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Abstract

In this paper we describe a cutting plane algorithm for the Steiner tree packing
problem. We use our algorithm to solve some switchbox routing problems of
VLSI-design and report on our computational experience. This includes a brief
discussion of separation algorithms, a new LLP-based primal heuristic and imple-
mentation details. The paper is based on the polyhedral theory for the Steiner
tree packing polyhedron developed in our companion paper [GMW92] and meant
to turn this theory into an algoritmic tool for the solution of practical problems.

1 Introduction

Given a graph G = (V, F) and a node set T' C V| we call an edge set S C F
a Steiner tree for T if, for each pair of nodes u,v € T, S contains a [u,v]-path.
The Steiner tree packing problem, as introduced in [GMW92], can be stated as
follows. Given an undirected graph GG = (V, E') with edge capacities ¢. € IN for
all e € F and a list of node sets N' = {Ty,...,Tx}, N € IN, find Steiner trees
Sk for Ty, k =1,..., N, such that each edge e € F is contained in at most ¢, of
the edge sets Sy,...,Syv. Every collection of Steiner trees Sy,..., Sy with this
property is called a Steiner tree packing. If a weighting of the edges is given
in addition and a (with respect to this weighting) minimal Steiner tree packing
must be found, we call this the weighted Steiner tree packing problem.

The motivation for studying this problem arises from the design of electronic
circuits, i. e., the task of casting a given (complex) logic function in silicon.
In a first phase (logical design) it is specified which of the given basic logical
operations are combined to logical units (so-called cells) and which of these cells
must be connected via wires. The points at which wires have to contact the
cells are called terminals, and a set of terminals that must be connected is called
a net. The list of cells and the list of nets are the input of the second phase,



the physical design. The task here consists in assigning (placing) the cells to a
given area and connecting (routing) the nets via wires. The problem, in fact, is
more complicated than sketched above, since various company given design rules
and technical contraints have to be taken into account and an objective function
like the resulting area has to be minimized. Due to the inherent complexity,
the problem is usually decomposed into the placement problem and the routing
problem. We are interested in the routing problem. Roughly speaking, this
problem can be stated as follows.

Given an area (typically a rectangle with some “forbidden zones”
occupied by the cells) and a list of nets. The routing problem is to
connect (route) the terminals of each net by wires on the area such
that certain technical side constraints are satisfied and some objective
function is minimized.

The routing problem strongly depends on the used fabrication technology and the
underlying design rules. The design rules specify, for instance, the routing area
(i. e., the area that is available for connecting the nets) or the objective function
(possible choices are, for example, the wiring length or the resulting area). The
routing itself takes place on so-called layers. Each layer is divided into tracks on
which the wires run. The tracks and the vias, the points where wires change the
layers, must meet certain distance requirements.

The routing problem in its general form is still too complex to be solved in one
step. In practice, the problem is generally decomposed into two subproblems.
In a first step, one determines how wires “maneuver around the cells” (global
routing). Here, the design rules are only partially considered. Thereafter, the
wires are assigned to the layers and tracks according to the homotopy which
was specified in the global routing phase (detailled routing). This decomposition
scheme gives rise to many variants of the routing problem.

A number of the routing problems resulting from this approach can be modelled
as a (weighted) Steiner tree packing problem. We will illustrate two examples in
the following.

For modelling the global routing problem, the routing area is subdivided into
subareas and these are represented by nodes in a graph. Of course, there are
many ways to do this. One possible way of subdividing the routing area is
illustrated in Figure 1. The enclosing rectangle represents the given area. The
rectangular units with a diagonal between their lower left and upper right corner
denote the cells. The routing area is subdivided into rectangular subareas (by
means of the additional dotted lines in Figure 1). This subdivision of the routing
area 1s represented by a graph as follows. We define a node for each subarea
and introduce an edge between two nodes, if the corresponding subareas are
adjacent. Let ¢ = (V, E) denote the resulting graph. Additionally, a capacity



Figure 1:

cw € IN is assigned to an edge uv € E limiting the number of nets that may
run between the subareas associated with the two nodes v and v. The weight
of an edge w,, corresponds to the distance between the two midpoints of the
according subareas. The terminals of a net are assigned to those nodes, whose
corresponding subareas contain the terminal or are as close as possible to the
position of the terminal. The global routing problem consists in routing all nets
in G such that the capacity constraints are satisfied and the total wiring length
is as small as possible. Obviously, this task defines an instance of the Steiner tree
packing problem.

