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Abst rac t . Whereas optimization of a linear function over an efficient set is 
a favourite topic for theoretical studies, the problem (P1) of finding a 
maximal value of a linear function dx over an integer efficient set is still 
open. T'he,. problem (P1) is NP-hard and it is very unlikely that the 
maximal objective value of the.integer problem (P1) in many cases is 
greater than the maximal objective value of it's corresponding continuous 
problem (P). In this paper we pay atention to tne study of the problem 
(P1) and some related properties of the problem (P) . In particular, we 
establish conditions determining whether or not an optimal solution to the 
problem (P) is an optimal solution to the it's corresponding linear program. 
For the problem (P1) we find an upper bound for it's optimal objective 
value and present an algorithm which gives a global optimal solution after, a 
finite number of steps. We also study two particular classes of problems 
(P1) : the bicriteria case and the case when d is a nonnegative linear 
combination of the vectors-criteria defining the efficient set. 

Key words: Multiple objective linear programming, integer efficient set, 
efficient cone, cutting plane. 
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Multiple objective linear,programming (MOLP) has been intensively ' ; : ' 
studied (see, for example, Changkong and Haimes [1] , 'Hansen'^ Steuer1 ' 
[3], Yu [4j, Zeleny [5}) sihce^it has many important applications in triültiple 
criteria decision making, Mathematically, (MOLP) is described as the , l '' 
problem of finding all efficient solutions XE of the problem ' '" ; 

'.V'MAX : Cx]'subject; t o x € X; ' ; '' ' "" ' r; ; ' - ! - ' , ' 

where C is a p x n matrix, X is a nonempty compact polyhedron. The"5 

efficient set XE is defined as in the following; sehce. >••• i : ; n 

Definition 1.1. A point 's0 € X"is called an efficieht'( orrlondomihated or 
Pareto-optimal) solution of the problem (MOLP) if for any x G X 
satisfying the condition Cx>l'Cx° then, Cx — Öxö:froldff! ,J '' 

In practical application of multiple criteria decision making, the decision 
makers often have to choose some prefered point from the efficient set XE-
This involes the problem of finding efficient solutions and describing the 
structure of the efficient set XE (see, for instance, Steuer [3], Yu [4], Ecker, 
Hegner and Kouada [6]). Since in many cases the criteria are in conflict, 
the decision makers try to optimize some compromising criteria over the 
efficient set XE- This leads to finding a method for solving the optimization 
problem (P) 

max{cfa|a; € XE}, 

where dx is a linear function. 
Problem (P) has been studied by Philip in 1972[7] and later by Isermann 
and Steuer in 1987[8]. In both algorithms the main idea is based on the use 
of a cutting plane procedure. Recently, Benson ([9],[10]) has given two 
relaxation algorithms for solving the problem (P) which find an optimal 
solution after a finite number of iterations. Later, studying the special 
structure of the problem (P), Benson[ll] suggested a more simple linear 
programming procedure for detecting and solving the problem (P) in four 
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special cases. Due to the difficulty of the problem (P), some heuristic 
procedures have also been proposed (Dauer[12], Dessouky, Ghiassi and 
Davis[13]). 
Whereas optimizing a linear function over an efficient set is a favourite . 
topic for theoretical studies, the problem of finding a maximum of a linear 
function over an integer efficient set is still open. In this paper we focus on 
the study of the optimization problem (P1) 

tmax{dx\x € XIE}, 

where dx is a linear function, XIE is a-11 integer efficient set of multiple 
objective integer linear programming (MOILP) 

VMAX : Cx, subject to x £ X, x-integer. 

The definition of the set XIE is similar to the definition of the set XE-

Definition 1.2. An integer point xl G X is said to be an integer efficient ' 
solution of problem (MOILP) if for any integer point x € X satisfying the 
condition Cx > Cx1 then, Cx = Cx1 holds. 

The problem (P1) is NP-hard and it is very unlikely that the maximal 
objective value of the integer problem (P1) in many cases is greater than 
maximal objective value of it's corresponding continuous problem (P).ln 
the next section, we study and propose algorithms for two special classes of 
problem instances (P1): the bicriteria case and the case when d is a 
nonnegative linear combination of the vectors c*, i = 1, ...,p.. For the general 
case of the problem (P 7) , we establish an upper bound for the optimal 
objective value dx and present an algorithm which finds a global optimal 
solution after a finite number of steps. We also give some conditions 
determining, wether or not an optimal solution of the problem (P) is also 
an optimal solution of it's corresponding linear program. 
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2. Some basic results '.' ' J : > 
r • !" ' - , , K | f r , " < - , •;••• << • • ; • • • . ••• ; - i " . i . ' . . 

