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DISCRETE MATHEMATICS IN MANUFACTURING 

MARTIN GRÖTSCHEL* 

Abs t r ac t . Manufacturing is a topic that provides rich opportunities for important mathematical contributions 
to real-world problems. The purpose of this paper is to show, by means of several examples, where and how mathe­
matical problems of a discrete nature arise in manufacturing and to demonstrate the savings and improvements that 
can be achieved by employing the techniques of combinatorial optimization. The topics covered range from the design 
phase of a product (e. g., routing, placement and via minimization in VLSI design), the control of CNC machines 
(e. g., drilling and plotting), to the management of assembly lines, storage systems and whole factories. We also 
point out difficulties in the modelling of complex situations and outline the algorithmic methods that are used for the 
solution of the mathematical problems arising in manufacturing. 

Key words , discrete mathematics, combinatorial optimization, applications to manufacturing 

1. Introduction. Computer aided design, flexible manufacturing and computer integrated 
manufacturing have become technological buzzwords of our time. We are fascinated when we see 
driverless vehicles transport parts through a factory, watch robots executing complicated movements, 
or observe automated assembly lines producing goods at a speed, and with a quality, unimaginable 
with manual production methods. However, when our initial fascination is gone, and we examine 
the details, we quickly realize that enormous improvements are still possible. In fact, improvements 
can often be made without costly technical changes: by organizing the production flow in a dif­
ferent way, by designing the products better, by scheduling the jobs differently, or by controlling 
the machines in a more effective manner. Manufacturing, in general, provides rich opportunities 
for important mathematical contributions to significant real-world problems and, simultaneously, 
provides a virtually untapped source of mathematical problems, interesting in their own right. 

Although the number of mathematically oriented journals, books and papers in the manufac­
turing field is rapidly increasing, there is still a huge gap between what could be done, and what 
actually is done. It is my opinion that there are at least two reasons for this phenomenon. In my 
experience, many of the talented engineers who build and operate complicated manufacturing sys­
tems so ingeniously, simply do not have the background in the rather new mathematical techniques 
that are necessary to handle the issues to be discussed in the sequel; and they sometimes do not 
believe that mathematics can help. Secondly, only a few mathematicians are willing to go through 
the laborious and occasionally painful process of understanding, analyzing and modeling complex 
manufacturing systems and then discussing their findings with the practitioners. Both parties suffer 
as a result. Companies in particular miss opportunities for more efficient and cost-effective produc­
tion, and mathematicians opportunities to identify and solve challenging problems, problems that 
arise in connection with one of the most fascinating technical developments of our time. 

It is not my intention here to survey the mathematical problems that arise in this area. Rather, 
I will concentrate on those aspects that involve the techniques of discrete mathematics. Many of the 
problems I am aware of are combinatorial optimization problems. Due to the richness of the field of 
manufacturing, it is impossible to list all the different problem types. Thus, I will concentrate on 
practical applications and their mathematical models, applications that the members of my research 
group have worked on in recent years in cooperation with industry. This work was begun at the 
University of Augsburg and is continuing in Berlin. In most of the cases reported here, the industry 
partners were, and often still are, branches of Siemens and Siemens Nixdorf. 

I have organized this paper following the natural method of design and production in a typical 
electronics company. The design phase marks the beginning of a product. I will outline issues from 
this phase in Section 2. In the next phase, components are produced. The related issues of machine 
control and the like will be discussed in Section 3. In the final phase, the parts are assembled. 
The complex management and scheduling problems of highly automated assembly systems will be 
described in Section 4. I will touch upon the various mathematical problems that arise in these 
phases only very briefly. A few remarks about the mathematical techniques involved can be found 
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in Section 5. A glimpse of further important issues such as logistics, distribution and safety aspects 
is also given in Section 5. 

An electronics company was a natural choice for my presentation since by far the largest fraction 
of our projects have been joint efforts with the Siemens corporation. However, other types of 
companies, such as automotive, chemical and machine construction companies, could just as well 
have served to demonstrate the use of mathematics in manufacturing applications. 

