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Abstract

In this paper we study the following problem, which we call the weighted
routing problem. Let be given a graph G = (V, E) with non-negative
edge weights w. € IR, and integer edge capacities c. € IN and let A =
{T1,...,Tn}, N > 1, be a list of node sets. The weighted routing problem
consists in finding edge sets Sy, ..., Sy such that, for each k € {1,...,N},
the subgraph (V(Sk),Sk) contains an [s,t]-path for all s,t € T}, at most
¢ of these edge sets use edge e for each e € F, and such that the sum
of the weights of the edge sets is minimal. Our motivation for studying
this problem arises from the routing problem in VLSI-design, where given
sets of points have to be connected by wires. We consider the weighted
routing problem from a polyhedral point of view. We define an appropri-
ate polyhedron and try to (partially) describe this polyhedron by means of
inequalities. We briefly sketch our separation algorithms for some of the
presented classes of inequalities. Based on these separation routines we
have implemented a branch and cut algorithm. Our algorithm is applica-
ble to an important subclass of routing problems arising in VLSI-design,
namely to problems where the underlying graph is a grid graph and the
list of node sets is located on the outer face of the grid. We report on our
computational experience with this class of problem instances.

Keywords: Routing in VLSI-design, Steiner tree, Steiner tree packing, Cutting
Plane Algorithm.
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1 Introduction

One of the main topics in VLSI-design is the routing problem. Roughly described,

the task is to connect so-called terminal sets via wires on a predefined area.

In addition, certain design rules are to be taken into account and an objective
function like the wiring length must be minimized. The routing problem in
general is too complex to be solved in one step. Depending on the user’s choice of
decomposing the chip design problem into a hierarchy of stages, on the underlying
technology, and on the given design rules, various subproblems arise. Many of the
routing problems that come up this way can be formulated in graphtheoretical
terms as follows: '

Problem 1.1 (The Weighted Routing Problem)
Instance:
A graph G = (V, E) with positive, integer edge capacities c. € IN and non-
negative edge weights w, € Ry, e € E.
A list of node sets N = {Ty,...,Tn}, N 2 1, with T, C V for all k =
i,...,N.
Problem: _ '
Find edge sets Sy,...,Sny C E such that
(i) (V(Sk),Sk) contains an [s,t]-path for all s,t € Ty for k = 1,...,N
(where V(F') is the set of nodes that are incident to an edge of F C E),
N

(ii) Y |Skn{e}| <c. foralle€ E,
k}:\}l '
(iii) Y S w. is minimal.

k=1 e€ Sy

We call the list of node sets A a net list. Any element Ty € N is called a set of
terminals or a net and the nodes ¢t € Ty, are called terminals. It is also customary

to say net k instead of terminal set T;. An edge set S that satisfies condition (i)

for a terminal set T is called a Steiner tree in G for T. A N-tupel of edge sets
(S1,...,Sn) that satisfies (i) and (ii) is called a routing or a Steiner tree packing.
If we are only interested in finding a feasible solution, i. e., we neglect condition
(iii), we speak of the routing problem without the prefix “weighted”.

Of particular interest in VLSI-Design are routing problems where the underlying
graph is a grid graph. Among these are the channel routing and the switchbox
routing problem. In these two cases, the graph is a complete rectangular grid,
the edge capacities are equal to one and the terminal sets are located on the outer
face of the grid. In the channel routing problem the terminal sets are restricted to
lie on two opposite sides of the graph, whereas in the switchbox routing problem
terminals may be located on all four sides.
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It is not surprising that Problem 1.1 is AP-complete or AP-hard, respectively,
even in many special cases. Among them are the minimal Steiner tree problem
([K72], [GJ77]) and the problem of packing N disjoint paths in a planar graph
([KL84]). Even the channel routing and the switchbox routing problem are AP-
complete ([S87]).

We attack the (weighted) routing problem by using a polyhedral approach. In
section 2, we define a polyhedron whose vertices are in one-to-one correspondence
to the routings in the graph, and we try to describe this polyhedron by means
of equations and inequalities. Section 3 deals with the separation problem for
some classes of inequalities that are described in the previous section. Finally,
in section 4 we report on some computational results we have obtained with
our cutting plane algorithm. The test problems are switchbox routing problems
discussed in the literature.

2 The Routing Polyhedron

In this section we define the routing polyhedron and describe some classes of valid
and facet-defining inequalities. First, we introduce some notation.