- • • • . . • • ' • • - • • • • • ! ' - . . • - I • . , - ' : . - . ' - \ \ „ . K • ' ( ) 

t • ' - I 

Mathematically, the problem (P) can be classified as1 ä global^Optimization' 
problem. One of the main difficulties of this problem arises from the fact i 
that the efficient set XE is generally nonconvex. Nevertheless, it is : ; 

important to point out that the efficient set XE has two nicely properties:'5 

firstly, XE is connected; secondly, XE contains extreme points of the 
polyhedron X. These properties make the problem (P) becoming easier, 
since it's optimal solution can be found among the extreme points which 
are efficient in X. Unfortunately, the integer efnciehtlset XJE does riot have 
these properties, and in fact, this leads to difficulties. 

Let us now establish some statements which serve a theoretical basis for 
constructing an algorithm that solves problem (P1). 

Theorem 2.1.Let d be a nonneqative linear combination of the vetors c', 
i.e. 

rf = E ? = i A < c i , A,- > 0 , i = l , . ' . : ,> . " "• " ' - .-i-:-: • . - • . c : 

Then, 

r: max{dx]xEX^} ==max{dx\x '€ X, z-mieger}. 

Proof. Let us consider two cases: (i) A,- > Q,i = 1, ...,p and 

(ii) Xi> 0,i = l,...,t,A^=0,i ==i + l,^,p,i< p. , 1 ' / " , ; 

Denote ' 

x1 = arg max{dx\x € X, x-ihteger}', ' 

In the case (i) we have to show that x1 is an integer efficient point. In fact 
if there exists an integer point x1 such that 

c'x1 > tfx1 ,i = 1, ...,p, 
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c^x1 > cfcx7 for some fc = 1, ...,p, 

then 

dx1 = E L i AiCx1 > E L i At-c*'x7 = dx1. 

This contradicts the assumption that x1 is an optimal solution to the -
problem max{dx|x € X, x-integer}. 
In case (ii) suppose that x1 is not efficient. For k = t + 1, ...,p let xkI be an 
optimal solution of the following problem (Qk) 

max cfcx, 

subject to 

dx =. dx , 

cix = cix<I,i = t + l,...,k-l, • . • • • / « 

1 c ,v>c'xV* = & + !,•••, P- "! 

Then it follows that xp / is an integer efficient point'. Since dxpI = dx1, it •; 
implies " -; r ; ; i 

max{dx|x Gj XJE] = max{dx|x € X,x-integer}. 

This completes the proof of theorem 2.1. , > D 

• ' • • ' • • ; . - • - , , I • . ' • , ' > 

For the case d — Ef=i ^ic') »̂ ^ 0) * — 1? •••>? w e propose the following 
algorithm for solving the problem (P1). 
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Algorithm. 

Step 1. If A,- > 0 for all i = 1, ...,p find 

x1 = arg max{dx|x G X, x-integer} 

and stop. Otherwise go to step 2. 
Step i?.,Suppose At := 0 for all k = t + 1, ...,p,\ <t< p. Solve the problems 
(Qk) for finding xpI which is an optimal solution of the problem (P1)-

It is important to note the following property demonstrating the difficulty 
of the problem (P1). 

R e m a r k 2.1. There exists a class of problems (P) such that 

max{dx|x € XE} < max{dx|x € XIE}-

In[ll], Benson proved that for the case where p — 2 and d is a linear 
combination of vectors c1,«:2, the optimal objective value of the problem 
(P) is reached by some efficient point x* giving a maximal value of the 
function or dx or clx or c2x over the polyhedron X. This simplifies the 
process of finding an optimal solution to the problem (P) by solving either 
the problem max{dx|x 6 X} or two subproblems max{c'x|x € XE}, t = 1,2 
and then choosing that point which gives a better value of the function dx. 
Here we prove some sufficient conditions allowing to recognize in which 
subproblems max{c'x|x € XE} and max{c'x|x € XIE} the optimal 
solutions of (P) and (P1) can be found. 

