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MEDIANS OF BINARY RELATIONS: COMPUTATIONAL COMPLEXITY 

Yoshiko Wakabayashi 
Institute de Matemätica e Estatistica 

Universidade de Säo Paulo 
Brazil 

Abstract 

Let % be the set of all binary relations on a finite set N and d be the symmetric difference 

distance defined on %. For a given profile II = ( i ? i , . . . ,Rm) € Km, a relation R* e U 

that minimizes the function X/fcLi d(Rk,R) is called a median relation of II. A number of 

problems occuring in the social sciences, in qualitative data analysis and in multicriteria 

decision making can be modelled as problems of finding medians of a profile of binary re­

lations. In these contexts the profile II represents collected data (preferences, similarities, 

games) and the objective is that of finding a median relation of II with some special feature 

(representing e. g., consensus of preferences, clustering of similar objects, ranking of teams, 

etc.). In this paper we analyse the computational complexity of all such problems in which 

the median is required to satisfy one or more of the properties: reflexitivity, symmetry, 

antisymmetry, transitivity and completeness. We prove that whenever transitivity is re­

quired (except when symmetry and completeness are also simultaneously required) then 

the corresponding median problem is A/'P-hard. In some cases we prove that they remain 

AfP-haxd when the profile II has a fixed number of binary relations. 

1. Introduction 

In the social choice theory a classical problem that has been largely investigated and whose 

origin traces back to the late eighteenth century is the problem of aggregating individual 

preferences (linear orders) into a social preference (a linear order). The notion of consensus 

of preferences plays an important role in the social sciences, a reason why many efforts 

have been made to find realistic models to express it (cf. Leclerc [1988a], Day [1988]). 

The first mathematical approaches on problems of aggregation of preferences are cred­

ited to Borda in 1770 and Condorcet in 1785, both concerned with the design of election 

procedures. In a recent paper, Young [1988] discusses the model proposed by these two 

major figures of that time, gives some historical accounts and explains the Condorcet's 

theory of voting (see also Young &; Levenglick [1978]). 

The notion of median relation — a relation minimizing a "remoteness" function de­

fined in terms of the symmetric difference distance — was introduced by Kemeny [1959], 

who investigated a method to aggregate individual preferences into a collective preference. 
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His method, although being of metric nature, is in fact equivalent to the CoNDORCET's 

MAJORITY RULE, according to which the winning collective preference should be the one 

supported by the largest number of votes (Young [1988], Barbut [1967], Fishburn [1977], 

Michaud [1987]). 

In cluster analysis a similar approach was proposed by Regnier [1965], then Mirkin 

[1974], for solving the problem of aggregating equivalence relations into an equivalence 

relation (see also Zahn [1964]). 

The fact that the symmetric difference distance has been used in problems occur­

ring in many different contexts is not a pure coincidence. Axiomatics supporting its use 

has been investigated in several cases, cf. Kemeny [1959], Monjardet [1978], Barthelemy 

[1979] and Barthelemy & Monjardet [1981]. However, the median approach, as any con­

sensus procedure, has some defects as pointed out by Fishburn [1977], Leclerc [1988a] and 

Barthelemy & Monjardet [1988]. This last reference gives also an overview of the devel­

opments on the algorithmic approaches and extensions of the notion of median in other 

structures. The results concerning its algebraic definition that generalizes to any distribu­

tive lattice (cf. Barbut [1961], Monjardet [1980]), as well as more recent results on median 

semilattices, resp. (semi)modular (semi)lattices can be found in Monjardet [1987, 1988], 

resp. Barthelemy [1981] and Leclerc [1988b]. For a unified treatment on this subject the 

reader should refer to Barthelemy, Flament & Monjardet [1982]; Barthelemy, Leclerc & 

Monjardet [1986]; Barthelemy & Monjardet [1988] and Barthelemy [1988]. 

In this paper we analyse the computational complexity of a class of problems of 

finding medians with certain properties. This class includes those classical problems such 

as aggregation of preferences and clustering. 

The material is organized as follows. In Section 2 we give the definitions and notations 

to be used and present the problems to be investigated. In Section 3 the main results on 

the computational complexity of these problems are presented, and in Section 4 we discuss 

special cases concerning restricted domains. 

2. Definition and Notations 

Let JVbea finite set with n objects (e. g. alternatives, candidates, teams, states, etc.) and 

let 1Z denote the set of all binary relations on N. Consider 1Z endowed with a metric d, 

the symmetric difference distance, defined as 

d{R, S) := \R A S\ := \R U S\ - \R n 5 | for all R,SeK. 

