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Abstract 

The numerical treatment of equivariant parameter-dependent 
nonlinear equation systems, and even more its automation re­
quires the intensive use of group theory. This paper illustrates 
the group theoretic computations which are done in the prepara­
tion of the numerical computations. The bifurcation graph which 
gives the bifurcation subgroups is determined from the interre­
lationship of the irreducible representations of a group and its 
subgroups. The Jacobian is transformed to block diagonal struc­
ture using a modification of the transformation which transforms 
to block diagonal structure with respect to a supergroup. The 
principle of conjugacy is used everywhere to make symbolic and 
numerical computations even more efficient. Finally, when the 
symmetry reduced problems and blocks of Jacobian matrices are 
evaluated numerically, the fact that the given representation is 
a quasi-permutation representation is exploited automatically. 



Contents 

1. Introduction 1 

2. Analysis of equivariant systems 3 

3. Computation of relevant bifurcation subgroups 7 

4. Innerconnectivity 12 

5. Action of G on the bifurcation graph 17 

6. Overview of the algorithm 22 

7. The battle between REDUCE and C 26 

8. Example: Hexagonal lattice dome 27 

References 27 



^ite ^ifer afe oio ife tto 

Figure 1: Part of a bifurcation diagram 

1. Introduction 

Figure shows some stationary solutions of a parameter-dependent nonlinear 
system in the form 

x = F(x, A), F : IRn X IR -+ IRn , where 

ti(t)F(x,\) = F(ti(t)x,\), Vi€<3, 

with a linear representation i? holds. Such equivariant systems have branches 
of stationary solutions having the same symmetry, e.g. are invariant with re­
spect to isotropy groups H. As different branches may have different isotropy 
groups, all subgroups of G which occur as isotropy groups have to be taken 
into account. There may as well exist conjugate solutions "d{t)x which are 
given by a group operation t € G. At symmetry breaking bifurcation points 
branches with different isotropy groups intersect such that one group is a 
common supergroup of the others. The subgroups fullfill the conditions of a 

1 



bifurcation subgroup, which are arranged in the bifurcation graph. Of course, 
bifurcation points may have conjugate points (see 4 and 5 in Fig. 1 and 6 
and 7). Bifurcation points may be symmetric or asymmetric depending on 
the isotropy groups of emanating branches. 

Concentrating on one bifurcation point only the analysis may be found in 
GOLUBITSKY, STEWART, SCHAEFFER [8], [9], VANDERBAUWHEDE [22] while 
the numerical treatment was first considered by DELLNITZ, WERNER [2], 
and also by HEALEY [11]. 

The basic concept of numerical treatment is to apply the numerical path-
following procedure to the symmetry reduced systems only for one of the 
conjugate branches. The program SYMCON for example includes the nu­
merical pathfollowing algorithm ALCON (DEUFLHARD, FIEDLER, KUNKEL 

[3]). While performing the numerical pathfollowing the bifurcation points 
leading to higher symmetry are detected by sign change of symmetry mon­
itor functions and the points leading to smaller isotropy by sign check of 
determinants ([4]) or other test functions ([16] or [24]). The bifurcation 
points are computed by Newton's method applied to an augmented system 

'([4], [23], [24]). 

These techniques exploite the block diagonal structure of the Jacobian (see 
also [12], [13], [14], [18], and [23]). Since a bifurcation point was found, 
the numerical pathfollowing procedure is restarted and possibly applied to 
a different symmetry reduced system checking determinants of a different 
block diagonal structure. 

While the numerical mathematician concentrates on the numerical methods 
.: for determination and computation of bifurcation points we are interested in 

the automated preparation of examples which are equivariant with respect 
to different groups G. Starting with a database of irreducible representations 
of several finite groups (SYMMETRY [6]), different tasks and questions arise 
than those proposed by numerical mathematicians. 

1. How are the bifurcation subgroups and thus the bifurcation graph 
computed automatically? 

2. How are those subgroups determined which are relevant for a given 
problem? 

3. How is the block diagonal structure with respect to a subgroup ob­
tained if the transformation to the structure corresponding to a super­
group is known? 
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4.: Which information is needed to organize the handling of conjugate 
solutions, especially conjugate bifurcation points? (How acts the group 
G on the bifurcation diagram?) 

5. Which group theoretic computations may be saved because of conju­
gation? , . 

6. How to write a REDUCE program which organizes the numerical eval­
uation of reduced systems and Jacobian blocks efficiently, if the rep­
resentation i? is nearly a permutation representation? 

