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1. Introduction

Combinatorics and physics interact in various ways. It is impossible to survey
here all the connections. We concentrate in this chapter on statistical physics
since several of the most basic problems in this area have a combinatorial fla-
vour.

Sections 2 and 3 of this chapter are concerned with two of the most funda-
mental areas, namely the study of the Ising model and the theory of percolation
processes. Both of these areas of research are huge, but they share the common
property that some of the most primitive and easily stated problems are, after
more than thirty years of research, still largely unanswered.

In section 4 we present, among other models, some of the classical enume-
ration problems of statistical physics; again there are many open questions and
very few exact results.



Sections 5 and 6 are concerned with two of the (relatively few) “techniques”
which have been developed to deal with the sort of problems we are discussing.
Transfer matrices and subadditive function theory are basic tools in this area
of mathematical physics. This is illustrated by a simplified version of the dimer
problem, it amounts to counting the number of ways of placing dominoes on a
rectangular chessboard.

Finally we illustrate in section 7 the application of ideas from combinatorial
optimization to statistical physics by showing how the problem of finding the
ground states of a spin glass model may be reduced to a very basic, though
difficult, (NP-hard) problem in discrete optimization.

2. The Ising Model

The density of water varies as a function of temperature, and generally as a
continuous function. Of course the variation is not continuous in the neighbour-
hood of the boiling point, nor at the freezing point. Although we are accustomed
to such behaviour, it is paradoxical. The forces acting between the individual
molecules vary continuously as the temperature varies. Why then should there
be a change of state at certain temperatures? Statistical physics is devoted to
the attempt to understand this behaviour.

As is customary in science and mathematics, the study begins by setting
up a grossly simplified model. We assume that the system consists of a finite
number of particles, and that the system is at any instant in one of a number
of states. The behaviour of the system is governed by its Hamiltonian H, which
is a*function of the state. Its value H(co) is equal to the energy of the system
in state 0. Examples of Hamiltonians will be given later in this paragraph and
also in § * The partition function of the system is defined to be

(2.1) Z=2(T)=)_ exp|-H(c)/(kT)).

Here T is the temperature of the system and k is Boltzmann’s constant. If the
system consists of N particles, we sometimes write Zp in place of Z. It is taken
as an axiom that all large-scale properties of the system are determined by Z.
(Sometimes an attempt is made to disguise the fact that this is an axiom, and
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not a theorem. Also a system can have more than one partition function; the
one we have just defined is the canonical partition function.)

In stochastic versions of the problem it is assumed that in the stationary
state the probability that the system is in the state o is given by

27" exp[—H(o)/(kT)
and that the free energy of the system is
F = —kT'log Z.

The latter is a particularly important parameter of the system, and explains
the fact that one deals with log Z as often as with Z. We are interested in the
behaviour of Z for systems with a large number of particles, as the temperature
T ranges over the positive reals. The value of Z depends on the number of
particles NV in the system as well as on the temperature. In all cases of interest
to us, log Z is a linear function of N when all other parameters are fixed. The
number of particles in any realistic physical system is, for all mathematical
purposes, infinite. Hence we are lead to study

1
N
as a function of T\ Following Baxter (1982, p.14), we say that a model has been
solved if its free energy is known. The phase transitions of the model correspond
to the points, called critical points, at which the free energy is not an analytic
function.

Nh_r.nao log Zn(T)

We now consider a typical and important system, the Ising model. We are
given a graph G = (V, E) embedded in R? or R®. There is an atom placed at
each vertex. Each atom has a spin associated to it, this spin takes only two
values. The energy of the system is understood to be the sum of the energies
due to the interaction of each pair of atoms. The contribution due to a pair of
atoms will be assumed to depend only on whether they are adjacent in G or
not. The interaction is completely determined by whether the given pair have
the same spin, or not.

The state of the system can be represented by a function ¢ from V(G) into
the set {—1,1} and the Hamiltonian H(c) will be a sum over the edge set E
of G. Writing o; for the state of atom ¢, we find that the partition function of
this system at temperature T is



(22) Z(G) = Zexp[— Z ﬁa,-a_,-].

ijEE

The constant § = J/(kT) will vary inversely with the temperature and is pro-
portional to the interaction J.