The second example we want to mention is a variant of the detailled routing
problem, called switchbox routing problem (see Figure 2). Here, the underlying
graph is a complete rectangular grid graph and the terminal sets are located on
the four sides of the grid. Remember that the task of detailled routing is to
assign the wires to layers and tracks. Detailled routing problems, and thus also
switchbox routing problems, are classified by distinguishing whether or to which
extent the layers are taken into account while the nets are assigned to tracks.
Here, the following modells are of special interest.

Multiple layer model Given a k-dimensional grid graph (that is a graph ob-
tained by stacking k& copies of a grid graph on top of each other and con-
necting related nodes by perpendicular lines), where k denotes the number
of layers. The nets have to be routed in a node disjoint fashion. The mul-
tiple layer model is well suited to reflect reality. The disadvantage is that
in general the resulting graphs are very large.
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Figure 2:

Manhattan model Given a (subgraph of a) complete rectangular grid graph.
The nets must be routed in an edge disjoint fashion with the additional
restriction that nets that meet at some node are not allowed to bend at
this node, i. e., so-called knock-knees (cf. Figure 3) are not allowed. This
restriction guarantees that the resulting routing can be realized on two
layers at the possible expense of causing long detours.

Figure 3:

Knock-knee model Again, a (subgraph of a) complete rectangular grid graph
is given and the task is to find an edge disjoint routing of the nets. In
this model knock-knees are possible. Very frequently, the wiring length of
a solution in this case is smaller than in the Manhattan model. The main
drawback is that the assignment to layers is neglected. Brady and Brown
[BB84] have designed an algorithm that guarantees that any solution in
this model can be routed on four layers. It was shown in [Li84] that it is
NP-complete to decide whether a realization on three layers is possible.

As in the case of the global routing problem the weighted Steiner tree packing
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problem is a natural mathematical model of the switchbox routing problem in
the knock-knee mode. All examples that this computational study reports on are
instances of this type of switchbox routing problems.

The paper is organized as follows. In section 2 we summarize some polyhedral
results for the Steiner tree packing polyhedron. In particular, several classes of
facet-defining inequalities are presented. In section 3 we briefly discuss the sep-
aration problem for these inequalities. Implementation issues of our branch and
cut algorithm will be mentioned in section 4. Finally, we report on computational
results for several switchbox routing instances in section 5.

Notation

We use the same graphtheoretic notation as in [GMWO92]. Thus, we restrict
ourselves in this subsection to briefly summarize the main notation concerning
the (weighted) Steiner tree packing problem.

Let G = (V, E) be a graph and T' C V' a node set of (. An edge set S is called
a Steiner tree for T if the subgraph (V(5), 5) contains a path from s to ¢ for all
pairs of nodes s,t € T, s # t. A Steiner tree that is a tree and whose leaves are
terminals is called edge-minimal. We call an edge e a Steiner bridge with respect
to T, if every Steiner tree for T in G contains e.

Problem 1.1 (The weighted Steiner tree packing problem)

Instance:
A graph G = (V, FE) with positive, integer capacities ¢. € IN and nonnegative
weights w. € R4, e € 1.
A list of node sets N = {Ty,..., Ty}, N > 1, with T), C V for all k =
I,...,N.

Problem:
Find edge sets Sy,...,5y C E such that

(i) Sy is a Steiner tree in G for Ty forallk=1,..., N,
N
(i) > 1Sk n{e}| <c. forallec E,

k=1

N
(ii1) Z Z w, is minimal.

k=1 €Sy

If requirement (iii) in Problem 1.1 is omitted we call the corresponding problem
the Steiner tree packing problem without the prefix “weighted”. The list of node
sets NV is called a net list. The net list A is called disjoint, if T; N T; = () for all
i,j€4{l,...,N},i# j. Any element T}, € N is called a set of terminals and the
nodes t € T}, are called terminals. Instead of terminal set T}y we will often simply
say net k. We call an N-tupel (Si,...,S5n) of edge sets a Steiner tree packing



or packing of Steiner trees if the sets Si,..., Sy statisfy (i) and (ii) of Problem
1.1. We will refer to an instance of the weighted Steiner tree packing problem by
(G, N,ec,w) and to an instance of the Steiner tree packing problem by (G, N ¢).

