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Abstract

Let G = (V| E) be a graph and T' C V be a node set. We call an edge set 5
a Steiner tree with respect to T' if S connects all pairs of nodes in 7. In this
paper we address the following problem, which we call the weighted Steiner tree
packing problem. Given a graph (¢ = (V, ) with edge weights w,, edge capacities
ce,e € F,and node sets Ty, ..., T, find edge sets S1,..., Sy such that each Sy is
a Steiner tree with respect to T}, at most c. of these edge sets use edge e for each
e € I/, and such that the sum of the weights of the edge sets is minimal. Our
motivation for studying this problem arises from the routing problem in VLSI-
design, where given sets of points have to be connected by wires. We consider
the Steiner tree packing problem from a polyhedral point of view and define an
appropriate polyhedron, called the Steiner tree packing polyhedron. The goal of
this paper is to (partially) describe this polyhedron by means of inequalities. It
turns out that, under mild assumptions, each inequality that defines a facet for
the (single) Steiner tree polyhedron can be lifted to a facet-defining inequality
for the Steiner tree packing polyhedron. The main emphasis of this paper lies on
the presentation of so-called joint inequalities that are valid and facet-defining for
this polyhedron. Inequalities of this kind involve at least two Steiner trees. The
classes of inequalities we have found form the basis of a branch & cut algorithm.
This algorithm is described in our companion paper [GMW92].

1 Introduction

Given a graph G = (V, F) and a node set T' C V| we call an edge set S C F
a Steiner tree for T if, for each pair of nodes u,v € T, S contains a [u,v]-path.
In this paper we investigate the following problem that we call the Steiner tree
packing problem. Given an undirected graph GG = (V, F) with edge capacities
c. € IN for all e € F and a list of node sets N' = {Ty,...,Tnx}, N € IN, find
Steiner trees S; for Th, k = 1,..., N such that each edge e € E is contained in at
most ¢, of the edge sets Si,...,Sn. Every collection of Steiner trees Sy,..., S5y



with this property is called a Steiner tree packing. If a weighting of the edges
is given in addition and a (with respect to this weighting) minimal Steiner tree
packing must be found, we call this the weighted Steiner tree packing problem.

This problem has important applications in the layout of electronic circuits. One
of the major tasks in VLSI-design is the so-called routing problem. Roughly
speaking, this problem can be stated as follows. Given an area (typically a
rectangle with some “forbidden zones”) and a list of point sets (so-called nets).
The routing problem is to connect (route) the points of each net by wires on the
area such that certain technical side constraints are satisfied and some objective
function is minimized. The precise formulation of the routing problem depends
on the used technology and the given design rules. Many variants of the routing
problem, however, can be modelled as weighted Steiner tree packing problems. In
a companion paper [GMW92] we are going to discuss such modelling issues and
the relation between the routing and the Steiner tree packing problem in detail.

In this paper we consider the Steiner tree packing problem from a polyhedral
point of view. We define a polyhedron whose vertices are in a one—to—one cor-
respondence to the Steiner tree packings in the graph. The goal of the paper is
to investigate this polyhedron, i. e., we try to describe it (partially) by means of
equations and inequalities. The classes of inequalities we have found form the ba-
sis of a branch & cut algorithm for the (weighted) Steiner tree packing problem.
This algorithm, the associated separation routines and computational results are
described in our companion paper [GMW92].

This paper is organized as follows. In section 2 we list some graphtheoretic
concepts and notation and give a formal definition of the (weighted) Steiner tree
packing problem. In section 3 we introduce the Steiner tree packing polyhedron
and investigate its trivial facet-defining inequalities. In section 4 we address the
question how facet-defining inequalities change if the underlying graph is modified
by operations such as edge deletion or node contraction. In section 5 we show
that under certain conditions each facet-defining inequality for the Steiner tree
polyhedron can be lifted to a facet-defining inequality for the packing polyhedron.
Finally, we present several classes of so-called joint facets in section 6. Inequalities
of this kind involve at least two Steiner trees.