A profile of relations in 11, or a profile in 1lm, is an m-tuple II = ( i? i , . . . ,Rm) where 

Rk £ H for k = 1 , . . . , m. Given a profile II = {Rx,..., Rm) in 1lm a relation R* eH that 
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minimizes the function 
m 

fc=i 

is called a median relation of II. 

In this general form the problem of finding a median of a given profile is trivial 

and not interesting. However, if we require the median to satisfy certain properties the 

resulting problem becomes interesting and has nice applications. So, according to the 

desired properties of R* we obtain different problems, and here we consider all those 

arising when the properties are chosen from the set 

P := { Reflexive, Symmetric, Antisymmetric, Transitive, Total }. 

Let us recall some definitions. A relation R € 7Z is reflexive (REF) if (z,i) € R for 

all i e N; R is symmetric (SYM) if (i,j) e R implies (j,i) € R for all i,j G N ; R 

is antisymmetric (ASY) if (i,j) € R and (j,i) € R imply i = j for all i,j e. N; R is 

transitive (TRA) if (i,j) € R and (j, k) e R imply (i,j) e R for all i,j, k e N; R is total 
(TOT) if (i, j) eRov (j, i) e R for all i,j e N. 

To simplify notation we use the abbreviated form of the name 

of the property (given in parentheses) to denote also the set of all relations having this 

property. Thus, for example, TRA denotes the set of all transitive relations in 1Z. Some 

relations having more than one of the properties in P are known by special names, not 

always standard in the literature. Here we adopt the following notation and terminology: 

C denotes the set of all complete preorders, i. e. C = TRA n TOT. 

T denotes the set of all tournaments, i. e. T = ASY C\ TOT. 

C denotes the set of all linear orders, i. e. C — ASY D TRA 0 TOT. 

Ö denotes the set of all partial orders, i. e. Ö = ASY C\ TRA. 

£ denotes the set of all equivalence relations, i. e. £ = REF D SYM 0 TRA. 

For a subset M € H the median problem relative to M, denoted by MP(1Z,M), 

is defined as follows. 

Instance: Profile n = ( i ? i , . . . , Rm) of m relations in TZ. 

Objective: Find a relation R* € M such that .0(11, R*) = miriR^M -0(11, R). 

A variant of this problem, that differs only by the fact that the size of the profile is 

fixed, is denoted by MP(lZ,M,m). So, in this problem we have 

Instance: Profile II = ( i ? i , . . . , Rm) in TV71 where m is fixed. 

We expect the reader to be familiar with the basic concepts of graph theory and 

complexity theory. If not, the definitions not given here can be found in Bondy $z Murty 

[1976], resp. Garey & Johnson [1979]. 
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A graph G with node set V and edge set E is denoted by G = [V,E]. A digraph 
(or directed graph) D with node set N and arc set A is denoted by D = (N,A). A graph 

G = [V, 15], resp. digraph D = (iV, A), is called complete it E = {{u,v} : u,v £ V,u ^ v}, 

resp. A = {{u,v) : u,v E N,u ^ v}. If D = (iV,A) is a digraph with A — N x N then 

D is called /-complete (i. e. complete with all loops). For a digraph D = (N,A), we call 

the arcs in (N x N) \ A missing arcs (analogously, missing edges in case of a graph). A 

digraph is called acyclic if it does not contain any directed cycle. 

A clique of a graph is a complete subgraph of G. It needs not be maximal, as is 

sometimes assumed in the literature. A set of edges A in a graph G — [V, E] is called a 

clique partitioning of G if there is a partition V i , . . . , Vk of V such that the subgraph 

induced by each V;, 1 < i < k, is a clique in G and A is the union of all edges in G with 

both endnodes in the same set of the partition. In this case, if for 1 < i < k the clique 

induced by Vi is denoted by Qi, then we say that C(A) :— {Qi,..., Qk] is the clique set 
denned by A. 

3. Computational Complexity 

We assume here that an instance of the median problems MP(TZ,M) or MP(7l,M,m) 

consisting of a profile II = (R\,.. .,Rm) is given by an (m,ra2)-matrix A = (a^) whose 

rows are the characteristic vectors of the relations (indexed by the pairs (i,j) 6 N x N). 

Thus, a,k,e = 1 (resp. ajtje = 0) if e € Rk (resp. e ^ Rk) and clearly the size of such an 

instance is ö(n2m). 

It is well-known that the median problems we are considering can be formulated as 

0/1 linear programs or optimization problems on weighted digraphs. In fact, it is easy to 

prove that 

D(II, R) = ^T WijTij + ^ T a y , 

where 

(3.1) <*,•;:= KM», J)€Ä*}|, 
(3.2) Wij := m — 2a;j and 

r = (r,j) is the characteristic vector of R. 