Continueing the work in [4] the theory of linear representations (SERRE [19] 
^or STIEFEL, FÄSSLER [20]) is used intensively, but not repeated completely. 
First, the analysis of equivariant systems is briefly outlined using the notion 
of symmetrical normal forms.' The computation of the bifurcation graph 
and its relevant part exploiting the interrelationship between irreducible 
representations of a group and its subgroups is given in Section 3. ' 

A deeper understanding of innerConnectivity of irreducible representations 
of G and its subgroups gives the transformation between the block diagonal 
structures corresponding to different groups (Section 4). In the literature 
this is only mentioned for the example of DQ ( IKEDA and M U R O T Ä [13]). 
The handling of conjugate bifurcation points necessitates a deeper under­
standing of the principle of conjugacy (Section 5). Section 6 is dedicated 
to an overall view and the exploitation of special properties of the repre­
sentation i? while Section 7 gives the advantages of Computer Algebra. For 
example the automatic code generation of the transformation matrices with 
the REDUCE [17] package GENTRAN [7] exploits their possible sparsity 
without extra implementational work as done by IKEDA and M U R O T A [13], 
[18]. It is shown how the exploitation of occurrence of permutation repre­
sentations lower the amount of produced C-code. In Section 8 the example 
of an hexagonal lattice dome, introduced in [11] demonstrates the success of 
the mixed symbolic-numeric concept. 

2. Analysis of equivariant systems 

The group theoretic investigations in the Sections 3-5 are derived, because 
we want to investigate the following problem automatically: 
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Let F : IRn+1 —> IRn be an explicitly given function which is G-equivariant 
(VANDERBAUWHEDE [22]), i.e. 

F(ti(t)x,\) = ti(t)F(x,\), V*G<3, (1) 

where i? : G —• Gi(IRn) is a real orthogonal linear representation (i?(f)i?(s) = 
•8(ts)Vt, s G G). The different types of stationary solutions (x,A), i.e. 

F(x,X) = 0, (2) 

are of interest. Because the system(2) is parameter dependent the solutions 
appear in continua. In this section the analysis of this problem class is 
summarized (see [2], [4], [8], and [9]). 

The elements x G IRn are distinguished by their symmetries. Mathematically 
speaking 

Gx :={teG | ti(t)x = x} (3) 

denotes the isotropy group H = Gx of x. In turn x is called H-invariant, if 
•d(t)x = x,Vt G H. The isotropy group H = Gx is the maximal subgroup 
of G with the property, that x is if-invariant. A simple but fundamental 
fact is that equivariant systems have continua of solutions with the same 
isotropy group. Different solution paths with different isotropy groups may 
intersect in the so-called bifurcation points. Depending on whether different 
or equal groups interact they are called symmetry breaking or symmetry 
preserving bifurcation points. Since the Jacobian DF(x*, A*) is singular in a 
bifurcation point (a:*, A*) or has pure imaginary eigenvalues in a Hopf-point 
( x + , A+) , the consequences of the equivariance (1) for the Jacobian have to 
be considered. 

Transformation to block diagonal structure 

For x G IRn with isotropy group H — Gx 

•d(t)DxF(x,X) = DxF(x,\)ti(t), Vt€H, (4) 

•d(t)DxF(x,X) = DxF(x,X), MteH, 

hold. By the theory of symmetry adapted basis (STIEFEL, FAESSLER [20]) 
the Jacobian DxF{x, A) may be block diagonalized with an orthogonal trans­
formation matrix M G IR^n'n^ which depends on H. For this we remind that 
a real irreducible representation of H has the property that it does not split 
into subrepresentations. Up to isomorphy a finite group has a finite number 
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h of real irreducible representations •##. One distinguishes 3 different types 
(real, complex, quaternonian) of real irreducible representations. The type 
of a real irreducible representation of complex type consists of 2 complex 
irreducible representations which are complex conjugate to each other. We 
restrict to groups which have no irreducible representations of quaternonian 
type. 

T h e o r e m 2.1 ([20], [23]): LetH be a group and let & : H -> GL(\Rni) ,n,- € 
IN , i = 1 , . . . , h , be its real irreducible orthogonal linear representations with 
corresponding characters x ' : H -> IR. Let A € IRn,n and •& : H -»• GL(\Rn) 
with •& = Y^i~\ c t^ ' where c,- are the multiplicities. 
If $tA = A'dt is satisfied for all t £ H, then there exist orthogonal matrices 

M = (Mu...,MhH), Mie\Rn'Ci-ni, i = l,...,h, 

Mi = (Miu...,Mini)1 MaZR"'«, i = l , . . . , n t - , 

with the property 

MTAM = diag(Blt...,Bh,)t 5,-G IRn<c 'xn 'Ci, 

MTti(t)M = diag{<di(t)). 

If T3* is an irreducible representation of real type (absolute irreducible) of 
dimension n,-, then 

( Ai \ 

Bi = MjAMi = • •. , M^AMii = A{ e IRc',Ci, 

V Ai ) 

where Ai appears n,- times. 

