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ABSTRACT

Countable systems of ordinary differential equations appear frequently
in chemistry, physics, biology and statistics. They can be considered as
ordinary differential equations in sequence spaces. In this work, a fully
adaptive algorithm for the computational treatment of such systems is
developed. The method is based on a time discretization of an abstract
Cauchy problem in Hilbert space and a discrete Galerkin approach for
the discretization of the arising stationary subproblems. The Galerkin
method uses orthogonal functions of a discrete variable, which are gen-
erated by certain weight functions. A theory of countable systems in
the associated weighted sequence spaces is developed as well as a theory
of the Galerkin method. The Galerkin equations are solved adaptively
either by use of analytical properties of the orthogonal functions or by
an appropriate numerical summation. The resulting algorithm CODEX is

applied to examples of technological interest, in particular from polymer
chemistry.



INTRODUCTION

Polymers belong to the most important materials in our technology. In a poly-
merization process single molecules are linked together to long polymer chains.
The mathematical modeling of a polymerization (see e.g. [35]) leads to as many
single differential equations as polymer chains can arise during the reaction.
In general this number is not known a priori (sometimes not even the scale),
but must be assumed to be very large (10* — 10° in realistic examples) or even
infinite. The resulting system is then called a countable system of ordinary
differential equations (CODE). Countable systems appear also in other fields of
chemistry, in physics 23], statistics and economics [20].

For the numerical treatment of CODE’s there exist several methods, which
have been originally developed for special problems in the applications. How-
ever, there is no comprehensive numerical approach up to now and ”nearly
nothing has been done concerning qualitative behavior of solutions” [13] in the
theory.

As a new numerical approach, a discrete Galerkin method has been suggested
by DEUFLHARD and the author [19]. Thereby orthogonal functions of a dis-
crete variable are used to approximate the solution of a countable system. The
method has been worked out and implemented for problems from polymer chem-
istry in the program package MACRON [1].

This paper presents the new algorithm CODEX, which extends the ideas of the
discrete Galerkin method and avoids some drawbacks of MACRON, which arise
from the fact, that it corresponds to the method of lines. ‘A countable system
is considered now as an evolution equation in a sequence space. Following ideas
of BORNEMANN [6], [7], this equation is discretized in time first. The resulting
stationary subproblem to perform a time step is then solved approximately by
a Galerkin method in a scale of Hilbert spaces generated by a two-parameter
family of weight functions. It turns out, that CODEX performs well for a wide
class of problems with solutions having structural similarities to the suggested
weight functions. The theoretical and numerical concepts can easily be applied
to similar approaches in weighted sequence or function spaces.

After introducing some very common model problems, in Section 1 a basis in-
dependent theory of countable systems in the sequence spaces H,, is derived.
Section 2 is concerned with the construction and examination of basis func-
tions of H, ,, which are determined by the so—called modified discrete Laguerre
polynomials. In Section 3 the algorithm is outlined very briefly, then the time
discretization scheme and the Galerkin method in H,, are discussed. Section
4 illustrates the efficiency of CODEX on examples from polymer chemistry.



1 COUNTABLE SYSTEMS OF ORDINARY DIFFERENTIAL EQUA-
TIONS

1.1 MODEL PROBLEMS

We consider scalar initial value problems of the type (CODE)

(11)  w(t) = fults w(t), wa(t), .. ), us(0) =5, s €N (s 2 1) ,

where the functions :
f:0,TixD—R,DcRN seN,

and the initial value N
¢ = (ps) €RT,

are given. The actual sequence space will be specified later on. The prime
denotes the derivative with respect to the time ¢. The index of the sequence
will usually be called s. For ease of writing we will alternate between the
notations u,(t) and u(s,t) for the s—component of the sequence (grid function)
u at time ¢. As far as the context is clear the time dependence will be omitted,
such that u(s) or u, means u(s,t).

A function

u:[0,T)]- D, Te(,Ty],

is called a solution of (1.1), if u,(0) = ¢s, us € C*((0,T]) and v, = f,(¢,u) in
[0,T] for each s € N.

Example 1.1: Backward difference equation. Consider the equation

(1.2) W(t) = =V ult), u(0) = ¢
where the backward difference operator V is defined by
(1.3) (Vu)1 =uy, (Vu)y=us —ugy, s=2,3,....

Equation (1.2) appears as a basic module in many problems (e.g. as chain
addition Py + M — P,y in polymerization models). For an initial sequence ¢
the solution of (1.2) can be written as

us(t) = (T(t) )(s)
in terms of a semigroup 7T'(¢) given by

ts_'f'
v(r .