Thus, each given instance of MP(1l, M) can be formulated as the 0/1 Hnear program: 

minimize \ . wijrij 
(3.3) (i,j) 

subject to: r = (nj) is the characteristic vector of some relation R 6 M. 
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If the coefficients Wij are interpreted as being weights associated with the arcs (i,j) of 

an /-complete digraph Dn on the node set N, then the problem becomes that of finding 

certain minimum weighted subdigraphs in Dn. For example, if M = C the corresponding 

digraph problem is a special case of the weighted feedback arc set problem or linear 
ordering problem, and if M € £ we obtain the so-called clique partitioning problem 
(see Reinelt [1985], Grötschel, Jünger & Reinelt [1985], Barthelemy, Guenoche & Hudry 

[1988], resp. Wakabayashi [1986] and Grötschel & Wakabayashi [1988]). 

From the above reduction one obtains immediately the following result (excluding 

some trivial non-interesting cases): 

(3.4) Proposit ion. If M € {SYM, ASY, TOT, ASY n TOT} then the problem 

MP(1Z, M) is polynomially solvable. 

D 

We can also make use of the given reduction, in a more specialized way, to show 

that MP(1Z, M) is NP-haxd for other subsets M. Namely, we first note that the obtained 

digraph optimization problems are special in the sense that all of its .weights iü,-y are integers 

having the same parity (cf. (3.1) and (3.2)). Furthermore, we observe that whenever we 

have such an /-complete weighted digraph Dn = (N,An) with m : = max e £ j in |toe| we can 

construct a profile II = ( i ? i , . . . , Rm) in %m such that for each (i,j) € N x N we have 

Wij = m — 2o.ij with aj;- as in (3.1). In other words, these special digraph optimization 

problems are also polynomially reducible to MP(7l, M) or MP(Tl,M,m). 

In order to state more formally the results we introduce first some notations. For any 

set M C 1Z we denote by DOP(M,m) the following Digraph Optimization Problem 
relative to M. 

Instance: /-complete digraph Dn = (N, An); weights we G Z for each e € An, all having 

the same parity and with maxe |iue| = m. 

Objective: Find an arc set A* C An such that A* 6 M and w(A*) := ^2eeA. we is 

minimum. 

We denote by BDOP(M,a) a variant of DOP(M,m) in which the objective is the 

same and the instance is as follows. 

Instance: /-complete digraph Dn(N,An); weights we € Z for each e € An, \we\ even; 

(fixed) integer a such that |iüe| < na. 

The reason to introduce these problems is justified by the following result. 

(3.5) Theorem. Let M C 11 and m, a be positive integers. 

(a) IfDOP(M,m) isjVP-hard, then MP(R,M,m) is .NT-hard. 

(b) If BDOP(M, a) is MP-hard, then MP(R, M) is MV-haxd. 
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Proof, (a): Let Dn = (N,An), w and m be given as an instance 1 of DOP(M,m). 

The corresponding instance T of MP{7L,M,m) is constructed as follows. For each pair 

(i, j) £ An we determine the number Z{j := (m — W{j)/2 and set 

-Rfc := {(*, j ) € N x N : ztj > k}, for fc = 1 , . . . , m, 

obtaining this way the profile II = ( i ? i , . . . , Rm). 

Since m i s a constant, the construction of the profile II can be done in 0(n2) and 

therefore in time polynomial in the size of J . The proof that an optimum solution of the 

instance J ' gives an optimum solution of J is straightforward and will be omitted. 

(b) : Given an instance X = (Dn,w,a) of BDOP(M,a) we determine first the value 

q := maxe |ioe|. Since q < na we can construct a profile II = (R\,..., Rq) as in the 

previous case, here as well in time polynomial in the size of 1. The desired conclusion 

follows analogous to Case (a). 

a 
The decision versions of DOP(M,m) and BDOP(M,a) will be denoted by 

DDP(M,m) and BDDP(M,a), respectively. For technical reasons it will be conve­

nient to work with a slight variant of these problems — denoted by DDP*(M,m) and 

BDDP*(M,a) — where the instances consist of loopless complete digraphs. Further­

more, we consider two other properties, TRA* and TOT*, defined as follows. A relation 

R e TRA* iff (i, j ) <E R and ( j , k) e R imply (», Jfe) <E R for all i,j,keN,i^j^k^i; 

and R € TOT* iff (i,j) € R of (;', i) € R for all i,j eN,i^ j . 

The next lemma shows that if we can prove certain A/^-completeness results for DDP* 

or BDDP* then we can derive analogous results for DDP or BDDP. 

(3.6) Lemma. Let M* C TRA* and 

Me{M*,.M*r\REF, M*C\TRA, M* DTRAf) REF}. 

(a) IfDDP*(M*,m) is MV-complete then DDP(M,m) is MV-complete. 

