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ABSTRACT

Large scale combustion simulations show the need for adaptive meth-
ods. First, to save computation time and mainly to resolve local
and instationary phenomena. In contrast to the widespread method
of lines, we look at the reaction—diffusion equations as an abstract
Cauchy problem in an appropriate Hilbert space. This means, we first
discretize in time, assuming the space problems solved up to a pre-
scribed tolerance. So, we are able to control the space and time error
separately in an adaptive approach. The time discretization is done
by several adaptive Runge-Kutta methods whereas for the space dis-
cretization a finite element method is used. The different behaviour
of the proposed approaches are demonstrated on many fundamental
examples from ecology, flame propagation, electrodynamics and com-
bustion theory.

Keywords: initial boundary value problem, Rothe-method, adaptive
Runge—Kutta method, finite elements, mesh refinement.
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INTRODUCTION

Diverse phenomena in many branches of physical chemistry, biology and elec-
trodynamics are often described by reaction—diffusion processes. Examples
include flame propagation in combustion, interactions of mobile populations
in ecosystems, and confinement of a plasma column by radiation pressure.
These problems are modeled by initial boundary value problems in which
the governing parabolic partial differential equations are coupled through a
highly nonlinear right hand side, often representing the reaction rate of the
chemical components.

The numerical solution of nonlinear partial differential equations (PDEs) is
a main subject of current mathematical research. With increasing complex-
ity of the realistic described problems, there is an increasing need of reliable
numerical tools to accurately and efficiently solve the phenomena. Adaptive
techniques elaborated in recent years automatically change and evolve with
the solution. Thus, they are often the only way for providing the computa-
tional codes necessary to solve some of these difficult problems.

In this paper we describe the implementation of the classical Rothe method,
which is based on the discretization sequence first time then space. The ap-
proach used here was inspired by the results of Bornemann [6] for the scalar,
linear and selfadjoint case with this method. He introduced a concept to
control the error in the space and time discretization simultaneously, start-
ing from a prescribed overall tolerance. Along this line, we reformulate the
parabolic initial boundary value problem as an abstract Cauchy problem in
an appropriate Hilbert space. Combining the theory of analytic semigroups
with the technique of simplified Newton methods we obtain existence and
uniqueness results for this Cauchy problem. The close connection of New-
ton’s method in function space and stiff integrators for ordinary differential
equations (ODEs) was introduced and first pointed out by Deuflhard [7].
Within this framework we are able to derive adaptive Runge-Kutta methods,
which yield variable time steps and possibly variable orders controlled by the
problem. The occurring elliptic subproblems are solved by a multilevel finite
element method using linear elements in space. In consequence, a space mesh
well suited to the problem under consideration is obtained in order to assure
an accuracy required by the time discretization. The above mentioned facts
enabled us to transmit the previous results to nonlinear systems of parabolic
PDEs. The theoretical approach is independent of the space dimension. For
solutions possessing sharp moving spatial transitions, like travelling wave-
fronts or emerging boundary and interior layers, an automatic adjustment of
both the space and the time stepsize is likely to be more successful in effi-



ciently resolving critical regions of high spatial and temporal activity. The
programming effort of those adaptive methods cannot be overestimated and
is a main aspect of their realization. The author’s program used for the
computations is based on the research code KASTI1 implemented by Borne-
mann [6] for scalar, linear equations. It was significantly enlarged to handle
the nonlinear system case.

Most discretization methods of time-dependent problems for PDEs de-
scribed in the literature are extensions of the well-known method of lines.
First the space variables are discretized on an a priori selected, fixed space
mesh, so as to convert the PDE into a usually stiff system of ODEs, which
then can be solved very successfully by automatic stiff ODE solvers, how-
ever, ignoring the PDE context. An improvement is the moving finite element
method developed by Miller and his co-workers [17], where a fixed number
of nodes are still used while the nodal positions are computed together with
the solution values at the nodes. Such methods require some form of tuning
to safely govern the automatic choice of the changing space nodes. Further-
more, it is not clear how to extend the moving techniques from the 1D case
to higher space dimensional problems.

Over the past several years the interest in regridding methods, nodes are
both added and deleted after several time steps, has rapidly increased. The
reader is especially referred to Bieterman and Babuska [4], Adjerid and Fla-
herty [1], Furzeland, Verwer and Zegeling [10]. In contrast to those, the
algorithm proposed by us is equipped with an space-time error control and
has almost none tuning parameters. This benefits especially in complicate
problems, as is demonstrated in the numerous numerical examples presented.