2. T h e Des ign P h a s e . Companies with bad products and effective production will not sur­
vive. Good products, products that customers value, are what makes a company successful. But the 
financial success of a company depends to a large extent on how an idea is realized and on how the 
resulting product is manufactured. The transformation of an idea into a producible item is called 
the design phase. Disregarding the (very vital) aspects of style, or look-and-feel of a product, what 
is important from our perspective is that a product is designed in such a way that it can be easily 
and cheaply manufactured. This task is hard to quantify and tremendously complex. The usual 
approach to tackle it is to break the task (often hierarchically) into several subproblems that are 
more manageable and to hope that the overall solution is "reasonable". 

We outline this general aspect here by describing a few tasks that arise in the design of electronic 
circuits. 

2 .1 . V L S I Des ign . By looking at the computers on our desks and comparing them with ma­
chines 10 or 20 years old, we can observe the incredible improvements that very large scale integration 
(VLSI) has brought about. Hundreds of thousands or even millions of transistors integrated on a few 
square centimeters of silicon (a chip) perform an enormous number of operations at breathtaking 
speed. This large scale integration is one of the most significant technological revolutions of our 
time. Mathematics is used here in various stages of the chip design phase. A brief outline follows. 

Once the full task of a circuit is described, the logic has to be determined that will perform all 
the desired operations. This logic is then cast in silicon. Today's approach for physically realizing 
the logic design is to begin with predefined small cells that perform certain simple logic operations, 
and then to connect these cells with wires (so-called nets) so that the combination of cells and nets 
realizes the abstract logic model physically. Depending on the chosen technology, the design rules 
and customer requirements, the cells have a certain shape (usually rectangular) and size, and the 
wires need a certain width and require a certain distance to other wires or units on the chip. Given 
cells and nets together with additional technological constraints, the task is to place the cells and 
route the nets so that either the size of the resulting chip is as small as possible, or the resulting chip 
fits into a given frame. There are many additional side constraints that have to be met. For instance, 
certain cells have to be close to each other, certain nets have to have a maximum or minimum length, 
etc. 

Why do we want the chip to be small? Of course, smaller chips can usually be run at higher cycle 
speeds and are faster, but a major reason is that the yield of chip production decreases nonlinearly 
with increasing chip size. Modern chip production in futuristic, extremely clean and almost fully 
automated factories is basically a fixed cost operation, relatively independent of the number of wafers 
processed. Therefore, it makes a tremendous difference whether 20% or 80% of the chips produced 
per day are defective or not. Also, the smaller the chip size, the more likely is a higher, top quality 
output. 

Let us now look at a specific technology, the so-called sea-of-cells technology, one that is currently 
in wide use. Here a rectangular "master chip" is given. Among the feasible master chips, a master 
is usually chosen that is as small as possible so that one can hope to realize the given circuit on it. 
This master is subdivided into, say, m base cells. All logic cells are rectangular and have a size equal 
to some multiple of the base cell size. Suppose n logic cells are given, connected by z nets. The task 
roughly is to assign the n logic cells to the base cells so that all cells fit, no two logic cells overlap, 
all nets can be routed, and such that the total net length (the sum of the lengths of all nets) is as 
small as possible. 

It turns out that this problem is enormously complicated. At least at present, it seems impossible 
to handle the placement and routing problem simultaneously in a sound mathematical model for 
realistic problem instances. 
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Thus, the whole task is subdivided into several hierarchical problems. Depending on instance 
sizes and algorithmic approaches, the following phases are considered in general chip design: global 
placement, global routing, local placement, local routing, layer assignment and (possibly) com­
paction. These phases are processed in an iterative manner and may be repeated until satisfactory 
results are achieved. An excellent account of this area can be found in [L90]. 

2.2. Placement in Sea-of-Cells Technology. We will now look at the placement problem 
(without distinguishing between global and local placement) for chip design in sea-of-cells technology. 
Figure 1 shows a small master consisting of 26 x 18 base cells and the outer frame of pad cells; the 
nine dark rectangles are logic cells placed on this master. 
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Figure 1: Example of a sea-of-cells master 

In the last decade many algorithms have been developed for a solution of this placement problem. 
They can be categorized as follows. 

The most popular and probably still most frequently used approach is based on the min-cut 
heuristic for bipartitioning graphs. We define a hypergraph G — (V, E), where the node set represents 
the logic cells. For eyery net of the given circuit, we define a hyperedge consisting of all logic cells 
that the net connects. The idea is to recursively partition the node set of the hypergraph into two 
sets of roughly equal size such that the number of edges in the associated cut is as small as possible; 
[SK72], [Br77]. The main drawback when working in this scheme is that the global view of the 
problem gets lost. Moreover, the seemingly easy problem of finding a minimum cut with both sides 
of about equal size is an A/'P-hard problem itself. 