We assume throughout the paper that every terminal set of the net list A" has at
least cardinality two and that N > 1.

Note that the Steiner tree packing problem as well as its weighted variant are
NP-complete or A'P-hard, respectively (see, for example, [K72], [GJ77], [KL84]).
The problem remains hard in the case of switchbox routing problems in the

knock-knee modell (see [S87]).

2 Polyhedral Results: A Short Review

In this section we give a short summary on some of the results of our companion
paper [GMW92]. We use the notation of that paper. The Steiner tree packing
polyhedron is defined as follows:

STP (G, N,c) :=conv{ (x*', ...,x*¥) € RV *F |
(1) Sk is a Steiner tree for T} in G

(2.1) fork=1,...,N;
N
(1) > |Skn{e}| <ec., forall e € E}.
k=1

RV*¥ denotes the N - |EJ| — dimensional vector space IR” x ... x IR¥, where the

components of each vector = € RY*¥ are indexed by 2% for k€ {1,...,N}, e €
E. Moreover, for a vector @ € RY*F and k € {1,..., N}, we denote by 2* €
IR the vector (%).cr, and we simply write * = (z!,...,2") instead of z =

(zHT, ..., (z™)1)L. For an edge set F' C E, xI" denotes the incidence vector of
F. Tt is easy to see that the following relation holds.

STP (G, N, ¢) = conv {z eRV*E |
i) > 2fF>1foral WV, WNT,#0,
VAW)NTy #0, k=1,...,N;

(2.2) N
(i) > a¥ <e¢., forall ec E;

forallee K, k=1,...,N;
(iv) 2¥ € {0,1}, forallec E, k=1,...,N}.

The constraints (2.2) (ii) are called capacity constraints and the inequalities
(2.2) (iii) trivial inequalities. 1t is A’P-hard to determine the dimension of



STP (G, N ,c). Due to this fact we decided to investigate the facial structure
of instances where the underlying graph is complete and the net list is disjoint.
By applying the following two lemmas we can (partially) carry over results ob-
tained for that special case to arbitrary instances.

Lemma 2.3 (Deleting an edge)

Let (G, N, ¢) be an instance of the Steiner tree packing problem. Let a’x > «
be a valid inequality of STP(G,N,c) and suppose [ € E is deleted from G.
Then a'x > «a is a valid inequality of STP(G \ f,N,c) where a* = a* for all
e€ E\{f}, ke{l,....N} (where G\ f denotes the graph that is obtained by
deleting edge f).

Lemma 2.4 (Splitting a node)

Let (G, N, ¢) be an instance of the Steiner tree packing polyhedron. Let f € F
with ¢; = 1 and let a*x > a be a valid inequality of STP(G | f,N,c) (G ] f
denotes the graph that is obtained by shrinking edge f). Then, a’x > a defines a
valid inequality for STP (G, N, c) with a* = &* for alle € E\{f}, k€ {1,...,N}
andafc =0 forallk=1,...,N.

These two lemmas state that the validity of an inequality is preserved under
applying graph operations like deleting an edge or splitting a node. In section 3
we will consider this issue in more detail.

Let us now summarize some results for the case that (¢ is complete and the net
list is disjoint.

First, the trivial inequalities % > 0 of (2.2) (iii) are facet-defining if and only
if |V|>5ore¢ E(T)), whereas the trivial inequalities ¥ < 1 of (2.2) (iii) are
facet-defining if and only if ¢, > 2. Moreover, the capacity constraints (2.2) (ii)
are facet-defining if and only if ¢, < N — 1.