2 Definitions and Notation

In this section we describe the problem that will be considered in this paper
formally. We first sketch some graphtheoretic notation.

We denote graphs by G = (V| E), where V is the node set and E the edge set.
All graphs we consider are undirected and finite. For a given edge set F' C E. we
denote by V(F') all nodes that are incident to an edge in F'. Given two node sets
U, W C V., we denote by [U : W] the set of edges in G with one endnode in U



and the other in W. For a node set W, we also use E(W) instead of [W : W]. A
set of node sets V4,....V, CV, p > 2, is called a partition of V if all sets V; are
nonempty, the node sets are mutually disjoint and the union of these sets is V.
(Note that we use “C” to denote strict set theoretic containment.) If V,...,V} is
a partition of V then 6(Vq,...,V,) denotes the set of edges in G whose endnodes
are in different sets. For W C V, W = (), we write §(W) instead of (W, V \ W)
and call this set the cut induced by W. If W = {v}, we abbreviate §({v}) by
d(v). For an edge set F', we define dp(v) = |6(v) N F|, this is the degree of v in
the subgraph (V, F) of G.

We call a sequence of nodes and edges K = (vg, €1, v1,€2,...,01_1, €, v;), Where
each edge e; is incident with the nodes v,y and v; for ¢ = 1,...,[, and where
the edges and nodes are pairwise disjoint (except possibly vg and v;), a path (or
a [vo, vi]—path), if vo # v, and a cyele, if vo = v; and | > 2. Each edge that
connects two nodes of a cycle (path) K and that is not in K is called a diagonal
of K. We say that two edges uv and u'v’ cross with respect to K if they appear in
the sequence u, u’, v, v" or u,v’, v, u’ by walking along the cycle (path). Similiarily,
we call two sets of diagonals Fy and Fy cross free if, for all e; € Fy and ey € Fh,
e1 and ey do not cross. Otherwise, I} and Fy are crossing. For our purposes it
is convenient to consider a path P or a cycle ', respectively, as a subset of the
edge set. We call an edge set B a tree if (V(B), B) is connected and contains no
cycle. The leaves of B are the nodes that are incident to exactly one edge of B.

Finally, we call a graph G' a complete rectangular h x b grid graph, if it can be
embedded in the plane by A horizontal lines and b vertical lines such that the
nodes of V' are represented by the intersections of the lines and the edges are
represented by the connections of the intersections. A column J (row J) of a
complete rectangular h x b grid graph is a subset of the edge set that has cardi-
nality h — 1 (b—1) and whose edges correspond to the same vertical (horizontal)
line.

Definition 2.1 Let G = (V, E) be a graph and T C V' a node set of G. An edge
set S is called a Steiner tree for T, if the subgraph (V(S5),5) contains a path
from s to t for all pairs of nodes s,t € T, s # t.

Definition 2.1 differs from the terminology most frequently used in the litera-
ture. A Steiner tree is usually supposed to be a tree. For our purposes, however,
Definition 2.1 simplyfies notation and is more convenient for the polyhedral in-
vestigations in the following. A Steiner tree that is a tree and whose leaves are
terminals is called edge-minimal.

Using the above notation we define the Steiner tree packing problem as follows.



Problem 2.2 (The Steiner tree packing problem)

Instance:
A graph G = (V| E) with positive, integer capacities ¢ € IN, e € E.
A list of node sets N = {Ty,..., Ty}, N > 1, with T), C V for all k =
1,...,N.
Problem:
Find edge sets Sy,...,5y C E such that

(i) Sy is a Steiner tree in G for Ty forallk=1,..., N,
N
(it) > 1Sk n{e}| <e. foralle € E.

k=1

In the application of Problem 2.2 we have in mind it is usual to call the list
of node sets NV a net list. We follow this custom. The number N denotes the
cardinality of the net list. Any element T}, € N is called a set of terminals or
a net and the nodes ¢t € T} are called ferminals. Instead of net T} we will often
simply say net k.