The contents of the paper reads briefly as follows. In Section 1 we formulate
the class of nonlinear problems under consideration. Section 2 deals with
the analysis of the semilinear equation connected with the abstract Cauchy
problem. Applying the theory of analytic semigroups we give an Newton-
type uniqueness theorem. In Section 3 we derive the discretization, adaptive
in time an space. Section 4 includes an extensive numerical testing on a set
of six practical relevant nonlinear models to show the performance of the
different methods used. Our conclusions and a summarizing discussion are
contained in Section 5.



1 PROBLEM FORMULATION

We aim to solve semilinear parabolic initial boundary value problems. In
a bounded domain  C IR"™ with boundary 92 = I'p UI'¢, the problem
formulation is

(1.1) % + A(x, Nu(t,x) = f(u,t), © € Q, t € (0,T],
(1'2) u(tv ')|FD = f(tv ')7 te (OvT] )

(1'3) C('va)u(tv ')|Fc = C(ta ')7 te (OvT] )

(1.4) u(0,-) = ug .

Here, A(x,d) denotes an elliptic differential operator of second order, and
C'(x,0) the corresponding Cauchy boundary operator. We put

A=A(x,0):==V-(a(x)V)+b(x) -V +c(zx), z€Q,

and

C=C(z,0):=—n(z) (a(z)V)—0o(z), z €l¢,

where n is the outer unit normal on Jf). Assuming the boundary functions
sufficiently smooth, we can, by a simple transformation, achieve that £, ( = 0.
Furthermore, with I'g a closed subset of 9€2, we introduce a Hilbert space of
weak solutions

Hp(Q) = {u € H'(Q)] ulr, =0}
In the following, we consider the bilinear form a(-,-) on H}, () x HL(Q):

a(u,v) = / (aVu-Vo+b-Vuv+ cuv)de + cuvds ,
Q

I'c

for all u,v € HL(Q). For further investigation the ellipticity and boundedness
of the form «a(-,-) will be important. Therefore, we demand

(1.5) la(u, v)| < erlfull][v]l
and
(1.6) a(u, u) > collull}

for all w,v € HL(Q), with ¢;,¢c; > 0. The boundedness of a(-,-) in (1.5)
implies the existence of a bounded operator A : D(A) C L*(Q) — L*(Q)
which obeys

(1.7) a(u,v) = (Au,v), u € D(A),v € HL(Q) .



The smooth boundary 9 guarantees, that
(1.8) D(A) = HX(Q) N HA(Q)

for the homogeneous Dirichlet boundary condition and
(1.9) D(A) = HX(Q) N {Cu = 0 on 90}

if e = 090

2 ANALYSIS OF THE SEMILINEAR EQUATION

The main aspect of the approach done here, is to reformulate problem (1.1)
as the following semilinear abstract Cauchy problem in L?(Q)

ur + Au+ Bu = f(u,t) + Bu=:g(u,t)

2.1
21) u(0) = wup.

In our applications, e.g. Theorem 1 below, the operator —B is an approxi-
mation of the Jacobian f, of f, evaluated at ¢ fixed,

—B~ fu(u(t)7 ) '

So, we assume B to be a linear bounded operator of the form Bu = d(x)u.
This “formal linearization” extracts the linear part of f and allows a better
inside in (1.1). This reformulation is widespread in the derivation of semi-
linear methods, e.g. [8], [11], [26]. For this, we first look at (1.1)—(1.4) and
proceed by perturbation arguments to (2.1). We shall employ the standard
technique using the theory of analytic semigroups, e. g. [20]. However, all
estimates are to be done more finely. Doing this, we get more clearness about
the appearing constants than usually.