The graphs in which physicists are interested are usually infinite. However
they are usually the limit, in a natural sense, of a sequence of finite graphs. This
will be made clearer by the examples which follow. The most important cases
of the Ising model are when G is either the 2-dimensional square lattice, or the
3-dimensional cubic lattice. The solution of the 2-dimensional Ising problem on
the square lattice was a major achievement of Onsager in 1944. (For an account
of this, and any other historical remarks in this section, see Thompson (1972).)
The 3-dimensional model is still unsolved.

There are some important extensions of the Ising model. We assumed im-
plicitly that each of the two states available to an individual atom was equally
likely. However, if there is an external magnetic field acting then one of the two
states becomes more probable. The 2-dimensional Ising model has only been
solved under the assumption that there is no external field. (The presence of
an external field in any model is a major complication.) Another possibility is
that the interactions between a pair of adjacent atoms may not be independent
of the edge. (This is certainly a physically reasonable possiblity.) Thus on the
square lattice, the interactions arising from the horizontal edges may differ from
the interactions on the vertical edges. Allowing for this does not usually cause
problems; on the contrary it can even be useful, as we will see.

A question which may well have arisen by now is, what does all this have
to do with combinatorics? To explain this, we study the basic Ising model on
the square lattice. Let G,, denote the Cartesian product P, x P, of two paths
with n vertices. Thus G, has n? vertices and, for large n, may be viewed as an
approximation to the infinite square lattice. By expanding the exponential in
(2.2) and since o;0; takes only the values +1 and —1, we have

exp(Boio;) = cosh(B) + o0 ;jsinh(B) = cosh(B)(1 + o0 ;tanh(B))
whence the partition function for G,, at temperature 7" can be expressed as

Z(Gn) =) (cosh(B)!FE T (1+ oi05tanh(B)).

JEE(Gn)
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With some ingenuity (see, e.g., Section 6.1 of Thompson (1972) or page 22 of
Biggs (1977)) this may be rewritten as

(2.3) Z(Gn) = 2V(%)(cosh(8))F(¢)1 Y " N(I)(tanh(B))",
1>0

where N (1) is the number of spanning subgraphs of G, with ! edges and all ver-
tices having even valency. (These are called the Eulerian subgraphs of G,.) This
shows that determining the partition function for the Ising model is equivalent
to the purely combinatorial problem of enumerating the Eulerian subgraphs of
Gn.

It should be noted that (2.3) is valid with any graph G in place of G,. In
particular if we replace G,, by P, then we obtain

Z(Py,) = 2™(cosh(8))**.
From this we can deduce that

lim (Z(P,))}/™ = 2cosh(B).

n-—oo

Since cosh(f) is an analytic function, it follows that the Ising model on the
infinite path does not have a critical point. As we noted earlier in this section,
Onsager showed that the Ising model on the infinite square lattice does have a
phase transition. (See Chapter 5 of Thompson (1972).)

Partition Functions and Rank Polynomials

We now show how Fortuin and Kasteleyn (1972) demonstrated that the Ising
and other physical problems could be related to the Whitney rank polynomial
or Tutte polynomial (see Chapter Welsh).

Let G be a graph, which now may have loops and multiple edges. Any
subset S of E(G) forms a spanning subgraph of G, with the same vertex set as
G, and edge set S. The rank of S is defined to be |V(G)|, less the number of
connected components in the subgraph formed by S. We will denote it by r(S5).
The rank polynomial of a graph G is defined to be

RGiz,y)= 3 2 BI-riS)ylsi=r(s),
SCE(G)

The rank polynomial has some interesting properties. If G is the disjoint union
of graphs G; and G5 then



(2.4) R(G;z,y) = R(G1; 2,y)R(Ga; 2, y)-

If e € E(G), let G\e be the graph obtained by deleting e from G, and let G/e
be the graph obtained by contracting e (i.e., by deleting e and then identifying
its end points). Then, if e is not a cut-edge or a loop, one can show that

R(Giz,y)= 3y, &S 3 gy ISi=rs)
(2.5) SCE(G), c€S SCE, eas
= R(G/e;z,y) + R(G\¢; z,y).