(1.4) (T et Z

r=l

(]



Specializing ¢, = é,; , 6, the Kronecker symbol, the solution u,(t) is a
Poisson distribution with parameter ¢:

ts—l
(s—1)!

Example 1.2: Summatory systems. Equations of this type have been studied
by HILLE [28] and are related to mathematical models of polymer degradation
processes (5], which have already been treated numerically by use of the discrete
Galerkin method in [19] and [38] (see also Example 4.2). Let us consider the
following system:

us(t) = e

(15) W) =—(s-Du®)+ 3 w(t), u0) =, seN.

- r=s+l

The initial value problem (1.5) is not uniquely solvable, because its solution
depends on an arbitrary (only integrable) function f = f(t) [28]. However,
with the definition of a family of Hilbert spaces

H: {uelR‘NHlun, .—Eu2e’t<oo}

s=1

the condition u(t) € H; enforces the uniqueness of the solution and the bound-
edness of all statistical moments of u (Corollary 1.4). The latter property is a
natural requirement in many problems. Finally, in H; an efficient approxxmatxon
of solutions of (1.5) is possible [19].

Example 1.3: Smolochowski model. In [19], the solution of the Smolochowsk:
model '

(1 6) uy(t) = lg—z__:lur () us—r(t) — u,(t)ij:lu,(t) , us(0)=651,s€N,

could be approximated well in the scale of Hilbert spaces
0 o= {ee RN ul= S0 - e <o
s=1

for p > (5 +2) . The condition on p is necessary and enforces the change of the
space H, with ¢t. The reason is, that the operator describing this problem is not
Lipschitz continuous as an operator on H, for fixed p, but only as an operator
on the scale H,, 0 < p < 1 (Example 1.6).



1.2 A TwoO-PARAMETER SCALE OF HILBERT SPACES

We construct weighted sequence spaces, which allow a theory of countable sys-
tems as well as an efficient numerical treatment of interesting problems.

DEFINITION 1.1. Define the weighted sequence spaces H, ., by
N S

09 Ham{ue RVl = S <o}
s=1

where the weight function ¥, ,(s) > 0 is given for s €N by

(1.9) Upa(s) =C»* (1) p" ™, 0<p<l, a> -1,

s—~1

with the constant C** = (1 — p)'** chosen such that ||¥, 4|, = 1.

Remarks.

(1) Due to the normalization of the ¥, ,, these weight functions can also be
regarded as probability distributions. For a = 0 the weight function ¥, ,
reduces to the geometric distribution. For @ > 1, we obtain a narrow
distribution; if weset @ = A/p, ¥/, converges pointwise to the Poisson
distribution with parameter A for p — 0. A hyperbola of the form 1/s*
is approximated well by choosing o < 0 and p close to one.

(i) For 0 < p < 1 and o > —1 the space H,, is equipped with the scalar

product
- i o0
(1.10) (u,v),0 =D u(s)v(s) Tpals)™, u,v € Hyq .
s=1
(iii) The embeddings
(1.11) Hyo—H;, , 0<p<p<l,
and
(1.12) H,.—H,;z;, -1<a<,

are dense and continuous.

LEMMA 1.2. ForO<e<p<llet ue H,_.o. Then for all polynomials p
of degree j we have p-u € H,o for a > —1.



Proof. Foru € H,_, we have by definition

ks =
Su(s)? e < o,

s=1
writing p=e™*, p—z = e™*~% in terms of A > 0, &> 0. Then there is an
s > 1 with .
e(/\+s‘)a > p(S)Z e)\s

for all s > 5. Thus ||pul]|, is bounded, if

) 3 . ‘ s !

Zu(3)2 p(5)2 e)" < Zu(s)2p(s)2 e,\s + Z u(s)2 e(A+e)s < o0,

s=1 s=1 s=35+1

which is true for u € H,_. 0. As |
(s—1+a) < 1 a > 0 and (s—1+a)

s—1

< , ~l<a<l,
14+ a

we get u € H,, and pu € H,, for all o > —1. |

With Lemma 1.2 we can prove the important

COROLLARY 1.3. Ifu € H,_., for one o > —1, then u € H,p for all
g >-1. :

Proof. For > a see (1.12). For § < « the inequality
s—1+4a) [s— -1
(25 (589) <n(s)?
holds by use of a polynomial p with degree ;7 > (a - ) /2. Application of
Lemma 1.2 leads to the assertion. [ ]

Remark. The condition u € H,_., plays an important role in this work.
Under numerical aspects it ensures, that we do not approximate an element at
the ‘edge’ of the space H,,. Corollary 1.3 implies, that on this condition the
p- scale is the crucial scale for the theory, whereas the o - scale gives some
freedom for approximation purposes.

