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A B S T R A C T 

Large scale combustion simulations show the need for adaptive meth­
ods. First, to save computation time and mainly to resolve local 
and instationary phenomena. In contrast to the widespread method 
of lines, we look at the reaction-diffusion equations as an abstract 
Cauchy problem in an appropriate Hilbert space. This means, we first 
discretize in time, assuming the space problems solved up to a pre­
scribed tolerance. So, we are able to control the space and time error 
separately in an adaptive approach. The time discretization is done 
by several adaptive Runge-Kut ta methods whereas for the space dis 
cretization a finite element method is used. The different behaviour 
of the proposed approaches are demonstrated on many fundamental 
examples from ecology, flame propagation, electrodynamics and com­
bustion theory. 
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INTRODUCTI 

Diverse phenomena in many branches of physcal c h e m r y , biology and e l c ­
trodynamics are often described by reaction-diffusion processes. Examples 
include flame propagation in combustion, interactions of moble populations 
in ecosystems, and confiement of a plasma column by radiation pressure. 
These problems are modeled by initial boundary value probems which 
the governing parabolic partial differentil equations are coupled through a 
highly non l i ea r right hand sde , often representing the reaction rate of th 
chemical components. 

The numerical solution of nonlinear partial differential equations (PDEs) is 
a main subject of current mathematical research. With increasing complex­
ity of the reaist ic described problems, there is an increasing need of reliabl 
numr ica l tools to accurately and e f i e n t l y solve the phenomena. Adaptive 
techniques elaborated in recent years automatically change and evolve with 
the solution. Thus, they are often the only way for providing the computa­
tional codes necessary to solve some of these difficult problems. 

In thi paper we describe the i m p e m n t a t i o n of the classcal Rothe method, 
which is based on the discretization equence first time then space. The ap­
proach used here was inspired by the results of Bornemann [6] for the scaar , 
linear and selfadjoint case with this method. He introduced a concept to 
control the error n the space and time discretization simultaneously, start 
ing from prescribed overall tolerance. Along this line, we reformulate th 
parabolic initial boundary value problem as an abstract Cauchy problem in 
an appropr i t e H i l b r t space. Combining the theory of analytic semigroups 

ith the technique of simplified Newton methods we obtain existence and 
uniqueness results for this Cauchy problem. Th close connection of New­
ton's method in function space and stiff integrators for ordinary differential 
equations (ODEs) was introduced and frs pointed out by Deuflhard [7] 
Within this framework we are able to derive adaptive Runge-Kutta methods, 
which yield variable time steps and possibly variable orders controlled by the 

robem. The occurring el ipt ic subproblems are solved by a multilevel fnite 
ement method usng linear elements in space. In consequence, a space mesh 

well suited to the problem under consideration is obtained in order to assure 
an accuracy required by the time discretization. The above mentioned facts 
enabled us to transmit the previous results to nonlinear systems of parabolic 
PDEs. The theoretical approach is independent of the space dimension. For 
solutions possessing sharp moving s p a t i l transitions, like travelling wave-
fronts or emerging boundary and interior layers, an automatic adjustment of 
both the space and the time stepsiz is likely to be more sucessful in effi-



iently resolving critical regions of high spatial and temporal activity. Th 
rogramming effort of those adaptive methods cannot be overestimated and 

is a main aspect of the realization. The author's program used for th 
computations is based on the reseach code KASTI implemented by Borne-
m n n [6] for scalar, linear equations. It was significantly enlarged to handle 
the nonlinear system case. 

Most discretization methods of t ime-depndent problems for PDEs de­
scribed i the literature are extensions of the l lknown method of lines. 
First the space variables are discretized on an a priori selected, fixed spac 
mesh, so as to convert the PDE into a usually stiff system of ODEs, which 
then can be solved very sucessfully by automatic stiff ODE solvers, how­
ever, ignoring the PDE context. An improvemnt is the moving fnite e e m n t 
method developed by Miler and his co-workers [17], where a fixed numbe 
of nodes are still used while the nodal positions are computed together with 
the solution values at the nodes. Such methods require some form of tuning 
to safely govern the automatic choice of the changing space nodes. Further 
more, i is not cear how to extend the moving techniques from the I cas 
to higher space dimensional problems. 