LEMMA 1. The operator —A, given by (Au,v) := a(u,v) is the infinites-
imal generator of an analytic semigroup T(t) of contractions satisfying
(22 IT(E) < et

Proof : The Lemma follows from Corollary 1.3.8 and Theorem 7.2.7 in
[20, p.12]. The Rayleigh quotient of A gives

)

a(u,

<

callulls _

(2.3) Re Apin = min

5 > min
weD(4) ||ull3

weny Juz 2



From this, (2.2) follows. [ ]

In the case D(A) is (1.8) we can improve the estimate (2.3) with Poincare’s

inequality, which gives Re Apin > co(1 + 1/d?). If D(A) is (1.9) , the same

argument, namely that ||Vu|| is a norm on D(A), gives an improvement,
but with unknown constants. So, restriction to a somewhat smaller domain
w C ) can improve the coercivity of the operator. Advantage of this can be
taken in the following considerations. A nice application are the observations
done in the computations of the unsteady moving flame front in Section 4.5.
It is defined on IR. The dependence of the schemes from the necessary re-
stricted computational domain, as described above, was reported e.g. in [21].

In view of (2.1) and Lemma 1, we assume in addition to (1.5), (1.6)
(2.4) (Bu,u) > Kollullz  Vu € D(A).

For the operator H := —(A 4+ B) we obtain
(2.5) a(u,u) + (Bu,u) > (cq + Ko)||ulls -

In consequence, we get

COROLLARY 1. The operator H := —(A+ B) satisfying (2.5) with Ko >
—cy generates an analytic semigroup of contractions, i.ec.

IS()|| < et <1
Remark : In the case Ky < —¢y, a remedy is the classical Garding Trans-
formation v(¢) := e~®'u(t) applied to (2.1). This yields
(2.6) v+ (A + Ko)v = e Rol f(elolp 1)
and the operator —(A 4+ Kol) generates a semigroup of contractions and

(2.7) IS < e7".

Now, we give a Newton—type uniqueness theorem for equation (1.1). It was
first introduced by Deuflhard [7] for ODE’s. With the help of the semigroup
theory, we can use his arguments in a similar way. The estimates of the expo-
nential function in the ODE—case are replaced by the above derived estimates
of the generators of a semigroup. The given exposition served to clarify the



occuring constants. During the sketched proof of Theorem 1, equations of
the form (2.1) occur and can be handled by (2.6) to reensure the bounds
(1.5) and (1.6) for the perturbed operator. For clearness of presentation
and without loss of generality, we restrict ourselves to the autonomous case

fu(t),t) = f(u(l)).

THEOREM 1. (extension of Theorem 1, Deuflhard [7]) For (1.1) we as-
sume that f € C*(D(A)) and ug € D(A). The function f(u) — Au in (1.1)
should be bounded

(2.8) [ f(uo) — Auol| < Lo

and it’s Jacobian should be Lipschitz continuous
(2.9) 1fu(v) = fulw)l] < Lillo —wl] - Vv,we LX) .

Then, existence and uniqueness of the solution of (1.1) is guaranteed in [0, 7]

for
(2.10) 7 unbounded, if u7 < —1

(2.11) T < TY(pT) , if ur > —1,
1
where 7 := (2LoL1)"2, p:= —(c2 + Ko) and

{ In (é—/—s} s 40

(2.12) P(s) =
1 s=0.

Proof : The main point in the proof is to solve the variation of constants
formula in semigroup context,[20, p.148] for (1.1)
t

(2.13) F(u)=u(t)— T(#)uo — / T(t—s)f(u(s))ds =0

by Newton’s-Method
ui"'l(t) + fg Tt — S)Bui"'l(s)ds = T(t)uo+
+ foT(t = s){f(u'(s)) — Bu'(s)}ds

where B := f,(u'). The rest of the proof is to guarantee that (2.14) is a
contraction and can be copied from [7]. This will ensure the convergence of

(2.14)

Newton’s method to a unique solution of (2.13). ]



Remark : A similar result can be obtained, starting with the Voltera—
equation

Fu) = u(t) — uo — /Otf(u(s))ds 0

instead of (2.13), e.g. [20]. However, representation (2.13) fits better in our
derivation of the numerical scheme.

The above existence results are obtained by using Newton’s method for the
formula (2.13). If (1.1) represents a system of equations, a great simplification
in numerical calculations can be achieved, using an approximation B of the
Jacobian of —f(u) occuring in the Newton method (2.14). The influence of
this approximation on the existence interval (2.10), (2.11) of (1.1) is shown
in the following Corollary.

