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Abstract. Whereas optimization of a linear function over an efﬁcxent set is
a favourite topic for theoretical studies, the problem (P!) of ﬁndlng a
maximal value of a linear function dz over an integer efficient set is still
open. The problem (P’) is NP-hard and it is very unlikely that the
maximal obJectlve value of the integer problem (PT) in many cases is
greater than the maximal obJectlve value of it’s corresponding continuous
problem (P). In this paper we pay atention to the study of the problem
(PT) and some related properties of the problem (P). In partlcula,r we
establish conditions determining whether or not an optimal solution to the
problem (P) is an optimal solution to the it’s corresponding linear program.
For the problem (P!) we find an upper bound for it’s optimal objective
value and present an algorithm which gives a global optimal solution after a
finite number of steps. We also study two particular classes of problems .
(P7) : the bicriteria case and the case when d is a nonnegative linear
combination of the vectors-criteria defining the efficient set.

Key words: Multiple ob je;:tivé 'linéar ‘pr“c;gura,mming!, iﬁteger efficient set,
efficient cone, cutting plane. ‘
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Multxple ObJeCthC lmea,n programmmg (MOLP) has been 1ntérrsrvely e
studied (s see, for example Cha.ngkong and Haimes [1];' Hansen' 2], Steer
[3], Yu [4] Zeleny [5] ) sifice it has many important apphcatlons ni multlple
criteria decision making, Ma,tﬁematlcally, (MOLP) i described’ as'the
problem of ﬁnclmg all efﬁc1ent solutrons X of the problem R

'. VMAX '_Cx’,'subjec_t; to’ T € Xf ‘ . ‘ _
where C is a p Xn matnx Xi is a nonempty compact polyhedron The L
efﬁcrent set X g is deﬁned as m the folIong sence e et

Definition 1.1. A point‘ 2 € X'is ¢alled an eiﬁcieﬂf.‘”( or'dondominated ‘or
Pareto-optimal ) solution of the problem (MOLP) if for any z € X -
satlsfymg the condition C'z' >'Cz9 then, Cz = C’a:b l‘loldsl Pl v i

i AR Poilie
In practical application of multiple criteria decision ma.klng, the decision
makers often have to choose some prefered point from the efficient set Xg.
This involes the problem of finding efficient solutions and describing the
structure of the efficient set Xg (see, for instance, Steuer [3], Yu [4], Ecker,
Hegner and Kouada [6]). Since in many cases the criteria are in conflict,
the decision makers try to optimize some compromising criteria over the
efficient set Xg. This leads to finding a method for solving the optimization
problem (P)

max{dz|z € Xg},

where dz is a linear function.

Problem (P) has been studied by Philip in 1972[7] and later by Isermann
and Steuer in 1987[8]. In both algorithms the main idea is based on the use
of a cutting plane procedure. Recently, Benson ([9],{10]) has given two
relaxation algorithms for solving the problem (P) which find an optimal
solution after a finite number of iterations. Later, studying the special
structure of the problem (P), Benson[11] suggested a more simple linear
programming procedure for detecting and solving the problem (P) in four
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special cases. Due to the difficulty of the problem (P), some heuristic
procedures have also been proposed (Dauer[12], Dessouky, Ghiassi and
Davis[13]).

Whereas optimizing a linear function over an efficient set is a favourite
topic for theoretical studies, the problem of ﬁnding a maximum of a Iinear
function over an integer efﬁc1ent set is still open. In this paper we focus on
the study of the optimization problem (P?)

.max{dxlx € Xie}, |

where dz is a linear functxon X IE 1s an 1nteger efficient set of multiple
objective integer linear programming (MOILP)

VMAX : Cz, subject to € X, z-integer.
The definition of the set X;g is similar to the definition of the set Xfg.

Definition 1.2. An intéger point z! € X is said to be an iﬁtégor efficient -
solution of problem (MOILP) if for any integer point = € X satisfying the
condition Cz > Cz! then, Cz = Cz! holds.