For notational reasons it is convenient to order the sets Sy, thus, we call an N-
tupel (S1,...,5n) of edge sets a Steiner tree packing or packing of Steiner trees
if the sets Sp,..., S5y form a solution of Problem 2.2. A Steiner tree packing
(S1,...,5n) is called edge-minimal, if each Sy is edge-minimal.

We will also consider the following weighted variant of the Steiner tree packing
problem.

Problem 2.3 (The weighted Steiner tree packing problem)

Instance:
A graph G = (V, FE) with positive, integer capacities ¢. € IN and nonnegative
weights w. € R4, e € 1.
A net list N ={Ty,...., Ty}, N>1 withT, CV forallk=1,...,N.
Problem:
Find edge sets Sy,...,5y C E such that

(i) (S1,...,5N) is a Steiner tree packing,
N

(i1) Z Z w, is minimal.

k=1 eeSk

In the following we will refer to an instance of the weighted Steiner tree packing
problem by (G, N,c,w) and to an instance of the Steiner tree packing problem
by (G, N c).

It is not surprising that Problem 2.2 and Problem 2.3 are A’P-complete or N'P-
hard, respectively, even in special cases. For example, the following variants are

hard.



If we restrict Problem 2.3 to N = 1 and ¢. = 1, for all e € E, we obtain the
problem of finding a minimal Steiner tree in . This problem is A’P-hard even
if & is restricted to be planar or a grid graph ([K72], [GJ77]). Futhermore, it
is A/P-complete to decide whether there exists a feasible solution for Problem
2.2. Results here are due to Kramer and van Leeuwen [KL.84], who proved that
the problem of finding N edge-disjoint paths is A’P-complete. Similiarily, it was
shown in [KPS90] that it is A’P-complete to decide whether a packing of two
Steiner trees exists.

We close this section with some further definitions and notation frequently used
throughout this paper.

Let G = (V, E) be a graph and T a set of terminals. We call an edge e a Steiner
bridge with respect to T', if every Steiner tree for T"in G contains e. For a Steiner

tree S for T in G, we define

T(S) = Y(ds(t) — )+ Y (ds(v) - 2).

teT vEV\T
ds(v)>2

It is easy to see that if S is an edge-minimal Steiner tree the following equation

holds,
(2.4) T(S)=|T|- 2.

Let S be an edge-minimal Steiner tree for 7' in G and let uv € S be an edge of S.
If v and v are not leaves of S, then there exist edge sets Sy, Sy C S, S; NSy =0
such that S = 53 U S, U{uv} with uw € V(51),v € V(S53) and (V(S5;),5;), 1 = 1,2
are connected. We call S; U Sy U {uv} an edge-disjoint dissection of S. If one of
the endnodes of the edge wv, say u, is a leaf of S, we also call S; U Sy U {uv} an
edge-disjoint dissection of S, where S; = () and Sy = S\ {uv}. It is particularly
convenient in this case to set V(S1) := u and write u € V(51).

To make our unavoidably complicated notation a little less clumsy we slightly
abuse standard notation and introduce the following technically useful operations
on N-tupels of edge sets. Let P = (Fi,...,Fy),N > 1, be an N-tupel of edge
sets and e € K, F' C K. We define

P\, e =(F,....F\{e},....Fn);
PUge :=(F1,...,FrU{e},...,Fn);
Ple = (B \ {che o Py \ {0}

PuUe = (Fyu{e},...,FyU{e});

ceP &eecUY Fy;

PCF UL F.CF

If we have a Steiner tree packing P = (S51,...,5x) it is sometimes convenient
to denote the k-th element Sj of the N-tuple by P,. We call a net list NV =



{T1,..., T} disjoint, it T, NT; = 0 for all 1,5 € {1,...,N},i £ 5. f W is a
subset of V, we write ' C W, if UN_,Tx C W.