Definition 2.1. The set K(x°) = {x|Cx < Cx° } is called an efficient cone 
of the point x°. i 

Definition 2.2. The cone K^) = Cone{c' ,-c '}, i,/ = 1,2, i ^ I is called 
an efficient cone of vector c\ " >' :, 

Definition 2.3. The set K*(x°) ={x|Cx > Cx0} is called a dominated 
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cone of point x°. 

From the definitions of efficient cone K{x) and dominated cone K*(x), the ; 

subsequent three propositions follow. 

Proposition 2.1. The point x° G X is an efficient point if and only if 

K*{X°) n x = {Cx = Cx°}nx. ,; 

Proposition 2.2. If K(0) = K*(Q) = 0 then any x € X is an efficient 
point, i.e X — XE-

R e m a r k 2.2. In the case that X = XE, the problem (MOLP) is called 
completely efficient [11]. From proposition 2.2 it follows that X — XE, if 
the system Cx > 0 has the unique trivial solution x = 0. 

Proposition 2.3. Let x1 € X be an integer point. Then x1 is an integer 
efficient point in X if and only if the set K'^x1) D X\{Cx = Cx1} does not 
contain any integer point. 

Let rfc, k = 1,..., q be the vectors generating c,one K(0). Without loss of 
generality, suppose that the coordinates r^ are relatively prime integers. 
Denote d° = dr* = m&x{drk\k = 1, ...,<?}, d* = '521=1 drh:. For constructing 
the algorithm for solving the problem (P1) we need the following theorem. 

Theorem 2.2. Let x*^x1,x°, respectively, be the optimal solutions to the 
problems (P), (P1), and max{dx\x 6 X}. 
(a) If d° < 0 then, 

(i) dx* = dx°, 

(ii) dx1 < dx*. 

(b) lfd°>0 then, 

(Hi) dx* < dx°, 

(iv) dx1 <dx* + d*. 
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Proof.Since-. d? < Ö then ,V- -i . 

dx° > dx, Vx e K(x°). 

On the other hand, i 

dx° *> dx,Vx € X. • • i• ' ., t ' . . j i . i 

It follows 

: K*(x0)r\X\{Cx = Cx0} = 0, - . . . . . • , . - , ; • •, > ,;-,: !•,{ . r, 

which means x° is an efficent point, i.e. dx* = dx°. 
(ii) Obviously; ' { v ' .• > ....-..'•'• <><; 

dx1 < dx° = dx*. '• ' •--v. < - i :, u. 

(iii) Since <i° >&V we can conclude tha t >. i-, . .' .-

- dx* < dx for some x ;= (x* + £ ) U i A^r*) € -XT, A*:> Q,k = 1, .:.,<?;: - • 

Then dx* < dx° holds. 
(iv) For any x 1 ; € X such tha t ^ ( x 1 ) Contains integer points, a t least «one': 
integer point is contained in the set 

z1 + E L i hrk, 0 < A* < 1, k = 1,..., q. 

Therefore, the set 

V ={x|x = x1 + E L i V"fc,0 < Afc < l,fc = 1, . . . ^ V x 1 € X £ } 

contains all integer efficient points of the set X. On the other hand, 

dx* + d*> dx1 + d*,Vx1 € XE. 
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T h i s y i e l d s , ,,. . . - . , , . ' . • , ; , 

dx* + d* > dx1, . • , 

Which completes the proof. Q 

The following corollary shows that theorem 2.1 is a special case of case (a) 
in theorem 2.2. 

Corollary 2.1. If the vector d is a nonnegative linear combination of 
vectors c\i = l,...,p then d° < 0. 

Proof. Obviously, 

d° = drl = ELi V r * < 0. ..' • 

Remark 2.3. The question, whether d° is positive or nonpositive, can 
easily answered by finding the optimum of the problem (P*): 
mdux{dx\Cx < 0}. In case (P*) has an optimal solution, d° is nonpositive. 
(If ,(P*) has unbounded objective value, then d° is positive. 

Let us now consider the problem (P1) for the case p = 2. , 

T h e o r e m 2.3.Suppose p = 2 and d is a linear pombination of vectors c1 c2. 
For any i — 1,2, if d EintK(cx) then, 

(i) arg max{dx\x € XE] = arg max{c*x\x € XE}, 

(ii) arg max{dx\x € XJE} = arg max{clx\x € ^ / ß } . 