In [20] a straightforward computation of Mij using projections and the 
Gram-Schmid process is described. But for this the irreducible represen­
tations "&1 and its characters xl>* = l,...,h have to be known. 

The matrix M introduces the coordinate transformation x = Mu. 

Definition 2.2 ([4]): Let F : IRn+1 -* IRn be G-equivariant. Let H be a 
subgroup of G and M = MH the transformation matrix. Then the function 
g : IRn+1 -*• IRn defined by 

g(u,X):=MTF(Mu,X) 

is called the symmetrical normal form of F with respect to H. 
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The name symmetrical normal form is justified by the fact that the Jacobian 
Dug(u, A) has block diagonal form for every H-invariant point x = Mu. 

In these coordinates we have in analogy to (1), (4) with T?(2) = MT,d(t)M 

g(d(t)u,\) = 4(t)g(u,\) Vi € G,u G IRn, A € IR, -
•d(t)Dug(u, A) = Dug(u, X)d(t) V t e H, Vi? - invariant u (5) 
$(t)Dxgiu,\) = Dxg(u,X) \/t e H,V# -invariant u. 

S y m m e t r y r educed sys tems 

Let •d1 denote the trivial representation. Then each if-invariant x € IR" 
corresponds to one u = MTx = (ü, 0) with ü 6 IRCl. Because F is equivari-
ant (1), the set of ^-invariant solutions of (2) is equivalent to the solution 
set of the H- reduced equations 

g(ü,X) = M?g(M1ü,X) = 0, (6) 

where g : IRCl+1 -+ IRCl. This is a well known fact and is often used. 

Then 

Dug(ü,0,X) = MTDxF(Mjü,X)M = diag(5t-), 
M71DxF(M^Ü,X)Mil = A-(n,A), 

Dxg(ü,0, A) = (Dxg(ü,\)T,0)T, 
Düg(ü,X) = M^DXF{M1Ü,X)MX = Ai(ü,A), K'> 
Dxg(ü,X) = M1

TDXF(M1Ü,X), 
Dg(ü,X) = (A1,Dxg(ü,X)). 

Bifurcat ion g r a p h 

If a block Ai (i ^ 1, i?' of real type) becomes singular, a symmetry breaking 
bifurcation point may occur. Because the kernel of DF has dimension n,-, 
multidimensional irreducible representations gives raise to a multiple bifur­
cation point. In the equivariant branching lemma of VANDERBAUWHEDE [22] 
and CICOGNA (see also [9], p. 82 and [2]) the multiple problem is reduced 
to a simple bifurcation phenomena. DELLNITZ and W E R N E R [2] introduced 
the definition of a bifurcation subgroup. 

Definition 2.3 : Letti* : H -> GL(\Rn') be a real irreducible representation 
of real type. K is called a bifurcation subgroup of H of type i, if 
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a.) OV v €\Rni exists with K = Hv, 

b.) for every K -invariant w £ IRn' exists a G IR with w = av. 

Definition 2.4 : A group H is called a bifurcation supergroup of K, if K 
is a bifurcation subgroup of H of some type. 

If on a branch of solutions («(A), A) = (ü(A), 0, A) with isotropy group H one 
block Ai,i>2 becomes singular at (u*, A*) then it follows from the equivari-
ant branching lemma that generically branches of solutions emanate having 
the isotropy of bifurcation subgroups K of H of type i. These branches are 
solutions of the Jf-reduced problem. 

A deeper result from analysis is that the blocks A,- corresponding to a real 
irreducible representation of complex type generically do not become singu­
lar. The main reason is that A; is equivalent to a complex matrix consisting 
of to blocks which are complex conjugate to each other. A singular block 
A\ indicates a turning point, a symmetry preserving bifurcation point or 
a symmetry breaking bifurcation point where x* has the isotropy of a bi­
furcation supergroup of H. In the last case a branch with the isotropy 
of the bifurcation supergroup intersects in (x*, A*) Definition 2.3 leads to 
the definition of a bifurcation graph showing all bifurcation subgroups and 
bifurcation supergroups (see Fig. 2). 

The first aim of automation is the computation of the bifurcation graph. 
But the numerical pathfollowing applied to the reduced systems and the 
evaluation of Jacobian blocks is needed only for the isotropy groups of a 
given equivariant system (2). Thus Section 3 is devoted to the algorithmic 
determination of the relevant part of the bifurcation graph. 

3. Computation of relevant bifurcation subgroups 

In this and the next section the relation of irreducible representations of a 
group H with the irreducible representations of its subgroups is fundamental. 
We start with a technical definition. The restriction of a representation 
•d : H -* GL(\Rn) to a representation fl [K of a subgroup K of H is given 

by 

[•dlK](t) = -d(t) VteK. 
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Inne rconnec t iv i ty multiplici t ies 

The real irreducible representations i?#, i = 1 , . . . , hjj of H may be restricted 
to representations WjjlK oiK. Then a canonical decomposition with respect 
to K exists, i. e. integers dij 6 IM exists with 

hK 

&HlK = J2dij0
3K, i=l,...,hH, (8) 

j 

where $J(,j_ = 1 , . . .,hx are the real irreducible representations of K. For 
clarification indices corresponding to the subgroup K are underlined. 