To avoid the discussion of (trivial) special cases we assume from now on that
every terminal set of a net list A" has at least cardinality two and that N > 1.

3 The Steiner Tree Packing Polyhedron: Some
Basic Results

In this section we introduce the polyhedron we are going to study. We assume
the reader to be familiar with polyhedral theory, see, for instance [S86].

Suppose we are given a Steiner tree packing problem by a graph G = (V, F) with
edge capacities ¢. € IN;e € E, and a net list N = {T},...,Tn}.

Vectors are considered as column vectors unless otherwise specified. The super-
script “T” denotes transposition. We denote by IR” the vector space where the
components of each vector are indexed by the elements of F, i. e., ¥ = (2¢)cer
for & € IR”. For an edge set F' C E we define the incidence vector y¥ € IRY of
F by setting xI" = 1, if e € F, and xI' = 0, otherwise. On the other hand, for
each 0/1-vector x € IR¥ the set F, := {e € I | z. = 1} denotes the incidence
set of x. For an edge set ' C E and a vector © € IR”, we will often abbreviate
>oeer e by x(F).

In addition, we will consider in this paper the N - |E| — dimensional vector space
IR” x ... x IR”. We will denote this vector space by IRV*¥. The components
of a vector = € RV*¥ are indexed by z¥ for k € {1,...,N},e € E. For a
vector 2 € RV*F and k € {1,..., N} we denote by zF € IR” the vector (2%).cp.
Instead of z = ((2H)T,..., (@M))T € RV*F we often write x = (... 2Ny if
the meaning of the symbols is clear from the context. We define the support of a
vector a € RV*¥ in E by supp (a) := {e € E | a* # 0 for some k € {1,...,N}}.
For a subset I/ C F and a vector ¢ € IRV*F we define the vector alp € RV >
by (alg)* := a® for all k = 1,...,N and ¢ € E’. Finally, for a subset S of a
vector space, we denote by dim (5) the dimension of S and by diff (S) := {x —y |
z,y € S} the difference set of S.

We define now the Steiner tree packing polyhedron by

STP (G, N,c) :=conv{ (x*', ...,x*¥) € RV *F |
(1) Sk is a Steiner tree for T} in G

(3.1) fork=1,...,N;
N
(i) > |Skn{e}| <ec., forall e € E}.
k=1

IfN=1and c=1,1i e, c =1forall e € E, we also refer to STP (G, N, ¢)
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as the Steiner tree polyhedron. We call the vector (x*1,...,\ ") the incidence
vector of a Steiner tree packing P = (S1,...,5n8). We will often abreviate the
incidence vector of a Steiner tree packing P by x¥. STP (G, N, ¢) is the convex
hull of the incidence vectors of Steiner tree packings.

Alternatively, the Steiner tree packing polyhedron can be formulated as the so-
lution set of an integer program as follows. Consider the following system of
inequalities.

(1) Yooab>1, foralWCV, WNT,#£0, (V\W)NT; £ 0,

e€d(W)
E=1,...,N.
N
(3.2) () > F <e., for all e € E.
k=1

forallee K, k=1,...,N.
(iv) zFe{o0,1}, forallee K, k=1,...,N.

Obviously, each incidence vector of a Steiner tree packing satisfies (3.2) (i) — (iv)
and vice versa, each vector z € RV*¥ satisfying (3.2) (i) — (iv) is the incidence

vector of a Steiner tree packing. Thus,

(3.3) STP (G, N ,c) = conv{z € RV | « satisfies (3.2) (i),...,(iv)}.

holds. The inequalities (3.2) (ii) are called the capacity inequalities and the ones
in (3.2) (iii) the trivial inequalities. The weighted Steiner tree packing problem
can be solved — in principle — via the following linear programm:

N
min Z w2k
2

(3.4) —
x € STP (G, N, ).