Proof.(i) Let x'* be an optimal solution of the problem 

max{c'x|x € -X#} 
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Since d G intK(cx) then 

d = A,c* - A/c', A,, A/ > 0. 

Hence ' ••; ; i 

c«=-(Af/A0GVrf.(iy^)(-<0,A,-,A,>0,. , ; i i ; , . , - . , - - i . v . ( 4 ) 

Consider the system of linear inequalities 

c'x < c V \ dx > dx". ... , , . . , ' ( 2 ) 

Let if denote the set of solutions to system (2). From (1) it follows that. •-, 
the linear inequality c'x < c'x** is a valid inequality (see, for example, [14]) 
for the system (2), i.e , . , 

^ x < c / x ' % V x € Ä \ 

Therefore, . •' ' S' '..,''. ' "' .'.'' '' ' * ' ' " * ''? ' ; " ' " 

# c #(<?').' : "' ; ,; '"'' ; ',1 :'; r<3!) 

Notice that . > 

cV* ==max{c 'x | x€^} . '' ;'';.' / " ''>"'.; ;.'' •"•"--'<4) 

Statements (2),(3),(4) imply that there does not exist an efficient point x° 
satisfying dx° > dxim. This means, 

dx%* = max{dx|x € XE}-

(ii) Let x1 be an optimalsblution of the problem 

max{c'x|x € XIE }. - • / . : . . 
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It is obvious that the set V ={x\x G X,c*x > c'xJ } has,no integer points. . 
Since d G intK(c%) then 

dx1 > max{dx\x G XIE^{V U K(X1)} > 

> max{dx|x G XißC\{dx < dx1}}. 

i.e 

dx1 = ma.x{dx\x G XIE } 

which, concludes the proof of theorem 2.3. , • 

T h e o r e m 2.4. Letd^ A,c*' + he1. If h < 0,Aj = 0,'x,/ = 1,2,»' ± / then, ,, 
• • . . . i 

(i) arg max{dx\x G XE} = arg max{c'x|x G XE}, 

(ii) arg max{dx|x G XIE} = arg max{c'x|x G XIE}. 

Proof, (i) Denote 

x* = arg max{c?x|x G XE}, 

x'* = arg max{c'x|x G XE}, 

xl* = arg max{c'x|x G XE}-

Notice that 

c'x" = max{c'x|x G X } , 

c'x'* = max{c'x|x G X } , 

dx* = max{A;c'x'*,A,c'x'*}. . , : •'•• 
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Since c'x" > c'x'*, A,- < 0, it follows , V '' ' " ' 

A.c'x'* > A.c'x'*. 

Hence dx* = dxl*. 
(ii) Let 

x11 — arg max{c'x|x 6 -X7,E}. 

We know that 

c'x'7 = max{c'x|x € X, x-integer} 

and the set {c'x > clxlI}nX does not'Contain any integer point. From, the 
fact that x'7 is an integer efficient point, it follows 

c'x < c'x'7, c'x < c'x'7, V integer point x € X. (5) 

We are interested in finding an integer efficient point x1 G X such that 

dx1 > dx'1 (6) 

i.e 

Aic'x1 > A.c'x'7 

or 

c'x1 < c'x'7. (7) 

From (5),(7) it follows that x1 is not an integer efficient point.This means 
the inequality (6) can not be satisfied. Therefore,: 

dx11 = max{dx|x € XXE}, 
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and the proof is complete. , • 

Suppose, d, c' are integer vectors. Denote by c^(d») the common divisor of 
the coordinates c'-, j = 1, ...,n(dj,j = 1, ...,n). Let x* be an optimal solution 
to the problem [P) and set d1 = dx*. The theorems 2.2, 2.3, 2.4 give rise to 
the following algorithm for solving the problem (P1) in case of two criteria. 