Example 1.4. Let p be given. Define u(s) := <\/ﬁ)s-1 /s, s>1.Then
1 > 1
2
lulfo = 753 5
but 3%, u(s)2¥s0(s)~! is not bounded for any 5 < p. For v(s) := su(s)

we see that v ¢ H,o. This confirms, that the assumption of Lemma 1.2 and
Corollary 1.3 concerning p is necessary.

<00,

[$1}



COROLLARY 1.4. Define for k=0, 1, ..., the moments px[u] of u by
(1.13) plu) = isk u(s) .
Then for u € H, 4 all moments of u are bounded.
Proof.
isk u(s) = (sk U, 0, u)p,a < k(Y] llullpe < o0,

using the Cauchy-Schwarz inequality and the fact that all moments of ¥ po ATE
bounded.

The following results are important for the treatment of certain nonlinear
operators (e.g. the convolution operator in Example 1.6). We only consider the
case a = 0 here. For a # 0 the constants become a little bit more complicated.
The proofs are straightforward and can be found in [39)].

LEMMA 1.5. ForO<e<pitis !I/ey-__e,o € H, .o and
P

1 (VP—p+e)

Y pme —e =——M5,M52=
“ f’75-,0”9 0 \/E Py Py (1—p+€)

COROLLARY 1.6. Foru € H,_.o , 0 < € < p, the following inequality
holds:

oo 1 -
v - <—=M € —-£,0
;u(s) \/EO(S) = \/E P Hu”p ,0

o (= p e
oo At

1.3 THEORY OF COUNTABLE SYSTEMS

with a constant

Mathematical theory concerning countable systems has been developed for many
years, a survey is given in the monograph of DEIMLING [13]. In contrary to the
most authors, which e.g. put conditions on linear countable systems, which are
formulated as infinite matrix equations in an [P-space, we will take a different
view. The present approach is motivated by the qualitative behavior of the solu-
tions and their efficient approximation. It turns out, that the operators studied
here are Lipschitz continuous as operators on a fixed H, , - space or on the scale.
of these spaces.



Example 1.5. A degradation process in polymer chemistry (compare Exam-
ple 4.2) can be written as (s =1, 2,...)

(1.14)w' (@) =Apu(t) :=—=(s = D u(s) +2 (Z ) ,u(0) =¢,

in terms of the forward shift operator
(Syu)(s)=u(s+1) .
The operator S, is bounded in H,, with the norm

1+a/2) @20,
1.1 « <M= VAL ‘
(1.15) [[S4[lo,ec < My {\/,,3 , —l<a<0.

Thus the infinite sum of operators on the right-hand side of (1.14) converges
uniformly to a bounded operator for

(1.16) p(l+ea/2)<1

(a condition which plays a role in Example 4.2). However, the first term of Ap
leads to difficulties. Let « = 0 and défine an operator A, by

(A1u)si=—(s—1)u,, s €N.

A, is not bounded in H 0,0, but a short calculation yields

C
(1.17) | Ay ullp0 < ¢ lullp-e0, €>0,

i.e. A is Lipschitz continuous as a map from the ‘smaller’ space H,_.o to the
‘larger’ space H,o. The estimate (1.17) is the motivation for the following the-
orem, which follows Theorem 15.7 in the textbook [14] and has been converted
from certain weighted {*-spaces to the H, ,-spaces. Theorem 1.7 supplies exis-
tence and uniqueness of solutions of nonlinear ODE's in H,q (for simplicity the
a - scale is omitted and we write || - ||, instead of || - ||5,)-

THEOREM 1.7. Consider a sub-scale of H, — spaces for p € [py,1) , 0 <
po<1. LetJ=[0,Ts] C R and assume:

(a) The operator
F:JxH,— H;

is continuous for p > p and F(t,0) € H,, on J.

-1



(b) There exists a constant M such that

(1.18)  ||F(t,u) — F(t,v)]|; < pﬁl

wk

forteJ, p>pandu,v € H,

”u_v“p10<7slv

Then for every p € (po,1) the initial value problem
(1.19) u'(t) = F(tu(t) , uw(0) =¢ € Hy,

has a unique solution

w: [0,8(p—p)) — Hp,

with § = min{T}, (Md,)~'} . The constant d, > 1 can be computed in concrete
cases, e.g. dy =¢e, dyjp = 2v/3/3 .