Another class of algorithms has been developed that model the placement problem mathemat­
ically in such a way that a relaxation of it can be solved to optimality. One such relaxation can 
be interpreted as a (nonlinear) energy model, where the objective function approximates the total 
wiring length and the side constraints assure that the trivial placement (all cells are assigned to the 
same base cell) is excluded [K1SJ88]. The solution of such a relaxation is usually not feasible for the 
placement problem (e.g., cells overlap) and thus the solution of the relaxation has to be modified 
heuristically in order to obtain a solution of the underlying discrete optimization problem. 

We now address the placement problem by introducing boolean variables 

if cell i is assigned to base cell k, 
otherwise. 
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Let o(ik,jl) and d(ik,jl) denote, respectively, the number of overlapping base cells and the distance 
if cells J and j are assigned to base cells ib and /. Then a corresponding quadratic 0/1-optimization 
problem can be stated as follows: 

m m n n 

i = l 1=1 »=1 j = l 
m 

(1.1) s.t. YlXik = l for aI1 * = !•••»». 
Jt=i 

Xik £ {0,1} for all i — 1 . . . n, k = 1 . . . m, 

where A is the penalty parameter for the overlaps, and the coefficients cy denote the number of nets 
between cells * and j . Problem (1.1) is a (slightly imprecise) model of the placement problem. The 
equations in (1.1) guarantee that all cells are placed, but the requirement that two cells may not 
overlap on a chip has been dropped since it leads to a tremendous number of additional inequalities. 
This requirement is taken into account indirectly by a suitable increase of the objective function 
value, when cell overlaps occur. 

One can show that (1.1) is AfV-h&id. The complexity of (1.1) and its sheer size for real problems 
suggest the idea of decomposing large instances into smaller ones. For example, the problem "soc4", 
mentioned later, has 2776 logic cells and 13440 base cells on the master chip. This leads to a 
quadratic 0/1-program with 37,309,440 variables. The decomposition is carried out in such a way 
that the global view does not get lost. For a solution of the decomposed problems, several heuristics 
have been developed; cf. [JMRW92], [W92] for a detailed outline of the procedure. 

In Table 1 the quadratic 0/1-approach sketched above is compared to two state-of-the-art algo­
rithms used in industry, namely the min-cut placement procedure and a method based on the energy 
model in [K1SJ88]. The three algorithms were applied to four electronic circuits, called socl soc4, 
that consist of 602 to 2776 logic cells. Their performance was measured by the total wiring length 
estimated by an industrial routing algorithm for the respective placements. The resulting wiring 
lengths are reported in Table 1. 

min-cut energy 0/1 Q P 

socl 212258 180445 169892 
soc2 194732 189683 185592 
soc3 766622 652129 553575 
soc4 623159 506160 497285 

Table 1 

The running time of the quadratic 0/1-programming algorithm is about ten times as large as 
the roughly identical running times of the other two heuristics. Using certain clustering techniques 
for the quadratic approach in addition, see [W92], the running times can be made comparable with 
the running times of the other two heuristics without loss of the solution quality. The placement of 
chip "socl" obtained with the quadratic 0/1-programming approach is shown in Figure 2. 

2.3. Routing. Let us now focus on the next step in the hierarchical design process of electronic 
circuits, the routing problem. We assume that ail ceils (logic and I/O-cells) are placed, and a list of 
nets is given. Each net is viewed as a set of points, where each point corresponds to a terminal (also 
called pin) of a cell. The routing problem deals with connecting the pins of the nets by wires. In fact, 
the problem is quite complicated, because certain given design rules must be taken into account and 
an objective function, such as the total wire length, must be minimized. Since the routing problem 
is ,/VP-hard and usually of extremely large scale, the problem is often decomposed into special cases 
that can then be handled more easily. A large variety of such special cases is considered in practice 
and in the literature. 
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Figure 2: Cell placement in sea-of-cells technology 

We want to model the routing problem as a Steiner tree packing problem in a graph. One way 
of introducing a graph G = (V, E) here is to define nodes for subareas of the whole routing area, and 
to link nodes that represent adjacent subareas by an edge. In addition, we assign edge capacities 
and edge weights to each of the edges. The nets are represented in this graph by subsets of the 
node set. Let a graph G = (V, E) and a node set T C V be given. We call an edge set S C E a 
Steiner tree in G for T, if the graph (V(5), S) (consisting of the edge set S and all nodes V(S) that 
appear as endnodes of edges in S) contains an [s,i]-path for each pair of nodes s,t e T. With this 
definition, the routing problem can be stated formally as follows. 