We have also shown that each nontrivial facet-defining inequality of the Steiner
tree polyhedron can be lifted to yield a facet-defining inequality of the Steiner
tree packing polyhedron. More precisely, if 'z > o defines a facet of the Steiner
tree polyhedron STP (G, {T}},c) for some k € {1,..., N}, then a’z > a defines
a facet of STP (G, N, ¢), where al = 0 for [ # k and a* = a. for all e € E. This
theorem offers the opportunity to apply results for the Steiner tree polyhedron
from the literature, see for instance Grotschel and Monma [GM90] and Chopra
and Rao [CR88a], [CR88b]. Ball, Liu and Pulleyblank [BLP87] and Fischetti
[F'91], among others, studied the Steiner tree polyhedron for directed graphs.

We focus here on one class of facet-defining inequalities that was characterized
in [GM90]. Let G be a graph and T" C V' be a terminal set. We call a partition
Viy.oou Voo p > 2, of V a Steiner partition with respect to T, if V;N'T # 0 for
: = 1,...,p. Grotschel and Monma have shown that if G is connected and
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contains no Steiner bridge the following system is a non-redundant facet-defining

system of inequalities for STP (G, {T'}, 1I).

w(6(Vi,..., Vo)) >p—1, Vi,....V,, p>2, is a Steiner partition of V'
with respect to 1" such that
o (V;, E(Vi)) is connected for 1 = 1,...,p,

o (V;, E(V;)) contains no Steiner bridge
with respect to V; N T (i =1,...,p), and

o G/(Vi,...,V,) is 2-node connected;

(2.5)

where G(Vi,...,V,) is the graph obtained from G by contracting each element
of the partition to a single node. Each inequality that is induced by a Steiner
partition Vi, ...,V is called a Steiner partition inequality. If p = 2, the inequality
is also called a Steiner cut inequality.

Let us now describe some results concerning joint inequalities, 1. e., inequalities
that combine two or more nets.

We consider the class of so-called alternating cycle inequalities. Let G = (V| F)
be a graph and N = {T},T,} a net list. We call a cycle F' an alternating cycle
with respect to Ty, Ty, if F© C [Ty : Ty] and V(F)N Ty NTy = (. Moreover, let
Fy C E(Ty) and Fy, C E(T)) be two sets of diagonals of the alternating cycle
F with respect to T}, T,. The inequality (yZ\FUF) FAFUER)T 3 > TF| —1is
called an alternating cycle inequality.

Before stating the next theorem let us recall the definition of cross free. We say
that two diagonals uv and rs of a cycle F' crossif they appear on F'in the sequence
u,r,v,8 Or u,s,v,r; otherwise uv and rs are called cross free. For an alternating
cycle F' with respect to T1, Tz, we call two sets of diagonals Fy C F(T%) and
Fy C E(Ty) maximal cross free if Fy and Fy are cross free (that is each pair of
edges €1 € Fy and ey € Fy is cross free), each diagonal e; € E(T1)\ Fy crosses Fy
and each diagonal e; € F(T3) \ Fy crosses F.

Theorem 2.6 Let G = (V, E) be the complete graph with node set V' and let
N = {11, Tz} be a disjoint net list with Ty UTy =V and |Ty| = |Ty] = 1,1 > 2.
Furthermore, let F' be an alternating cycle with respect to Ty, Ty with V(F) =V
and Fy C E(Ty), F» C E(Ty). Then the alternating cycle inequality

defines a facet of STP(G,N 1) if and only if Fy and Fy are mazimal cross free.

We have also considered some extensions of the alternating cycle inequalities,
which will be of interest in the subsequent section. First, let us focus on the case
in which the underlying graph may contain parallel edges in addition. Here, each
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coefficient of an edge that is not parallel to an edge of the alternating cycle F,
obtains the value of the “original edge”. The coefficients of the edges that are
parallel to an edge of F' obtain the value 1. This results in the following theorem.

Theorem 2.7 Let G = (V, E) be a graph that contains the complete graph on
node set V' as a subgraph and let N' = {11, Ty} be a disjoint net list with Ty U
Ty =V and |Th]| = |Ta| = 1,1 > 2. Furthermore let F' be an alternating cycle
with respect to Ty, Ty with V(F) =V and Fy C FE(Ty), Iy C E(T1). Then the
alternating cycle inequality

(XE\(FUF1)7XE\(FUF2))T1, >1—1

defines a facet of STP(G,N 1) if and only if Fy and Fy are mazimal cross free.