Proof. The proof is based on a fixed point iteration in a scale of Hilbert
spaces. We consider the successive approximations

1
Uk(t)=u0+/0 F(s,up-1(s))ds, k>1,uo=¢.

Due to the condition (a) and ¢ € H,,, the iterate uy : J — H, is continuous
for p > po. We will show by induction, that

k
Q20) ) = sl < Calt) (o) for 53 o,

(1= po)

whete C(t) = ¢l +

In a first step we obtain

max [1F(s,0)1]pg-
e (2) — wolly < C,—i_j‘j—) C(t)

using |lu|l; < |lu]l,, for po < p. The induction step yields

Cpolt) MFEHt+IgE
e (pP—es—po)* k+1"

lJurs1(t) — ur(t)]l <

where ¢ > 0 is chosen such that p — ¢ > pg. In order to get rid of the factor
1/(k+1) we set

P = po
(k+ 1)/

0



and end up with

| Mtd, \**' 1 k+1 -

luaa) = (Ol < Ca) (25) 1 (A =TF)
The last factor on the right-hand side is bounded in % for ¥ < 1. For v = 1/2
the maximum is achieved at ¥ = 1 with dyj;. For ¥ = 1 we can see that
((k+1)/k)¥ < e . Thus (1.20) holds for all k¥ and as Mtd,(p — p)™" < 1
for t € [0,6(p — po)”) the sequence uk(t) is a Cauchy sequence and converges
uniformly on every closed subinterval of [0,6(p — po)”) to a continuous u(t)
satisfying

u(t) =+ /OtF(s,u(s))d.s .
Moreover u(t) is a solution of the initial value problem, since
F(yu(-)): [0,6(7 = po)') — Hj;
is c;)ntinuous. In order to prove local uniqueness, we consider two solutions
u(t), v(t) € Hy; , p> po. For fixed ¢ and p; > p,

Mid, = max ||u(s) — v(s)||5
llu(t) — v()llp < mcl(t), Ci(t) = llu(s) = v(s)ll5 -

s€[0,t]

Now, similar to the considerations above, we ‘fill in’ estimates in k spaces be-
tween H,, and H; - setting € = (py — p)/(k+ 1)/7 in the k-th step - and end
up with \
’ Mtd,
() = o0l < Gat) (22
Thus for t < (p; — p)~"(Md,)™! we have u(t) = v(t). The rest follows by
continuation. |

Example 1.6. Consider the convolution operator Ag,

(Ao u)(s) = 3 tr ters

r=1
which is the first part of the Smolochowski model in Example 1.3. Using Lemma
1.5 and Corollary 1.6 it can be shown for the Frechét derivative DA¢ of Ac,
that

1
IDAc(u)vll; < 201 = p + &) llully lolf5-. -
Application of the mean-value theorem gives (1.18) with 4 = 1/2. Thus The-
orem 1.7 explains, why the space H, has to be changed with time for the

Smolochowski model.



2 MODIFIED DISCRETE LAGUERRE POLYNOMIALS

In this section, an orthogonal basis of the spaces Hpix is described in view
of a Galerkin method in this spaces. The basis functions are given in terms
of the modified discrete Laguerre polynomials. Important properties of these
polynomials are presented in Section 2.2. The approximation of an element
u 6 Hp,, by theorthogonal basis isanalyzed in Section 2.3. A Gauss summation
in Hpic is described in Section 2.4. Asnot stated otherwise, we aways assume
O<p<landa>-1.

21 CONSTRUCTION OF THE POLYNOMIALS

First, wetry to find polynomials {h}, which are orthogonal with respect to the
scalar product

(2.2) («,»)'*" :=!OO>(*)«(*)¥,>) ,

where u, v :IN— IR can beinterpreted as sequences or as grid functions on IN.
The isometric isomorphism

(2.2) Toa ‘H" ={u€IR"|(u, uP® <00} —>Hpa

defined by
{Tp.aU)(S)=U()Vp.a(9)

transforms the polynomial basis {h(p, oc)} of H™® to the basis {ipk{p, &)} *~*
{ ¥pa h(p, oc) } of Hpyq .

Fortunately the polynomials h(p, a) can befound intheliterature, such that
only special settings and properties have to be worked out here. Wewrite the
forward product as

@, :=a(a+1...(a+n—1 , a€ IR,
and denote theforward difference operator by

(2.3) (AU),= usi - U, 5=1,2,....

THEOREM 2.1.

(i) TheRodrigues formula

In(s;p.@) =117 5,a(,)-1 A-jC-V-* til-)}

10