Over the past several years the interes n regridding methods, nodes are 
both added and deleted after several time steps, has rapidly increased. Th 
reader s especally referred to Bieterman and Babuska [4], Adjerid and Fla­

erty [1], Furzeland, Verwer and Zegeling 10]. In contrast to those, th 
algorithm proposed by us is equipped w t h an s p a c - t i m e error control and 
has almost none tuning parameters. This benefts especially in complcate 

robems, as is demonstrated in the numerous numerical e x a m e s p resn ted . 
The contents of the paper reads briefly as follows. In Section we formulate 

the class of nonlinear problems under consideration. Section 2 deas w t h 
the analysis of the semlinear equation connected w t h the abstract Cauchy 
problem. Applying the theory of analytic emigroups we give an N e t o n 
type uniqueness theorem. In Section 3 we derive the discretization, adaptive 
in time an space. Section 4 ncludes an extensive numerical testing on a set 
of six practical relevant nonlinear models to show the performance of the 
different methods used. Our conclusions and a summarizng discussion re 
contained n Se t ion 5. 



LE MULATI 

We a m to solve s e m n e a parabolic in i ta l boundary value problems. I 
a bounded d o m n 0 \ n with boundary dft = r ^ U T c , ^he p robem 
formulation is 

ou(t x 
(1.1 y

H +A(x,d)u(tx) = f(u,t), x GO, t G 0 T ] , 

(1. « ( V ) | r c = £ ( V ) , te(0T], 

(1. ( d > / ( V ) | r c = C(V), < G 0 T ] , 

(1.4) i/(0 •) = M0 

Here, (x,d) denotes an elliptic differential operator of second order, and 
(x}d) the corresponding Cauchy boundary operator. We put 

(x, d) := - V • (a(x)V + b(x) • V + c(x), i G O , 

and 
(x,d) := —n(x) • (a(x)V) — a(x), x G Tc , 

where n is the outer unit normal on dft. Assuming the boundary functions 
sufficently smooth, we can, by a simple transformation, achieve that £, ( = 0. 
Furthermore, w t h T0 a closed subset of <90, we introduce a H i l b r t space of 
weak solutions 

H1
D(n) = { u e H 1 ( n ) \ u \ D o } . 

In th following, we consder the bilinear form a( •) on i ( O ) X i ( O ) : 

(u, v) = (aVu • Vu + & • Vuu + cuv)dx / auvds , 

fora l lu ,u G Hjj(ft). For further investigation the ellipticity and boundedness 
of th form « ( • ll be important. Therefore, we demand 

(1. \(u} v)\ < | |u | | | |u | | 

and 
(1.6 (u, u) > c2||u|| 

for all u,v G Hjj(ft)} w t h i , 2 > 0. The boundedness of « ( , - ) n ( 1 . ) 
implies the existence of a bounded operator : D() C L(ft) — (0) 
which obeys 
(1.7) (u, v) = (u, v), u G D() v G H{Vt) . 



The smooth boundary ft guaran tes , tha 

(1. ) = H (ft)(ft) 

for the homogeneous Dirichlet boundary condition and 

(1. D() = H(ft) 0 on df 

if T c = dft. 

NALYSI OF THE SEMILINEAR EQUATI 

The ma aspect of the approach done here, is to reformulate problem (1. 
as the followng s e m i l e a r abstract Cauchy robem in L(ft) 

ut + A + B / ( u , t + Bu =: g(u} t 

u( u0 . 

In our applcations, e.g. Theorem 1 below, the operator — is an approxi 
tion of the Jacobia /„ of / , evaluated at t fxed, 

B K fu(u(i)i) . 

So, we assume to be a linear bounded operator of the form u = d(x)u. 
This "formal linearization" extracts the linear part of / and allows a better 
inside (1.1). This reformulation is widespread in the derivation of semi 
linear methods, e.g. [8], [11], 26]. For this, we first look a (1.1)(1.4) and 
proceed by perturbation arguments to (2.1). We shall employ the standard 
technique using the theory of analytic semigroups, e. g. [20]. However, a 
estimates are to be done more finely. Doing this, we get more cearness about 
the appearing constants than usually. 