In the remaining cases we have

) _ [ (1 +2)R(G/e;z,y), if eis a cut-edge;
R(Giz,y) = { (1 +y)R(G\e; z,y), if eis a loop.

Now consider the partition function for the Ising model on a graph G, which
can be written in the form

2(G)=>_ ] I

o ijeE(G)

where A = exp . The product o;0; is either 1 or —1. Define E} to be the set
of edges ij of G such that ¢;0; = 1 and let E; be the remaining edges of G.
Let m = |E(G)|. Then we have

Z(G) = z ANESI-IES | = Z A™21ES ]
If e = ij is a fixed edge in E(G), not a loop or a cut-edge, it follows that

Z(G)= > amHE Ly ym-2EC]
oi=0; oi#o;
= AZ(G/e) + A" (Z(G\e) — Z(G/e))
=(A=2"1HZ(G/e) + A71Z(G\e).

(2.6)

We can now use the following theorem of Oxley and Welsh (1979).

(2.7) Theorem. Let f be a real-valued function defined on graphs which sa-
tisfies the recursion

f(G) = af(G/e) + bf(G\e)

when e is an edge of G and not a loop or cut-edge, and
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_ (1 +z)f(G/e), ifeisa cut-edge,
G {(1 TGNy, ifeisaloop,

where z and y are the values taken by f on a cut-edge and loop respectively.
Then if G has n vertices, m edges and ¢ components, we have

1+a:__
a

1+y

F(G) = bmmte g R(G; L= 1)

O

It follows that the partition function for the Ising model on a graph G is
determined by its rank polynomial. From (2.6) we see that we can apply the
previous theorem with Z(G) in place of f(G). Then

a=XA-2"1 b=

and
1+z=2+X"2 14+y=271,

(in deriving these it is important to note that if G is the graph with one vertex
then Z(G) = 2). Theorem (2.7) now yields that

2

—_ Y—m()2 _ 1\n—c .
2(G) = X""(X = 1)"*R(G; 37—,

A2 —1).

A natural extension of the Ising model is to allow the spins to take more than
2 values. More precisely, if we allow the spin at each vertex to take values
from the set {1,2,...,¢} and then define the partition function Z by Z =
>0 €xp[2 ;e g Bé(0i,05))] where § is the usual delta function, we have what is
known as the g-state Potts model.

Using a similar argument to that just given it is easy to see that again Z
satisfies a contraction-deletion recurrence formula. Hence for any graph G, Z is
an evaluation of the rank polynomial of G; though along a different curve in the
zy-plane, namely zy = ¢. For a proof of this and for details of the way in which
the percolation and ice models to be discussed below can be represented in
terms of the rank polynomial see Welsh (1990) or the original paper of Fortuin
and Kasteleyn (1972).

For excellent rigorous mathematical treatments of these topics we refer to
the monographs of Ruelle (1969) or Thompson (1972).
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3. Percolation Processes

As its name suggests percolation theory is concerned with flow in random media.
Its origin in the work of Broadbent and Hammersley (1957) was as a model for
molecules penetrating a porous solid, electrons migrating over an atomic lattice,
a solute diffusing through a solvent, or a disease infecting a community.

As an example of percolation in the wider sense consider the following
problem in communication theory.

Example: Random graphs and reliability

Let N be the network shown in Figure la. Suppose each directed edge has
probability p of being reliable, that is, allowing a message to pass. Suppose
further that the reliability of each edge is independent of the reliability of any
other edge. What is the probability that there is a path from A to B consisting
only of reliable edges?

C

N N' 0

Fig.1(a). Fig. 1(b).