The problem (PF) is NP-hard and it is very unlikely that the maximal
objective value of the integer problem (P’) in many cases is greater than
maximal objective value of it’s correspondmg continuous problém (P).In
the next section, we study and propose algorithms for two special classes of
problem instances (Pf): the bicriteria case and the case when disa °
nonnegative linear combination of the vectors ¢',i=1,...,p. For the general
case of the problem (P!), we establish an upper bound for ‘the optimal
objective value dz and present an algorithm which finds a global optimal
solution after a finite number of steps. We also give some conditions
determining, wether or not an optimal solution of the problem (P).is also
an optimal solution of it’s corresponding linear program



2. Some basic.results
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Ma.thema.tlca.lly, the problem (P) can be classified as a global optirmzatlon
problern One of the main difficulties of this problem arises frém’ fhe fact
that the efficient set X is generally nonconvex. Nevertheless; it i§
important to point out that the efficient set Xz has“two mcely propertles
firstly, Xg is connected; secondly, X contains extreme points of the
polyhedron X. These properties make the problem (P) becoming éasier,
since it’s optimal solution can be found among the extreme points which

A

are efﬁaent in X. Unfortunately, the integer efficient's set X IE does not haVe

,,,,,

these properties, and in fact, this leads to difficulties.

Let us now establish some statements which serve a theoretical basis for
constructing an- algorithm that solves problem (PI )

LT S S

Theorem 2.1 Let d be a nonnegatwe lmear combmatwn of the vetors c ,

i.e. : ‘ ‘ o
G REAFAREE R T LA C SRRNTERN R " B ,Lj;?
d=Y0 N, X 20,i=1,..,p. o e
Then, o L .
RS R NCAEE L EE P R :
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- maz{dz|z € Xig} = maz{dz|zr € X, z-integer}. ' 2

T R R Lo s ! ‘..’l.‘:"‘ e ad 10 I : B y
Proof. Let us gor)xs’x’der two Cases:_ (i) (\); > ~0, i = 1, ...,p and

(ii) )\1‘>'0’ iu: 1’ t /\ = 0 1, = t+ 1 ,p’t < p ) b;ix’““
{ A } 0 P ST ‘,‘ cooITY il i o ‘(; o '
Denote :
g Ay 3 ':7(;: ) " ;
2! = arg max{dals € X, z-intéger}.

In the case (i) we have to show that z! is an integer efficient point. In fact
if there exists an integer point z! such that

dzt >zl i=1,..,p,



cFzt > c*z! for some k =1, ...,p,
then
de' =30 hidizt > TP\ I=d.'z:I.

This contradicts the assumption that z! is an optlmal solution to the ’
problem max{dz|z € X, z- mteger} '

In case (ii) suppose that z! is not efficient. For k =t +1,...,p let z* be an
optimal solution of the following problem Q%) “ ;

1

max c'z,
x“""
subject to
dz = dz!,
. H
dr=cdzi=1,..1, B

. . ,‘I . ¢ . o . ‘ , o .
¢ =" ,Z;t-{-l,_...,k—l, ' : St

L zdi=k+l,p
Then it follows that z?! i s an mteger efﬁment pomt Smce dzP! rda:I ,-1t
implies L ‘ - o . PRT

ma.lx{da:|a: € Xip} = max{dz|z € X, z-integer}.

This completes the proof of theorem 2.1. R =

v .
oo

For the case d = Thay A, A; > 0,£ =1,...,p we propose th;e followmg ok
algorithm for solving the problem (P?). ’ i i
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Algorithm.

Step 1. If \; >0 for all: =1,...,p find

z! = arg max{dz|z € X, z-integer}

and stop. Otherwise go to step 2.
Step 2. Suppose A\r =0 forallk =t+41,...,p,1 <t < p. Solve the problems
(Q") for finding z?/ which is an optimal solutlon of the problem (pr ).

It is 1mportant to note the followmg property demonstratmg the dlfﬁculty
of the problem (Pf). :

Remark 2.1. There exists a class of problems (P) such that e
max{dz|z € Xg} < max{dz|z € Xi5}.