In order to apply linear programming techniques, a “good” description of the

Steiner tree packing polyhedron by means of equations and inequalities is inde-

spensable. The aim of our paper is to study STP (G, N, ¢) and to describe this

polyhedron partially by valid and facet-defining inequalities.

In the remainder of this section we investigate the dimension of the Steiner tree
packing polyhedron and characterize the conditions under which the trivial and
the capacity inequalities are facet-defining. Let us first consider the dimension
problem.



Problem 3.5 (Dimension problem of the Steiner tree packing polyhed-
ron)

Instance:
A Graph G = (V| E) with edge capacities ¢, € IN,e € E, a net list N' =
{T1,..., T} with Ty,..., Ty CV and a nonnegeative number .

Problem:
Is the dimension of STP(G,N ,¢) at least | ¢

As we have mentioned above, the decision problem, “Does there exist a Steiner
tree packing for a given instance (G, N, ¢)?”, is N'P-complete ([KL84], [KPS90]).
Therefore Problem 3.5 is also AN’P-complete even for the case [ = 0.

Remark 3.6 The dimension problem 3.5 is N'P-complete.

This result does not give much hope for a successful study of Steiner tree packing
polyhedra of general instances (G, N, ¢). Figure 1 shows some examples and the
corresponding dimensions. The affine hull of the polytope of Figure 1 (b) is given
by i, = 0, 22, = 1; that of the polytope of Figure 1 (d) by z}, = 1,23, =
0,23, = 0,22, = 1, for instance. The dimension jumps appear rather erratic.

We have decided to study the Steiner tree packing polyhedron for special prob-
lem instances for which the dimension can be determined easily and to look for
facet-defining inequalities for these special instances. Clearly, such an approach
is only sensible if the results can be carried over (at least partially) to practi-
cally interesting instances as they occur, for example, in the design of electronic
circuits.

It has turned out that an instance (G, N, c), where the graph G is complete, the
net list N = {T},..., Ty} is disjoint and the capacities are equal to one (¢ = 1I),
is an appropriate case. The following lemma shows that the Steiner tree packing
polyhedron is fulldimensional in this case.

Lemma 3.7 Let G = (V, E) be the complete graph with node set V,|V| > 3, and
edge capacities c. = 1, e € E. Furthermore let N = {Ty,..., Ty} be a disjoint
net list with Ty,..., Ty C V. Then,

dim (STP(G,N,c)) = N - |E|.

Proof. Let A be a vector with ATz = 0 for all z € diff (STP (G, N, ¢)). We have
to show that \¥ =0 forall e € F und k € {1,...,N}. Let ¢ € F be an arbitrary
edge with endnodes u and v. We choose Steiner trees Si, k € {1,..., N}, as
follows. If e € FE(T}), set Sy = [t : Ti] for some t € V \ {u,v}. Such a node
t exists since |V| > 3. Otherwise, set Sy = F(T). Since A is a disjoint net
list, P = (S1,...,5xv) defines a packing of Steiner trees with e ¢ P. Thus,
)\Iec :)‘T(XPUkB_XP):O- 0



dim(STP) = 12 dim(STP) = 8
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Figures (a) to (d) show some examples and the dimension of the corresponding polyhedron. The two
terminal sets are drawn as rectangles or cycles respectively (T1={1,2},T>={3,4} or To={2,3} resp.) and
STP abbreviates STP(G, N ,1). The polyhedron in (a) is fulldimensional. Deleting edge {1,2} (Figure (b))
decreases the dimension by 4. If additionally edge {3,4} (Figure (c)) is deleted, there even does not exist
any feasible solution. Figure (d) shows an example in which the underlying graph is complete but the

corresponding polyhedron is not fulldimensional.