Another extension of the alternating cycle inequalities is obtained if an additional
node z is added to the complete graph in Theorem 2.6. In our companion pa-
per we have pointed out that there exist several alternatives how to choose the
coefficients of the edges incident to the extra node z in order to obtain a facet-
defining inequality for the corresponding Steiner tree packing polyhedron. In the
following we give a selection of those alternatives that are taken into account by
our separation algorithm (see the next section).

Suppose we have given a complete graph G = (V U {2}, £) and a net list N =
{T1, T3} such that Ty N V,Ty, NV is a partition of V with [Ty N V| = [Tz N
V| = % Furthermore, let F' be an alternating cycle with respect to Ty, 75
with V(F) = V and let Fy C E(V NT,) and F» € E(V N Ty) be maximal
cross free. In order to obtain a facet-defining inequality ¢’z > o with &|E(V) =
(xFONEFRR) W EVNFUER)Y for STP (G, N, 1) the remaining coefficients 4, e €
d(z) can be independently chosen from the following list of alternatives for each
net k.

Definition 2.8 (Possible choices for the new coefficients by adding an
additional node z)

Letk € {1,2} with k=1, if k=2, and k=2, if k = 1.
(1) If z is a terminal of net k (z € Ty), all coefficients obtain value 1, that is
ak =1, forall e € i(z).
(2) If z is not a terminal of net k (= ¢ Ty), there are the following possibilities.
(i) ak, =0, foronet e Ty;
ak =1, forallec §(z)\ {zt}.
(ii) a*, =0, foronetecTy;
ak, =0, forallt' € Ty, with tt' € Fy;
1, for all remaining edges e € 6(z).

e b
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The following theorem is presented in aform that is convenient for the explanatio
of the separation algorithm in section 3. It can easily be checked that this theorem
immediately follows from the related theorem in [GMW92]

Teorem 2.9 Suppose Z {z3. ...z 9 > 1, is a set of nodes and G =
(V UZE) is the complete graph on node set V UZ where VDZ = 0. Sat
E=BEE® andG = WM)ZE) andleeM = {TiT,}, TyT, C VUZ bea net
list such that \ DV, T, HV is apartition ofV with \WDW = HW=1/,/>2
Furthermore, let F be an alternating cycle with respect to Ti,T with V(F) = V
and let F\ C E(T, C\V), F, C E(T\ C\V) be maximal cross free. Let a G JR™®
be a vector such that a\s(; satisfies one of the alternatives of 2.8 for i = 1,...,q
and such that a\g\s(z2) =
(O(FuFyxEa/)\(FUF,_ Finay sk [{"}nr

for- k=12,i=1 , g Then

>-l +J2(a
=
defines afacet of STP(G,A2)

The next type of inequalities to be considered here are the so-called grid inequal

ities

Let G = (V,E) be agraph and J\f = {Ti, T;} be anet list. Furthermore, let G =
(V, E) be asubgraph of G such that G is a complete rectangular h 2 grid graph
with h > 3. Assume that the nodes of V are numbered such that V = { [}])

i=1,..,hj =172} Moreover, let (1,1),(h,2) GT, and (12) (h,1) GT. We
call the inequality (\ 5, X 5)T*> 1an AX 2 grid inequality

For ease of notation we assume that, if we consider a complete rectangular h X 2
grid graph which is a subgraph of a given graph G = (V\; E), the node set V is
numbered such that the nodes of the grid graph have a numbering as assumed in
the above definition.

In [GMW92] we derived (very technical) conditions for an h X 2 grid inequality
to define a facet. Since our goal is to solve switchbox routing problems, and
since the problem of determing the dimension of the corresponding polytope is
AfV-haid (cf. [S87]), we mainly focus on the validity of the inequalities. In this
case we can neglect most of the technical conditions. This yields the following
theorem.

eorem 2.10 Let G = (V, E) bea complete rectangular h X 2 grid graph with
h > 3. Let I\ = {Ti,T,} be a net list where T\ = {(11), (/3,2)} and T, =
{(1, 2), (/i, 1)}. Furthermore, let G = (V, E) bea graph with V C V, E C E such
that {uv GE |u= (1) and v = (i} 2) for some i G{1 ,h}} isacut in G
Sat F E and let i*\, F, C E\ F, then the inequalit
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