LEMMA 1. The operator A, given by (u}v) := a(u,v) is the nfintes­
imal enerator of an analytic semigroup T(t) of ontraons satisfy 

2. | | T ( t ) | | < e - ^ 

Proof : The Lemma follows from Corollary 1.3.8 and Theorem 7.2.7 in 
20, p. 2]. The Ray l igh quotient of gives 

z. e Amm — mm —-—^- mm —-— r̂- c2 
D(A) \\U\\ D(A) \\U\\ 



From this, (2. follows. • 

In the cas D() i (1.8) w ca improve the estimate ( 2 . ) with Poincare' 
inequality, which gives Re Am;n > c2(l + /O?2). f D() is (1.9) , the same 
argument, namely that ||Vu|| is a norm on D(A), gives an improvement, 
but with unknown constants. So, restriction to a somewhat smaller domai 

C 0 can improve the coer ivi ty of the operator. Advantage of this can b 
taken in the following considerations. A nice application are the observations 
done in the computations of the unsteady moving flame front in Section 4.5. 
It is defned on IR. The depndence of the schemes from the neessary re­
tricted computational domain, as described above, was reported e.g. in 21] 

In view of (2.1) and Lemma 1, we assum in addition to ( 1 . ) , (1.6 

2.4) u,u) > K0\\u\\ u G D ) . 

For the operator H := — ( ) we obtain 

2. (u,u u,u) > (c2 K0)\\u\\ 

In consequence, we get 

COROLLARY 1. The operator H = —(A + ) satisfyg (2.5) with K 
c2 generate an analytic smigrou of ontraon i. 

\\S(t)\\ < e - A " ^ < ! 

Remark : In the case K0 c2, a remedy is the lassical Garding Trans 
formation (t) : Kou(t) applied to (2.1). This yields 

2.6 K0)v = Kf{eKv t 

and the operator — ( KQI) generates a semigroup of contractions and 

2.7) \\S(t)\\<e-^ 

Now, we give a Newton-type uniqueness theorem for equation (1.1). It was 
rs introduced by Deuflhard [7] for ODE's. W t h the help of the semigroup 

theory, we can use his arguments in a similar way. The estimates of the expo­
nential function in the ODE-case are replaced by the above derived estimates 
of the generators of a semigroup. The given expostion s r v e d to larify th 



occuring constants. During the sketched proof of Theorem 1, equations of 
the form (2.1) occur and can be handled by (2.6) to reensure the bounds 
( 1 . ) and (1.6) for the perturbed operator. For clearness of presentation 
and without loss of generaity, we restrict ourselves to the autonomous cas 
f(u(t)t) = f(u(t)). 

THEOREM 1. (extension of Theorm 1, Deuflhard [7]) For (1.1 s­
ume hat f G CD()) and u0 G D(A). The funtion f(u) — (1.1 
hould be bounded 

2.8) \\f{u0)-u0\\L0 

and t's Joban hould be Lscitz ontnuou 

2. \\f(v) - fu(w)\\ < LA\v - w\\ vweL(tt). 

Then existene and uniquenes of the oluton of (1.1) is guaranted 0 r 
for 

2.1 unbounded if [f < —1 

2.H T < m j , ifff>-i 

where f := ( L 0 } ji := —(c2 and 

2.12 \j)(s) 
jl+l s_ 

0 . 

Proof : The main point n the proof is to solve the va r i t ion of constants 
formula n semigroup context,[20, p . 4 8 ] for (1.1 

2.1 (u) = u(t) - T(t)u - T(t- s)f(u(s))ds 
J 

by N e w t o n ' M e t h o d 

ui(t (t ~ s)ui(s)ds = T(t)u+ 
2.14) 

where B : fu(u). The rest of the proof is to guarantee that ( 2 . 4 ) is a 
contraction and can be copied from [7]. This will ensure the convergence of 
N e t o n ' s m t h o d to a unique solution of ( 2 . 3 ) . • 



Rema imilar result ca e o b t a e d , s t a n g w t h the V o l r a -
equation 

(u) = u(t) — UQ — f(u(s))ds = 

instead of ( 2 . 1 ) , e.g. [20]. However, represntat ion ( 2 . ) f ts better in our 
derivation of the numerical scheme. 

The above existence results are obtained by usng N e t o n ' s method for th 
formula ( 2 . 3 ) . If (1.1) represents a system of equations, a great simplification 
in numerical calculations can be acheved, u sng an approximation B of the 
Jacobian of —f(u) occuring in the Newton method (2.14). The influence of 
this approximation on the ex i t enc nterva ( 2 . 0 ) , (2.11) of (1. is show 
in the followng C o r o l r y . 