Denoting this event by A ~ B, simple calcuation shows that it is just the
probability that not all the routes from A to B are unreliable. Since the routes
have no edge in common we are dealing with independent random variables and
we have

Prl[A~B]l=1-(1-p%)>

However, if we try the same problem for the network N', of Figure 1(b) the
problem becomes much more complicated. This is due solely to the dependence
in N' of the events “the route ACDB 1is reliable” and “the route ACB is
reliable”. a



This problem illustrates the intrinsic difficulty of percolation problems —
stochastic dependence occurs in all but the most trivial cases and makes compu-
tation very difficult. Indeed, even with the speed of modern computing machines
it is still impractical to determine the reliability of moderate sized networks. In
the language of computational complexity the problem is # P-hard [see Chapter
Shmoys and Tardos ].

In classical percolation theory we are concerned with the probability of
infinite clusters in a ‘regular crystal lattice’. The definition of what exactly is
meant by a ‘regular crystal lattice’ is rather difficult to formulate precisely —
it varies from author to author. For the purposes of this chapter it can be
regarded as typified by the regular lattices shown in Figure 2, though of course
the physically most interesting cases are when the lattice is 3-dimensional.

Square Lattice Hexagonal Triangular

Fig. 2

Bond percolation

Suppose now that we fix attention on the 2-dimensional square lattice, and
suppose that there is a supply of fluid at the origin and that each edge of L,
allows fluid to pass along it with probability p, independently for each edge.
Let P,(p) be the probability that fluid spreads to at least n vertices. Thus

P](p) =1,
P2(p) =1 _(1 _p)41

and in theory Pn(p) can be calculated for any integer N. However, the reader
will rapidly find it prohibitively time consuming. The case N = 7 is a fair piece
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of work! Obviously,
Pn(p) > Pn+1(p)
and hence the limit

P(p) = lim Pn(p)

exists and represents the probability that fluid spreads an infinite distance from
the origin.

Very little has been rigorously proved about P(p). For example, even
though Pn(p) is a polynomial in p and hence we would expect P(p) to be
a continuous function of p, this has not yet been proved. It is clear that there
exists a critical probability p. such that

p <p.= P(p)=0and p>p.= P(p) >0.

However determining the value of this critical probability is as we will see
a very difficult problem. Monte Carlo simulations suggest that for all the well

known lattices the behaviour of P(p) has roughly the same S-shaped form as
shown in Figure 3.

A
l e
,I
V4
Qe /
1
1
; P
1
!
7
I
]
/
/
F : 3
o) P !

Fig. 3
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Atom or Site Percolation

In atom percolation, instead of each edge being randomly blocked with proba-
bility 1 — p or open with probability p, each vertex is blocked independently
with probability 1 — p or open with probability p. Again we are interested in
the probability of fluid spreading locally or an infinite distance.

Exactly analogous results hold for atom percolation as for bond percola-
tion, though of course the numerical values of the critical probabilities p. and
percolation probabilities P(p) differ. In one sense atom percolation is the more
important since any bond percolation problem on a lattice £ can be turned into
an atom percolation problem on a related lattice £, namely the line graph of L.

One of the few relatively easy results which has been proved is the fol-
lowing due to Fisher (1961) and Hammersley (1961). For any regular lattice, if
P4(p), PB(p) represent respectively the atom and bond percolation probabili-
ties on the lattice then ‘

P4(p) < P5(p) 0<p<1.

Clearly this implies that for any lattice the critical probability for atom
percolation is at least as big as the critical probability for bond percolation.

The Cluster Problem
An alternative approach to percolation theory is the study of the distribution

of white and black clusters when the edges (or vertices) of a graph are indepen-
dently painted white with probability p and black with probability ¢ =1 — p.

Again we shall concentrate on the edge problem for the square lattice. A
white cluster is a maximal connected subset of white edges of the lattice. The
two main quantities of physical interest are:

(a) the average number of white clusters;
(b) the average number of vertices in a white cluster.

To be more precise let £,, denote a square section of the square lattice
containing m? vertices and hence 2(m — 1)? edges. If w denotes a particular
black/white painting of L then let ¢, (w) denote the number of white clusters
and let its average value over all paintings w be denoted by Kn.(p).

Similarly if we let the distinct clusters under w be labelled Ay,..., Ac(w),
we define
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