We denote by IRF the vector space where the components of each vector are
indexed by the elements of E, i. e., = (Z,)eeg for z € IRE. For an edge set
F C E, we define the incidence vector xF € IRF by setting x¥ = 1, if e € F, and
xF =0, otherwise. Furthermore, we abbreviate }".cx z. by z(F) for an edge set
F and a vector = € RE. We denote by IRV*F the N - |E| - dimensional vector
space RZ x ... x R®. The components of a vector z € IRV*E are indexed by zk
for k€ {1,...,N}, e € E. For a vector € RV*F and k € {1,..., N} we denote
by z* € IR” the vector (zF).er. If it is clear from the context we will abbreviate
a vector z = ((z))7,..., (™)) by (z',...,2N). By the incidence vector of a
routing P = (Sy,...,Sx) we mean the vector (x51,...,x5¥) or in short x*.

We define now the routing polyhedron (also called the Steiner tree packing poly-
hedron) by :

STP (G,N,¢) := conv{ (z!,...,2N) € RV*F | :
® S zE>1, foralWCV, WNT #0,

e€d(W)
VAW T #0, k=1,...,];
N
(2.1) G) Y o <e., for all e € E;
k=1

() 0<zF<1, foralle€ E, k=1,...,N;
(iv) zFe{0,1}, foralle€ E, k=1,...,N},



where §(W) in (2.1) (i) denotes the set of all edges with exactly one endnode in
W. The inequalities (2.1) (ii) are called the capacity inequalities and the ones in
(2.1) (iii) the trivial inequalities. If N = 1 we refer to STP (G, N, ) as the Steiner
tree polyhedron. Obviously, each incidence vector of a routing satisfies (2.1) (i)
— (iv), and vice versa, it is easy to see that each vector z € IRV*E satisfying
(2.1) (i) - (iv) is the incidence vector of a routing. Thus, the weighted routing
problem reduces to the linear program min { Y, wlizF |z € STP (G, N,¢)}.
In order to apply linear programming techniques, a “good” description of the
this end we must determine the dimension of the routing polyhedron. Unfortu-
‘nately, this problem is AP-complete, even for switchbox routing problems. This
follows from the fact that the decision problem, “Does there exist a routing for a
given instance (G, N, c)?”, is NP-complete (see [KL84], [S87]).
Thus, we have decided to study the routing polyhedron for special problem in-
stances for which the dimension can easily be determined and to look for facet-
defining inequalities for these special instances. Clearly, such an approach is
only sensible if the results can be carried over (at least partially) to practically
interesting instances like switchbox routing problems.
For example, an instance (G, N, c), where the graph G is complete, the net list
N = {T\,...,Tn} is disjoint (that is T; N T; = @ for i # ;) and the capaci-
ties are equal to one (¢ = 1), is an appropriate case. It can easily be verified
that the corresponding routing polytope STP (G, N, 1) is fulldimensional in this
case. By applying the subsequent two lemmas we can transform any given valid
(resp. facet-defining) inequality for this polytope to a valid inequality of the rout-
ing polytope corresponding to, for example, the switchbox routing problem.

Lemma 2.2 (Deletion of an edge) :

Let (G,N,c) be an instance of the routing problem. Let a¥z > o be a valid
inequality for STP(G,N,c) and let us delete f € E from G. Then 4Tz > « is
a valid inequality for STP(G \ f,N,c) where &¥ = a* for alle € E\ {f}, k €
{1,..., N} (where G\ f denotes the graph that is obtained by deleting edge f).

Lemma 2.3 (Splitting a node)

Let (G, N, c) be an instance of the routing problem. Let f € E with ¢; = 1 and let
aTz > o be a valid inequality for STP(G/ f,N,c) (where G| f denotes the graph
that is obtained by shrinking edge f). Then, aTz > o defines a valid inequality
for STP(G, N ,c) with af = &* for alle € E\ {f}, k€ {1,...,N} and ak =0
forallk=1,...,N.

Lemma 2.2 follows from the fact that every routing of (G \ f,N,c) is also a
routing of (G, N, c). A similar argument proves Lemma 2.3.

Let us now describe some facet-defining inequalities for STP (G, N, c). The first -
two theorems concern instances, where the graph is complete and the net list

4




is disjoint. Afterwards we describe a class of facet-defining inequalities for the
routing polytope of an instance that is strongly related to grid graph routing
problems. The inequality stated in the last theorem is based on a condition that
is necessary for the existence of a routing.

The first question that arises is: “Can the fa,cet-deﬁning inequalities for the
Steiner tree polyhedron be extended to facet-defining inequalities of the routing
polyhedron?” The following theorem gives an answer to this question.

Theorem 2.4 Let G = (V, E) be the complete graph with node set V and let

= {Th,...,Tn} be a disjoint net list. Let ¥z > o, a 6 IRE, be a non-
trzvzal facet-deﬁmng inequality for STP(G,{T1},1). Then, a’z > a defines a
facet for STP(G,N, 1), where a € RY*E is defined by a® = a., a* = 0 for all
k=2,...,N,e€E.