(b) HBDDP*(M*,a) is AfV-complete then BDDP{M,a) is MV-complete. 

Proof, ( a ) : Let Dn = (N,An), w, m and k be an arbitrary instance of DDP*(M*,m). 

The corresponding instance of DDP(M,m), defined by D'n, w', m, k' is constructed as 

follows: D'n — (N, A'n) is the /-complete digraph obtained from Dn by adding to it all the 

missing loops, the weights w'e are defined as: 

( IL'e if e <E An, 

0 if e ^ An and m is even, 

— 1 if e £ An and m is odd, 
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a n d 
• / f k if m is even, 

\ k — n if m is odd. 

We claim that Dn has an arc set B such that B € M* and w(B) < k iff D^ has an 

arc set B' with 5 ' € M and w'(B') < jfc'. 

In fact, given B C An take B' := B U {(«, i) : i € iV}; and conversely, given 5 ' C A^ 

take B := B'\ {(i,i) : ^ € iV}. This proves the claim and establishes the HV-completeness 

oiDDP(M,m). 

(b) : The proof will be omitted as it is analogous to case (a). The only difference is that 

we have to determine first the value maxe |ioe|. 

D 
For the proof of the next theorem we need the fact that the following problem is 

AfP-complete (cf. Karp [1972]): 

Acyclic Subdigraph Problem (ASP) 

Instance: Digraph D = (N,A) without loops; positive integer k < \N\. 

Question: Is there a subset B C A with \B\ > k such that H = (N, B) 

is acyclic? 

The next lemma (easy to be proved by induction) will be useful in theorem (3.8). 

(3.7) Lemma. IfH = (N,B) is an acyclic digraph then there exists a graph H' = (N, B') 

containing H, such that B' € ASY n TRA n TOT*. 

u 
In the subsequent ./ViP-completeness proofs we shall omit the straightforward verifica­

tion that the considered problems are in the class J\fV. 

(3.8) Theorem. Let 

M' = ASY n TRA* and M" = ASY n TRA* n TOT*. 

(a) For every m > 2, DDP*(M',m) is MV'-complete. 

(b) For every m > 1, DDP*(M",m) is MV-complete. 

Proof. [Transformation from the Acyclic Subdigraph Problem (ASP)] 

(i) Assume first that m > 2 and let M € {M',M"}. 

Suppose that D — (N, A) and k are given as an-instance of ASP.Then the corresponding 

instance of DDP*(M, m), defined by defined by Dn. w. m and k', is obtained as follows: 



Dn — (N,An) is the complete digraph obtained from D by adding to it all the missing 

arcs which are not loops; the weights we for e € An are defined as 

_ -m if e £ A, 
e '— -(m — 2) otherwise; 

and 

V :=-2k-(n\m~2). 

We shall prove that D has an acyclic subdigraph H = (N, B) with \B\ > k iff Dn has 

a subdigraph H' = (JV,£') with 5 ' € M and IÜ(S ' ) < A;'. 

a) Let H = (N,B) be an acyclic subdigraph in £> with | £ | > fc. Since H is also a 

subdigraph of D„, then by Lemma (3.7) there exists in Dn a subdigraph H' — (N,B') 

containing H such that B' € M". Moreover, 

w(B') = tw(5) + ^ ( B ' \ B) 

<\B\(-m)-(K(^j-\B\)(m-2)<k'. 

b) Let iJ ' = (N, B') be a subdigraph in £>„ such that B1 e M and tü(ß') < fc'. Since H' 

is acyclic, by Lemma (3.7) there exists in Dn a subdigraph H" = (N,B") containing H' 

with 5 " € .M". Note that 5 " has at least k arcs with weight —m. Otherwise, if B" has I 

arcs with weight —m, / < A; — 1, then 

u;(£') > w(B") = / ( -m) " ( ( g ) " l)(™ ~ 2 ) > A:'-

Thus, if we take JB := {e G S " : we = — m}, clearly H = (N,B) is an acyclic subdigraph 

of D with |B | > k. ' 

(ii) If m = 1 then the above proof also holds for M = 7W". 

Since ASP is .A/^P-complete and the given transformation is polynomial, the result 
follows. 

D 
We want to prove in the sequel that DDP*(.M,m) for M = SYM n TRA* is AfP-

complete. For that, we introduce an A/!P-complete problem called Restricted Clique 
Partitioning Problem, denoted by RCPP, defined as follows: 

Instance: Complete graph Kn = [V,E], weights we € {-1,0,1} for each e € E, integer 
k. 

Question: Is there a clique partitioning Ac E such that w(A) < k? (That is, is there 

a partition of the node set Vn such that the' sum of the weights of all edges 

with both endnodes in the same set of the partition is less or equal to fc?) 