In[11], Benson proved that for the case where p = 2 and d is a linear
combination of vectors ¢!, c?, the optimal objective value of the problem
(P) is reached by some efficient point z* giving a maximal value of the
function or dz or c'z or ¢z over the polyhedron X. This simplifies the
process of finding an optimal solution to the problem (P) by solving either
the problem max{dz|z € X} or two subproblems max{c'z|z € Xg}, 1 =1,2
and then choosing that point which gives a better value of the function d:v
Here we prove some sufficient conditions allowing to recognize in which
subproblems max{c'z|z € X E} and max{c'z|z € Xz} the optimal =
solutions of (P) and (P’ ) can be found.

Definition 2. 1 The set K( °) = {mICz <0e° } is called an eﬁiaent cone
of the point z° oo e}

ar T P IR RE L

Definition 2.2. The cone K(c) = Cone{c —c’} i, l =1,2,d # Lis called
an efficient cone of vectdr ¢, - :

N B G

Definition 2.3. The set K*(z°) ={z|Cz > Cz°} is called a dommated



cone of point z°.

From the definitions of efficient cone K(z) and dominated cone K*(z), the
subsequent three propositions follow.

Proposition 2.1. The point 2° € X is an efficient point if and only if
K*(z°)nX = {Cz = Cz°}InX.

Proposition 2.2. If K(0) = K*(0) = 0 then any z € X is an efficient
point, i.e X = Xg.

Remark 2.2. In the case that X = X, the problem (MOLP) is called
completely efficient [11]. From proposition 2.2 it follows that X = X, if
the system Cz > 0 has the unique trivial solution z = 0.

Proposition 2.3. Let zf € X be an integer point. Then z! is an int’ege'r"
efficient point in X if and only if the set K*(zf) N X\{Cz = C'a:l} does not

contain any integer point.

Let r* k = 1,..., q be the vectors generating cone K (0). Without loss of

generality, suppose that the coordinates rf are relatively prime integers.

Denote d° = drt = max{drfk = 1,...,q}, d* = ¥i_, dr*. For constructing
the algorithm for solving the problem (P’) we need the following theorem.
Theorem 2.2. Let z*,z, %, respectively, be the optimdyl‘solutiqns. to the
problems (P), (P!), and maz{dz|z € X}.
(a) If &® < 0 then,

(i) dz* = dz°,

(i) dz' < dz*.
(b) Ifd° > 0 then,

(1i1) d:z: < da: )

(iv) dz! < dz* + d*.



Proof.Since d® < 0'thién U R P S B

d:z:o > dz, Vfc € K}\(a:o). ;
On the other hand, | . r
dz® > dz,Vz € X. L e
It follows L -
K20 )mX\{CmQCzO} 0, T
which means z° is an efﬁcent pomt i.e. cl:z: .‘— cla: | B
(n) ObV1ously, e ! T L e
o< dd b o
(iii) Smce d° > 0‘ 'we déan’ conclude that T L sy,
d:c < da: for some :z: = (a: + Eq /\kr’l) €X, Ap?_ O,lf:h: 1, .l'.'*.,q;:"r

Then dz* < d:z:° holds
(iv) For any z''€ X 'such that K(z') contains integer points, at least one":
integer point is contained in the set * S e
z! 'l'Zl'c:l ’\krkso <A< lak =1,..,q
Therefore, the set
V={zlz=2'+i_  MrF,0 < M <1,k =1,...,q,Vz' € X5}

contains all integer efficient points of the set X. On the other hand,

dz* +d* > dz' + d*,Vz! € Xg.



This yields, S
dz* + d* > dz?,

Which completes the proof. . g

The following corollary shows that theorem 2.1 is a special case of case (a)
in theorem 2.2.

Corollary 2.1. If the vector d is a nonnegative linear combination of
vectors ¢,i = 1,...,p then d® < 0.