(1.2) The Routing Problem 

Given: A graph G = (V, E) with edge capacities c« € IN and edge weights we € IN for all e e E 
and a netlist M = {7\ TN), Tk CV,k-l,...,N. 

Problem: Find edge sets Si,..., SN C E such thai 
(i) Sk is a tree in G for Tkl k = 1,.. . ,N, 
(ii) \{k\e e St} | < ce for all e£E, and 
(™) EfcLi Zees* w» is minimal. 

We call an iV-tuple of edge sets (5i,. . . ,5jv) that satisfies (i) and (ii) of (1.2) a packing of 
Steiner trees. Problem (1.2) can then be designated as the Steiner tree packing problem. It is not 
surprising that problem (1.2) is jVP-hard. Indeed, it includes several .A/lP-hard problems as special 
cases; see, for example, [GaJ77], [Ka72], [KrL84], [KPS90]. 
Figure 3 indicates a 5 x 3 underlying grid graph (the grid is not drawn), in which each edge has 
capacity 1, and three nets, each consisting of three pins. The three Steiner trees forming the nets 
are drawn with solid, dashed and dotted lines, respectively. 

Our approach to the Steiner tree packing problem is to consider it from a polyhedral point 
of view and to use linear programming techniques. We define, for a given instance (G,Af,c,w), a 
polyhedron P whose vertices correspond uniquely to the packings of Steiner trees for that instance. 
Thus, the Steiner tree packing problem reduces to the problem of minimizing the objective function 
wTx over the polyhedron P. 

file:///AAAAA
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Figure 3: A packing of three Steiner trees 

What we need for the application of linear programming techniques is a complete or at least 
"good" inequality description of the polyhedron P. In [M92] a large number of valid inequalities for 
P is described. In fact, many of these inequalities also define facets of P if the underlying graph G is 
complete and the terminal sets are disjoint. The machinery involved in describing these inequalities 
is rather complicated and thus we omit detailed statements of these results. These inequalities 
form the basis for the development of cutting plane algorithms. We have implemented a cutting 
plane algorithm for special instances of the Steiner tree packing problem, when the graph G is a 
rectangular grid graph and the terminals of the nets lie on the outer face of G. In VLSI design, 
these instances are known as switchbox routing problems. We have tested our algorithms on many 
benchmark problems from the literature. For a detailed documentation of these results see [M92]. 

At its current stage this approach is not yet able to handle instances as large as those that can 
be treated with the standard routing heuristics used presently in industry. The remarkable feature 
of this approach, however, is that very good (provable) lower bounds on the total wiring length 
can be computed, a result that none of the other currently used approaches can provide. In fact, 
for the (small) problem sizes considered so far, quality guarantees of less than 1% or even provable 
optimality have been achieved. 

2.4. Via Minimization. We continue with our chip design example and assume that the 
placement and the routing phase have been completed successfully. Usually routing algorithms 
disregard the requirement that two different nets may not cross. Routings with such defects are 
referred to as transient. A transient routing of eigth nets is shown in Figure 4. The reason for 
ignoring net crossings is that the physical routing can be done on two or more layers of a chip. In 
case two nets cross in a transient routing, a wire segment of one of the nets can be assigned to a 
different layer so that no physical wire crossing occurs. The connections between the wire segments of 
a net on different layers are provided by so-called vias. In chip manufacturing the vias are produced 
by means of a delicate chemical process. Many vias on a chip increase the probability that, at the 
end of the production process, the chip wiil have a short or not work correctly. Moreover, vias use 
considerably more space than wires and thus a large number of vias may lead to an increase of the 
chip size. N 

Virtually the same problem occurs in the design of printed circuit boards. Here, the vias are 
produced by mechanically drilling a hole through the board (lasers are also used). A danger is 
that boards may crack in the drilling phase, another reason for minimizing the number of vias. 
Furthermore, the drilling process is quite time-consuming (see Section 3.2), and hence reducing the 
number of vias leads to a reduction in the overall production time. 


