptotic orthogonality of the subspaces Vo7V\. Note that (3.12) is fre­
quently established by a strengthened Cauchy-Schwarz inequality with re­
pect to ( •) or any other spectrally equivalent quadratical form. 

In addition to the usual (semi) norms and| • of L(f) and H1(f) w 
will make use of the s e m i n n e r produc 

( ü w / didiW dx , vw G - ^ 

1 /2 
for measurable 0 0 C O with the induced semi-norm |i>| (v . We 
introduce the interpolation operators I j by 

v = E <P)X ° < k < J 
per 

and call p,q G Vk A-neighbors if there is an edge e = (p,q) G Sk- Finally 
constants depending only on the ellipticity (1.3) and the shape regularity of 
7o will be denoted by c or C. Other parameters will be ndicated explictly. 

We take up the analysis of the preconditioners with the following technical 
lemma 

L e m m a 3.2 Let p f P j 0 k-neighbor q G V*. Then the e t e 

Hp)\ c\Iv\supp 

for all v G S° 

10 