Proof. Obviously,

& =drt =37 \c'rt <0. .o

Remark 2.3. The question, whether d° is positive or nonpositive, can
easily answered by finding the optimum of the problem (P*): ‘
max{dz|Cz < 0}. In case (P*) has an optimal solution, d° is nonpositive.
If (P*) has unbounded objective value, then d° is positive.

Let us now consider the problem (P’) for the case p = 2.
Theorem 2.3.Suppose p = 2 and d is a linear. combination of vectors c' c*.

For any i = 1,2, if d €intK(c') then,

} oy

S L IPR L C N NI N
(i) arg maz{dz|r € Xg} = arg maz{c'z|z € Xg},
(it) arg maz{dz|z € Xig} = arg maz{c'z|z € Xip}.
Proof.(i) Let z** be an optimal solution of the problem

max{c'z|z € Xg}

10



Since d € intK(c') then

d=Mc — \c, i, A > 0.
Hence

S NER WA AN )

Consider the system of linear inequalities

o < g o> o, ST e
Let K denote the set of solutions to system (2). From (1) it follows that .
the linear inequality ¢’z < c¢'z** is a valid inequality (see, for example [14])

for the system (2), i.e

dz<da*Vze K.

) \ i 3
Therefore, ‘ ) e
i Cod R IR T A Coan
KC K(c").. T I T R v s ety T ‘,(3’)
Notice that
Gt Cmaae Xy e

Statements (2),(3),(4) imply that there does not exist an efﬁment point :r
satisfying dz° > dz™. This means, R

dz™* = max{dilx € XE} R .
(i3) Let 2! be an optimal solution of the probléin

max{c'z|z € X5 }.

11



It is obvious that the set V ={z|z € X,c'z > ¢z’ } has no integer pomts ,
Since d € intK(c') then

dz! > max{dz|z € X;gnN{V U K(z)} >
> max{dz|z € X;gN{dz < dz'}}.
ie
dz! = max{dz|z € Xig } ;

which concludes the proof of theorem 2.3. o a

Theorem 2.4. Let.d = M\t + N If \; < 0,A = 0,i,0 =1,2,1 # [ then, |

(z) arg maz{dz|z € XE} = arglma‘a:{clazlla: G XE},
(zz) | arg maz{dwlaz € X]E} arg maz{c'z|z € Xig}.
Proof (1) Denote |
: z* = arg max{dz|z € Xg},

™ = arg max{c'z|z € Xg},

z™* = arg max{c'z|r € Xg}. o

Notice that

c'z™* = max{c'z|z € X},
|"¢-."*J"‘ . .

dz™ = max{cz|r € X}..‘,.,- :

dz* = max{\;c'z™, \ciz™*}.

12



Since ¢izi* > zl* ) A < 0, 1t follows S () e
A C’ [ > /\iCiICi*.

Hence dz* = dz'*.

(ii) Let

i

2!l = arg max{c'z|r € X;g}.

We know that

dz! = max{dz|z € X, z-integer}
and the set {c'z > c!z""}NX does not'contain any-integer point. From,the
fact that z'/ is an integer ef‘ﬁcient point, it follows
Y ol ne

cdr <zl dr < 2 V mteger point z € X. (5)

PR S . .
' R .\",

We are interested iﬁ finding an integer efficient p01vnt“a:1 € X such that ‘
dz! > dz'! o N (6)

. - S o
Aicizt > M\

or

cdzt < ctzll. | (7)

From (5),(7) it follows that z! is not an integer efﬁc1ent pomt ThlS means
the inequality (6) can not be satisfied. Therefore, :

dz'! = max{dz|z € Xig}, Plovset

13



and the proof is complete. . o,
Suppose, d, ¢' are integer vectors. Denote by ¢ (d.) the common divisor of

the coordinates cj-, j=1,..,n(d;,j =1,...,n). Let z* be an optimal solution
to the problem (P) and set af1 dz*. The theorems 2.2, 2.3, 2.4 give rise to

the following algorithm for solving the problem (P’) in case of two criteria..
Algorithm

Step 0. If d is not a linear combination of vectors ¢!, c? then go to step 5.1. .
Suppose d = Aict + Ac® If A > 0,7 =1,2 go to step 1. If
/\>0)\,<01L—12z7élthengotostep2 If -

A <0,A\ =0,2,0=1,2,7 # [ then go to step 3. If \; <0, z—l 2thengoto
step 4.1.