Algor i thm 

Step 0. If d is not a linear combination of vectors c1,^ then go to step 54. , 
Suppose d = Aic1 -f A2c

2. If A,- > 0, i — 1,2 go to step 1. If 
A,- > 0, A/ < 0, i\ L;= 1,2, i ^ / then go to step 2. If , 
A,- < 0, A/ = 0, i, / — 1,2, ii ̂  / then go to step 3. If A, < 0, i = 1,2 then go to 
step 4.1. • , •• 
Siep i. Solve the problem i,, , ' • . ,• 

max{ote|x € X,x—integer}. , -

It's optimal solution is also an. optimal solution to the problem (P1). 
Step 2. Determine 

xxI = arg max{c'x|x G XIE}. 

xl1 is an optimal solution to the problem(PJ). 
Step 3. Find _ c.,,., , .-

x11 = arg max{c'x|x 6 -XJ.E} ; •• - ., 

which is also an optimal solution to the problem: (P1)-. > , 
Step 4-1- Solve the following problems 

xxI = arg max{c'x|x € XIE}, 

x11 = arg max{c'x|x E XJE}. -
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Let dx11 = max{ete*7, dx11}, k = 0 , X ° = X, xIk = x11. Go to s tep 4.2. " * '' 
5fep 4.2. Find an optimal solution xl of the problem ( P ^ ) : 

'max{c'x|x;(E X f c ,x- integer}, •.•••< 

where , : 

Xk = XfcD{rfx < d1 + d*, dx > dxIk + d „ c'x < c'x1* - cj,, c«x > c 'x 1 *} , , . 

If the problem (P^) has no feasible solution, stop. xIk is an opt imal 
solution to the problem (P1). Otherwise, go to step 4.3. \. •• •-< 
Step 4-3. Determine, whether or not the set K*(xJ) f] X\{Cx = Cx1} has 
an integer point. If not, take k = k + 1, xIk — xl and return to step 4,2. 
Otherwise, go to step 4.4. 
Step 4-4- Find an integer efficient point x 1 such tha t clxh = clxx ,,xl"€ :Xfc. -
Take A; = k + 1, x /fc = x1 and return to step 4.2. If there does not exist such 
a vector x1 , go to step 4.5. 
Step 4-5. Let k = k + l,clxIk = clxI,ctxIk — c 'x7 and re turn to step 4.2. 
Step 5.1. If d° < 0, find an integer efficient point x1 such tha t •• '* ' ; 

x 7 = arg max{dx |x € X , x-integer}. 

x1 is an optimal solution of the problem (P1), then stop. Otherwise, go to 
step 5.2. 
Step 5.2. Solve the following problems 

x,r = arg max{c*x|x € - X J B } , I " / 

x ' J = arg m a x j c ^ l x Ö X / J S } . • •• ' •: J • 

Let dx ' J =max{r fx , / , dx ' 7 } , k = 0 , X ° = X,x / A : = x11. Go to step 5.3. 
Step 5.3. Find an optimal solution x1 of the problem ( P ^ ) : 

max{c 'x |x € X f c ,x- integer}, 
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where 

Xk = Xkn{dx < d1 + d*, dx > dxIk + d„ c'x < clxIk - 4 , c'x > c{xIk}. 

If the problem (P/i) has no feasible solution, stop. xIk is an optimal 
solution to the problem (P1). Otherwise, go to step 5.4. 
Step 5.4- Define whether or not the set K*(xl) D X\{Cx = Cx1} has an 
integer point. If not, take k = k + 1, xIk = x1 and return to step 5.3. 
Otherwise, go to step 5.5. 
Step 5.5. Find an integer efficient point x1 such that c'x1 = c'a:7,^1 G Xk. 
Take k — k + 1, xlk = xl and return to step 7. If there does not exist such ä 
vector x1, go to step 5.6. 
Step 5.6. Let k = k + l,clxIk = clxI,ctxIk — clxJ and return to step 5.3. 

Below we will show how to find the optimal solution to the problem 

max{c'x|x € XIE} 

fori = 1,2. 
Suppose i = 1 and let xXI be an optimal solution to the problem 

max{cxx|x €E X,x—integer}. .•••-< 

We have to check whether or not x11 is an integer efficient point. To this-' 
end, we find. 

x21 = arg m a x ^ x l x € Xfl{c1x = ^x11}, x—integer} 

which is obviously an optimal solution to the problem •' • • 

max{c1xfx G X I E } . ' ' " -1 ':-' 

Suppose p > 2 and d Is not a nonnegative l inear combinat ion of '• t he vectors 
c*,i = I,...,p. Then the algorithm for solving the 'p rob lem (P1) in this case 
is constructed as follows. : > 
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