COROLLARY 2. (extension of Theorem 2 of Deuflhard [7]) W all as­
mpton of Theore and in addition for the perturbaton of the obian 

2.15 \\ fu(u0)\\ < S0 and(u,u) > K0\\u\\ 

w K > c2 , 
fulfilled the bound (2.10), (2.11 re al with epled by 

f 
T' s0 

Proof : Usng standard semigroup techniques, the same arguments as in 
7] can be used to proof the Corollary. • 

ERIVATI OF THE I S R E T I Z A T I N S 

T I M E DISCRETIZATION IN H I L B E R T SPACE 

For further investigation, t is convenient to use again the abstrac Cauchy 
robem in L(tt) (2. 

3.1 + A + B f(u,t-\-Bu=:g(u,t 

3. u( UQ 

By perturbation theory, the operator H — (A + B) generates an analytic 
emigroup (tH) := exp(tH). In contrast to the preceding c h a t e r s e us 



the operator H e x p l c i l y as an argument of the semigroup. For the deriva­
tion of the schemes, it ' not neessary for S(tH) to be contractive. 

The formal solution of 3.1 is given by 

3. U{) = TH)U0 {( - s)H)(u(s) s)ds T G 0 T] . 

As done n the existence theorem above, we start from (3.3) to construct a 
numerical scheme for (3.1). For this, we will consider a d a t i v e Runge-Kutta 
methods, which are included in the class of s e m i m p l c i t methods. They 
have been extensively studied by trehmel and W e i e r 26], see also refer 
nces theren . 

First, let RQ (z) be a rational approximation of s u n t l y high order r 
to exp(z), this means 

3.4) (z) = I \ z ) + 0(zr' for z - 0, z G C 

The approximt ion R is sa to  

trongly -stabl if 

\R{z)\ < 1 for Re(z) < 0, and | i ( — o ) | < 1; 

-stable if it is strongly - s t a b e w t h 

( - o ) = 0 . 

Furthermore, we defne 

(z) (B\z)-I)-
3. 

Uz) (H\z)-I)-,l = l2.. 

We note that th functions R\ possess the same denomnator as RQ , such 
that the factor z cancels out. So, no problem occurs, if in the following H 

ecomes singular. The numerical analogue of the abstract solution formula 
3 . ) via the a d a t i v e s-stage Runge-Kutta method is given by 

3.6 ^TH)u0 r Y!~= h i = 2 3 s 



ith 

1= 

Here, gj := (u\T) where u describes an approximt ion of the solu­

tion u at t = CjT. The vector = (0 , 1) satisfes the condition 

< 1, i = 2 . . s. The constants A and p de te rmne the method. 

Remark : During the construction of such methods the rst step is to 
approximate the function g(u(t), t) from (3.3) in each stage i 2, 3 , . , s + 
by a polynomial in t. By partial integration and approximt ion of the expo­

ential function afterwards, we arrive at 3.6). 

In our context, we must solve an elliptic problem for each stage . Therefore,  
r e s t r i t ourselves to 1 nd 2-stage methods and s c2 c3 = 1. 

1. the cas = 1 e get with A the socal led adaptive Euler 
method 

3.7) TH)U0 TH) 

2. For s = 2 we get the followng one -pa ramte r scheme: 

U0 

3. 
^ o 

Uo r{( ( i _ ) ) 

( i - i)) 

where nd for s i m i c t y (TH). 

Our aim is to derive a method which minimizes the demand of storage and 
the effort of work. To this end, w loo for an embedded formul 

3. = u + T]2 

where r/2 can be directly computed. In order to achieve such a structure, frs 
we write the rational approximation (z) to ez as 

3.1 \z) = \z) + Q\z). 