Definition 3.5 : The integers dij, i = 1 , . . . , h}j, j_= 1 , . . . , hx, are called 
inner connectivity multiplicities. 

The innerconnectivity multiplicities dij are easily computed by a formula 
for multiplicities (see [20]). They have two applications. For the given 
representation •& : G —» GL(\Rn) in (1) the multiplicities cf in the canonical 
decomposition 

ha 

1=1 

are obtained by the formula mentioned above, (cf is the dimension of the 
G-reduced system and cf are the dimensions of the Jacobian blocks Ai.) 
Computing IT-invariant solutions of (2) means consideration of 

tfiJ = E « f * - (9) 

The multiplicities c^ for subgroups H may be obtained easily with the 
innerconnectivity multiplicities with respect to G and H: 

<f = £ < V ? , i=h...,h„. (10) 
»=i 

Second the innerconnectivity multiplicities enable the computation of bifur­
cation subgroups. 
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Lemma 3.6 : Let i?' : H —> GL(\Rni) be a non-trivial irreducible repre­
sentation and •0' [ K its restriction to a subgroup K of H. Then K is a 
bifurcation subgroup of H of type i, if 

hK 

VlK^dijti1«, 
i=i 

with du = 1 and if K is maximal with this property. 

Bifurcation subgroups of type i are isotropy groups of 1?#. But by this 
definition it is not considered whether they are isotropy groups for the given 
representation ti : G -*• Gi(IRn) in (1). 

Relevant subgroups 

Definition 3.7 : A subgroup H of G is called a relevant bifurcation sub­
group 0/1?: G -»• GL(\Rn) of level 1, if 

a.) cf > 1, where d = Y^x c?0jj 

b.) i € {2 , . . . , /IG} exists, such that H is a bifurcation subgroup of type i, 
and 

c.) cf > 1. 

Definition 3.8 : A subgroup K of G is called a relevant bifurcation sub­
group of i? : G -• GL(\Rn) of level v (v > I), if 

a.) a relevant bifurcation subgroup H of •d of level u — 1 exists and 

b.) i € {2 , . . . , h}j} exists, such that K is a bifurcation subgroup of H of 
type i and 

c.) cf > 1, where d IH = £?*i cf &H 

For finite groups G there is a level \i such that there are no relevant bifur­
cation subgroups of level v > fx for all linear representations of G. 

Definition 3.9 : The relevant bifurcation subgroups of ti : G —* GL(\Rn) of 
all levels v > 1 are called relevant subgroups of G with respect to i?. 
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Figure 2: Bifurcation graph for DQ 
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Figure 3: Relevant part of bifurcation graph for £>6-brusselator 
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L e m m a 3.10 : The relevant subgroups of G with respect to -d are isotropy 
groups offl. 

The relevant subgroups of G give the relevant part of the bifurcation graph 
(compare Fig. 2 and Fig. 3) which is needed in the numerical computation 
of the complete bifurcation scenario of an equivariant system (2). 

R e m a r k s : 

1.) The type i of a bifurcation subgroup is not unique. Z 2 is a bifurcation 
subgroup of D5 of types 3 and 4. 

2.) The level of a relevant bifurcation subgroup of 1? is not unique. Z2 is 
a relevant bifurcation subgroup of DQ of level 1 and 2. 

3.) In contrast to [2], the bifurcation graphs in [4] show the relation be­
tween bifurcation subgroups and their irreducible representations. 

4. Inner connectivity 

Once the transformation matrix M = MG for the absolute supergroup G is 
computed by means of projections, the transformation matrices M , where 
H is a relevant subgroup of G, are easily obtained in the following way. 

Recall that for each i = 1 , . . . , / I G the restricted irreducible representations 
"&Q I H have a canonical decomposition (see (8)). Furthermore there exist 
coordinate transformations C* € IRn,'n' such that (C") rt?k(t) C" are simulta­
neously block diagonal for all t € H, where the blocks consist of dij matrices 

( C ' ) T ^ W C * ' = d i a g ( ^ ( i ) ) , VteH, i=l,...,hG. (11) 

These matrices innerconnectivity matrices C" are computed as usual by 
means of projections applied to WQIH. Note that the columns of C form 
a symmetry adapted basis of IRn*. 

Transformation to block diagonal structure wrt different groups 

Based on dij and Cx a connection matrix CGH € IRn'n is defined such that 

MH = MGCGH , (12) 
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