Figure 1:

In the next section we will prove some lifting results. These theorems imply that
results for the special instance described in Lemma 3.7 can be (partially) carried
over to any problem instance. So, it seems reasonable to study this special case.

Let us close this section with the characterization of those conditions under which
the trivial and the capacity inequalities are facet-defining. We will concentrate

here on the case N > 2. The case N =1 was solved in [GM90].

The proofs are easy, we only include them to make the reader familiar with the
proof technique used throughout the paper, and in particular, with the unavoid-
ably complicated notation.

Theorem 3.8 Let GG = (V| E) be the complete graph with node set V' and edge
capacities ¢c. € IN, e € E. Furthermore, let N = {Ty,...,Ty},N > 2, be a
disjoint net list with Ty,...,Tn C V. Let e € E be an arbitrary edge. Then, the
following statements hold:
(i) Forallk € {1,..., N}, the inequality x* > 0 defines a facet of STP(G, N, c)
if and only if |V| > 5 ore ¢ E(T}).



(i) For allk G{1.,iV}. theinequality x < 1defines facet of STP(G,J\f,
fand only if > 2
mj  Tie inequality

defines facet of STP(G,Af,) i ndonly i <N 1
Proof.
By definition all inequalities 0 < lor Xjt=i e ? respectively, are valid.

(i). Since J\f contains at least two nets of size at |least two, we have |V| > 4. The
case |y| = 4 (see Figure 1 (a)) can be easily checked by hand. It turns out that
X > 0 defines a facet if and only if e » E(Tk). We can therefore assume that
V] >5.

Let e GE be any edge and k be any net. Set F := {x GSTP (G,A",c) \x. = 0}.
To show that F is a facet of STP (G, A", c) we assume that b'x > B defines a
facet of STP (G,A",c) and that F C F, := {x (E STP (G,A", ) \bx = 3 holds
Our aim is to prove that b'’x = R is a positive multiple of x = 0.

Suppose e= uv and let / = rs GP\{e} be an arbitrary edge. Choose, moreover
some node w GV \ {u,u,r,s}. Fori= 1,...,N we construct a Steiner tree S as
follows. If at least three of the four nodes u, u,r sareinT,, set S = i£(T,)\{e, /}.
If uv GT-and r,s ™ T, set Si := (E(Ti) U{uif,uti;}) \ {e}. f r sGT and
wv AT, set S,:= (E(Ti) U{rti;sti;})\ {/}. Otherwise set S, = EiTi).

Since J\f is a disjoint net list, P = (S",..., SN) is a Steiner tree packing with

ef \P. Therefore, the incidence vectors of the Steiner tree packings P

Uei=1.. N(i~"kadQ : PU;/,i=1...,N aein F and thus in
Fo. Thisimplies0= by - b'x = b\ (i » A)and 0= b b =1b) (i =
1,...,N) and we conclude that b 0, unless z= k and g = e. This observation
yields (i)

(iif). Let e G P be any edge and k be any net. We will first prove that X\ < 1
defines a facet if cc > 2. Set P := {x GSTP (G, M, c) \x\ = 1} and suppose that
&'x > R defines afacet of STP (G, N, ¢) and that P C Pg := {x G STP (G,AN\0) |

X = R} holds Again, we want to show that b'x = R is a positive multiple of

Let / = rs G P\ {e} be an arbitrary edge. In addition, choose any node
wGV\{r,s}. Fori=1...,N weconstruct Steiner trees as follows. If r,s GT,
set S = ETi) \ {/} U({rti;,sif}. Otherwise, set S = EiTi). Since N is a
digoint net list P = (S,. ..,SWV) defines a packing of Steiner trees for (G, A", c
satisfying "C"Xe — 12" f £ P- Sincec > 2 holds P P Uleis adso a
packing of Steiner trees for (G, A" c) with f (ji P and = 1. We conclude
that 7' isin P and thus in P. Since/ " P, G P [/ (i=1 N) are
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