We want to compute the correction term r/2 in the additive representation 
3 . ) . We start w t h the s e m i m p l t E u l r method rs ntroduced by 



Deuflhard [8] 

3.11 
U0 

(z)u (z) 

where R0 (z) = j—; This method has the consistency order p = 1. Onc 
chosen the denominator to be a part of (1 z), we can obtain only wo 
approximtions by 3.10), n a m l y 

\z) 
3-12 

\z) 

to get a trongly A - s t a b e or L-s tabe method ith minimal approximt ion 
order 3 2, [25]. Applying the a d a t i v e E u l r method 3.7) in the third 
tage we fnd 

i*) = i*) = 

( l z ) 

i*) = (lzf 

\z)u \z) 

3 ' (z) + Q\zj) u0 T ( \ z ) + Q\z) -l)g 

Therefore 

3.14) ( , ) ( , ^ i ) 

We remark, that this method can be described as a s p e c l 2-stage Rosen-
brock m t h o d (ROW-method) of consistency order p = when the exac 
Jacobian B : u(uo) s used, [13] 
Further, for the method (3.8) we get 

( ^ , U 

3.15 

z) + r z )  

(R(z)(l- \ z ) l ) 

\Z)U T ( ( ^ ) 1) (^)(1 " )) ( 

(z) 

z) -

/ , V i \ r { Z ) 1) ^(z) ) ( ) . 

We are interested in two s e c 0 leads to a ethod of order 
ith 

3.16 (R\z) - \z))(g 



and = 1 proposed by [26] yields 

3-17) ( z ) ) , 

where again order 2 s achieved. Both methods only use an approximation 
of the Jacobian, i e . B s —f(u0)} and w t h this, they re a W-method. 

Remark : In the context of PDEs, in each time step, we have to solve  
large l e a r system. By backward error analysis, the inevitable errors can 

be seen as a perturbation of the exact Jacobian fu(u0). At first sight, clas 
sical Rosenbrock methods seem therefor unappropriate. Nevertheless, w 
have tested the adaptive Euler method i the numerical appications w t h 
reasonable success. 

ERIVATION O F T H E SCHEMES FROM N E W T O N ' S E T H O 

Throughout this chapter, we agan restrict ourselves to the autonomous case. 
We start ith the abstract solution formul 3 . ) of problem formult ion 
2.1). 

3.1 u(t) = (t)u0 (t- s)(u(s))ds 

Again, (t) is the semigroup generated by — ( ), where is som 
approximt ion of the Jacobian. 

The scheme is derived by a polynomial approximation in s of g(u(s))} a 
rational approximation of the semigroup S(t) and nally, one step of a sim­
plified Newton method. During our approach to the 1- and 2-stage formulas, 
which are used in the calcult ions, w try to approximate g(u(s)) by a con­
stant and lnear polynomial P n s respectively, depending on u0 and u ( ) . 
A frst simple approximt ion i 0 ] reads 

3.19 P0(s) = (u()) . 

In consequence, we get in (3.1 

3.20 (T)U0 {( - s)(u(s))ds 

3.21 S(( - s ) u ( 

3.22 =S(T)U0 (T) - I)H(u()) 

3.23 (u(T)) 

11 



The r e s i n g i m p l t equation 

3.24) (M) :=U- RU0 - (u) = 

s solved by one step of a simplified N e t o n method. It is started with the 
only information available at this moment . Using the identity as 
app rox imte Jacobian of 3.24) w end up w t h 

3.25 ) = R {u) . 

The derived algorithm is called adaptive Euler scheme and s identical to our 
rst method 3.7). et us now approx imte g(u(s)) by a inear polynom 

P i 
3.26 P(s) = - - ( u ) - ( u ( ) ) ) ( u 0 

We look at P n the simples case S(t 3 . 1 ) . Of course, for thi 
the t r a z o i d a l rule i exac 

3 . 7 ) P(s)ds=-(g(u0)(u(T))). 

We ntroduce for the end points the parameter , such tha 

P(0) = (U0) (1 - (U(T)) 
o.zo 

P() = (u(r)) (1 - (u0) . 

In consequence, we get instead of 3.26) the new l e a polynomia 

3.29 ^s) = - ( 1 - (u0) - (u())) (u (1 (U()) , 

which a s o satisfes (3.27). Replacing g(u(s)) by P(s) in (3.18), we get anal 
ogously to (3.24) the implict equation 

(u u-RU0-T{( ( l ( u 0 ) 

((l- ( 2 ( u ) } . 

The approximations R nd R2 are obtained by p a r t i l integration and th 
recurrence relation (3.5). Afterwards, a step of a simplified Newton m t h o d 

done starting w t h u nd the identity as J a c o b i n . Thus, we get th 
econd stage of our a d a t i v e Runge-Kutta schem 3.8) 

(t) = 0u0 t{{ (1 - (u0) 

( ( l - ( 2 - l ) M « ) } . 