Step 1. Solve the problem : R

-

max{dx[a:eX :v—~1nteger} - T

It’s opmma.l solutxon is a.Iso an-optimal solutlon to the problem (PI )
Step 2. Determine
21 = arg max{c'z|z € Xi5}.
z'l is an optimal solution to the problem(PT).
Step 3. Find o

i

z" = arg max{c'z|z € Xie}

which is also an optimal solution to the problem (P7). .
Step 4.1. Solve the followmg problems

7'l = arg rnax{c 'zlz € Xig},

g = arg max{c'z|z € Xi5}.

14



Let dz'! = max{dz‘!,dz"}, k =0, X° X,z™F =z, Go to step 4.2.
Step 4. 2 Fmd an optlmal solution z! of the problem (P,k)

rnax{c d:lz € X",z mteger}
where

Xk = Xkn{dz < &' + d*,dz > dz'* + d.,clz < 2k -,z > kY
If the problem (PZ) has no feasible solution, stop. z’* is an optimal .
solution to the problem ( P!). Otherwise, go to stcp 4.3. Lo er
Step 4.3. Determine, whether or not the set K*(z yNX\{Cz = C'a:I} has -
an integer point. If not, take k = k + 1, z’* = z! and return to step 4,2.
Otherwise, go to step 4.4. ;
Step 4.4. Find an mteger efficient point z' such that c'z} = c'zf,z' € X*. ‘ L
Take k = k + 1,z = z! and return to step 4.2. If there does not exist such
a vector z!, go to step 4.5.
Step 4.5. Let k=k+1,ca* =l dzl* =izt and return to step 4.2.
Step 5.1. If d® <0, find an ‘integer efﬁcxent point z! such that : S

I

z' = arg max{dz|z € X, z-integer}.

z! is an optimal solution of the problem (P, then stop Othermse, go to

step 5.2.
Step 5.2. Solve the following problems
7l = arg max{c'z|z € Xz}, L A

2! = arg max{c'z|z € X15}.

Let dz*! =max{dz*,dz''}, k =0, X° X o’k = :z:” Go . step 5.3.
Step 5.3. Find an optimal solution z! of the problem (P4): - .

max{cz|z € X*, z-integer},

15



where
X< = Xn{dx < d +df,dx > dXdE +d, ox < XX -4, ex > XN
If the problem (P/i) has no feasible solution, stop. xX* is an optimal
solution to the problem (PY). Otherwise, go to step 5.4.
Sep 5.4- Define whether or not the set K*(X) DX{Cx = Cx'} has an
integer point. If not, take k = k + 1,X* = x' and return to step 5.3.
Otherwise, go to step 5.5.
Sep 5.5. Find an integer efficient point x* such that c¢'x* = ca’, At G X«
Take k —k + 1,X* = X' and return to step 7. If there does not exist such &
vector x', go to step 5.6.
Sep 56. Let k= k+ I,dxXk = cdX,cX* —cX and return to step 5.3.
Below we will show how to find the optimal solution to the problem
max{c'x|x € XIE}

fori = 1,2
Suppose i = 1 and let X" be an optimal solution to the problem

max{ c*x|x € Xx—integer}. ove<

We have to check whether or not x' is an integer efficient point. To this-'
end, we find.

¥ = arg max”xIx € Xfl{c’x = %Y,  x—integer}
which is obviously an optimal solution to the problem de o
max{c'xfx GXIE}. oo Ao
Suppose p > 2 and d Isnot a nonnegative linear combination of'the vectors

c*i = l..p. Then thealgorithm for solving the'problem (P%) in this case
is constructed as follows. >
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