COROLLARY 2. (extension of Theorem 2 of Deuflhard [7]) With all as-

sumptions of Theorem 1 and in addition for the perturbation of the Jacobian
(2.15) 1B + fuluo)ll < do and (Bu,u) = Kollullg

with Ko > —cy
fulfilled, the bounds (2.10), (2.11) remain valid with T replaced by

Proof : Using standard semigroup techniques, the same arguments as in
[7] can be used to proof the Corollary. ]

3 DERIVATION OF THE DISCRETIZATIONS

3.1 TIME DISCRETIZATION IN HILBERT SPACE

For further investigation, it is convenient to use again the abstract Cauchy

problem in L*(Q) (2.1)

(3.1) ur + Au+ Bu = f(u,t) + Bu=:g(u,t)
u(0) = wg
By perturbation theory, the operator H := —(A 4 B) generates an analytic

semigroup S(tH) := exp(tH). In contrast to the preceding chapters we use



the operator H explicitly as an argument of the semigroup. For the deriva-
tion of the schemes, it’s not necessary for S(¢tH) to be contractive.

The formal solution of (3.1) is given by
(3.3)  wu(r)=S(7H)uo+ /T S((t—s)H)g(u(s),s)ds, 7 € (0,7T] .
0

As done in the existence theorem above, we start from (3.3) to construct a
numerical scheme for (3.1). For this, we will consider adaptive Runge-Kutta
methods, which are included in the class of semi-implicit methods. They
have been extensively studied by Strehmel and Weiner [26], see also refer-
ences therein.

First, let Réi)(z) be a rational approximation of sufficiently high order r;
to exp(z), this means

(3.4) S(z) = RY(2) + 0z for = = 0, z € C.
(i

The approximation Ry’ is said to be

o strongly A-stable if
|Réi)(z)| < 1 for Re(z) <0, and |Réi)(—oo)| < 1;

o [—stable if it is strongly A-stable with

Réi)(—oo) =0.
Furthermore, we define
; ; 1
B(z) = (B(2) = D)
(3:5) (i (i 1
RY(z) = (IR"(z) - [);, [=1,2,...

We note that the functions R;i) possess the same denominator as Réi), such
that the factor 27! cancels out. So, no problem occurs, if in the following H
becomes singular. The numerical analogue of the abstract solution formula
(3.3) via the adaptive s—stage Runge—Kutta method is given by

u) = g
(3.6) ul® = Réi)(ciTH)uo +7 Z;;ll Aijgi, 1=2,3,...,s+1
Uy = qlstD)



with

Pi

7 1) |
A= R;Ql(ciTH)Agj)ci+l :
=0
Here, g; := g(u), ¢;7) where ul9) describes an approximation of the solu-
tion v at t = ¢;7. The vector ¢:=(0,¢z,...,¢s, 1) satisfies the condition

0<¢ <1, 1=2,...,s. The constants )\E;) and p; determine the method.

Remark : During the construction of such methods the first step is to
approximate the function g(u(t),t) from (3.3) in each stage 1 = 2,3,...,s+1
by a polynomial in ¢. By partial integration and approximation of the expo-
nential function afterwards, we arrive at (3.6).

In our context, we must solve an elliptic problem for each stage . Therefore,
we restrict ourselves to 1— and 2-stage methods and set ¢ = ¢3 = 1.

1. In the case s = 1 we get with )\821) = 1 the so—called adaptive Euler

method
(3.7) u® = RO (rHYuo + R (H) g, .

2. For s = 2 we get the following one—parameter scheme:

u) = g

u? = Réz)uo + TR(12)91

u® = RéB)uo + T{(R(ls)li + 3(23)(1 —2Rr))g1+
HARP (1= 8) + R (25 = 1))ga}

where £ € R and for simplicity R;i) = R;i)(TH).

Our aim is to derive a method which minimizes the demand of storage and
the effort of work. To this end, we look for an embedded formula

(3.9) ul® = u® 4y

where 1y can be directly computed. In order to achieve such a structure, first

(3)

we write the rational approximation Ry’ (z) to e” as
(3.10) R (z) = Ry (2) + Q) (=) -

We want to compute the correction term 1, in the additive representation
(3.9). We start with the semi-implicit Euler method first introduced by



Deuflhard [8],

u(l) = Ug

(3.11)
u® = R (2)uo + TR (2)gn

where RéQ)(Z) = i This method has the consistency order p = 1. Once

chosen the denominator to be a part of (I — z), we can obtain only two
approximations by (3.10), namely

(3.12) 2(1 =)
o) = 0P =5

to get a strongly A—stable or L—stable method with minimal approximation
order r5 > 2, [25]. Applying the adaptive Euler method (3.7) in the third
stage we find

u® = RO (2o + TRV (2)an

3.13

P (R ) w7 () 40 2)
Therefore

(3.14) ny = Q0(2) (uO + 291) -

We remark, that this method can be described as a special 2—stage Rosen-
brock method (ROW-method) of consistency order p = 2 when the exact
Jacobian B := —f,(ug) is used, [13].
Further, for the method (3.8) we get
u® = B (uo+ 7 {((2)(1 = 26))g+

AR ()1 = )+ R (2)(25 — 1)ga}
= B (2)uo + 7 (B ()5 = 1) + B (2)(1 = 26)) (01 = go)+

R (2)gn
= u 4 QY(2) (“O * 2%) *

7 (B (@) m — 1)+ B ()1 = 26)) (91— g2)
We are interested in two special cases : k = 0 leads to a method of order 2
with
(3.16) ng =i +7(RY(2) — B ()) 91 — g2)

10



and k = 1 proposed by [26] yields

(3.17) S =0 — 7R () on — g2)

where again order 2 is achieved. Both methods only use an approximation
of the Jacobian, i.e. B & — f,(uo), and with this, they are a W-method.

Remark : In the context of PDEs, in each time step, we have to solve
a large linear system. By backward error analysis, the inevitable errors can
be seen as a perturbation of the exact Jacobian f,(ug). At first sight, clas-
sical Rosenbrock methods seem therefor unappropriate. Nevertheless, we
have tested the adaptive Euler method in the numerical applications with
reasonable success.

3.2 DERIVATION OF THE SCHEMES FROM NEWTON’S METHOD

Throughout this chapter, we again restrict ourselves to the autonomous case.
We start with the abstract solution formula (3.3) of problem formulation

(2.1).
(3.18) ult) = S(t)u0+/0 S(t — s)g(u(s))ds

Again, S() is the semigroup generated by —(A 4+ B), where —B is some
approximation of the Jacobian.

The scheme is derived by a polynomial approximation in s of g(u(s)), a
rational approximation of the semigroup S(¢) and finally, one step of a sim-
plified Newton method. During our approach to the 1— and 2—stage formulas,
which are used in the calculations, we try to approximate g(u(s)) by a con-
stant and linear polynomial P in s respectively, depending on wg and (7).
A first simple approximation in [0, 7] reads

(3.19) Po(s) = g(u(r)) .

In consequence, we get in (3.18)

(3.20) S(rue + [ S((r = s)glu(s))ds
(3.21) ~S(rhe 4 [ S((r = s)dsg(u(r)
(3.22) = S(T)uo + (S(7) = D) H " g(u(7))
(3.23) ~ R u + R g(u(r))

11



Theresing implt equation
3.24) (M) :==U-  RU, - (w =

s solved by one step of a simplified Neton method. It is started with the
only information available at this moment . Using the identity as
approximte Jacobian of 3.24) w end up wth

3.25 )= R {u)

The derived algorithm is called adaptive Euler scheme and sidentical to our
rst method 3.7). et us now approximte g(u(s)) by a inear polynom
Pi

3.26 P = --(u)-(u()))(uo

We look at P n the simples case St 3.1). Of course, for thi
the trazoidal rulei exac

3.7) P(s)ds=-(g(uo)(u(T))).

We ntroduce for the end points the parameter , such tha
P(O) = Uy (- um)
P() Wry @3- (W .

In consequence, we get instead of 3.26) the new | ea polynomia

0.20

329 %) = -(1- (W) - (u0)) u @@ o) .

which aso satisfes (3.27). Replacing g(u(s)) by P(s) in (3.18), we get anal
ogously to (3.24) the implict equation

(u u-RUq-T{( (1 Cuo)
(- (2 (u)}

The approximations R nd R, are obtained by partil integration and th
recurrence relation (3.5). Afterwards, a step of a simplified Newton mthod
done starting wth u nd the identity as Jacobin. Thus, we get th

econd stage of our adative Runge-Kutta schem 3.8)

)= o t{ (1- (Uo)
((I- (2-1)M«)}.