For a proof of this theorem we refer to [GMW92a].

Next, we consider inequalities that combine two or more nets. We call such
mequa.htles Jjoint.

First of all, let us fix some notation. For two node sets U,W C V, we denote
by [U : W] all edges with one endpoint in U and one in W. Furthermore, E(W)
denotes all edges with both endpoints in W. For a cycle F, an edge uv is called
a diagonal if u,v € V(F) and uv ¢ F. '

Let G = (V, E) be a graph and N = {T1,T>} a net list. We call a cycle F an
alternating cycle with respect to Ty, To if F C [Ty : T3] and V(F)NTINT, = (, see
Figure 2.1. Moreover, let F1 C E(T3) and F; € E(T;) be two sets of diagonals
of the alternating cycle F' with respect to T1,T,. The inequality

(XE\(FLJFl)’XE\(.F'UFz))'I":27 > %lF' -1

is called an alternating cycle inequality.

Figure 2.1
It is not difficult to see that the basic form of an alternating cycle inequality, i. e.,
Fy = F; = 0, is valid for STP (G, N, 1). The following theorem states conditions
under which the alternating cycle inequality is facet-defining.



Here, we need some additional notation. Let F be a cycle. We say two diagonals
uv and u'v' cross with respect to cycle F if the endnodes appear in the sequence
u,u’,v,v’ or u,v,v,u’ by walking around the cycle. Two sets of diagonals F; and
F, are cross free if for all e; € F; and e; € F; the edges e; and e do not cross.
Let Fy C E(T;) and F; C E(T}) be two sets of diagonals of an alternating cycle
F with respect to Ty, T;. F; and F; are called mazimal cross free with respect to
F, if Fy and F; are cross free and each diagonal e; € E(T}) \ F; crosses F; and
each diagonal e; € E(Ty) \ Fy crosses F,. Figure 2.1 shows an alternating cycle
F' with two maximal cross free sets of diagonals Fy and F,. Now, we can state
the theorem.

Theorem 2.5 Let G = (V, E) be the complete graph with node set V and let
N = {Ty, T3} be a disjoint net list with TyUT, =V and |Ty| = [To| = 1,1 > 2.
Furthermore, let F be an alternating cycle with respect to Ty, Tz such that V(F) =
V and Fy C E(T:), F; C E(Ty). Then the alternating cycle inequality

(XE\(FUFl)’ xE\WFVENT > 1

defines a facet for STP(G, N, 1K) if and only if Fy and F; are mazimal cross free.

Again, a proof of Theorem 2.5 can be found in [GMW92a].

Next, we introduce the so-called grid inequalities. Let G = (V| E) be a graph
and J\/ {Ty, Ty} be a net list. Furthermore, let G = (V, E) be a subgraph of G
such that G is a complete h x 2 grid graph w1th h > 3 (where a complete h x b

grid graph is a grid graph with A rows and b columns). Assume that the nodes
of V are numbered such that V = {(,5) | i =1,...,h, j = 1,2}. Moreover let

(1,1),(h,2) € Ty and (1,2),(k,1) € T,. We call the mequa.hty
(XE\E,XE\E) z>1

a h x 2 grid inequality.
Let G = (V, E) be a graph, F C E and u,v € V. We call a path Qz(u,v) from
u to v in G a quasi path from u to v with respect to F, if there exists an edge

e € Qr(u,v) such that e € E \ F and Qp(u,v)\ {e} C F. Then, the following
theorem holds.

Theorem 2.6 Let G = (f/ E‘) be a complete h x 2 grid graph with h > 3. Let
N = {T1, T3} be a net list where Ty = {(1,1),(k,2)} and T = {(1,2), (h,1)}.
Furthermore, let G = (V, E) be a graph with V. C V, E C E such that the set

of horizontal edges in G, i. e., {[{(3,1)} : {(3,2)}] | i =1,...,R}, is a cut in G.
Set F = E and let Fi,F; C E\ F, then the following holds STP(G, N, ]I) is

fulldimensional and the inequality

f
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defines a facet for STP(G,N, 1) if and only if Fy and F; satisfy the following
properties (see Figure 2.2):
(1) For alli € {1,...,h} (at least) one of the following conditions is fullfilled
in(V,E\F): ‘

(a) There ezist an indez k € {1,2}, nodes (r,),(s,l) € V with r,s €
{1,...,h},l € {1,2} and a quasi path Qg ((r,1), (s, l)) such that r <
z—|k—l| and s > 1+ 2 — |k — ] holds.

(b) The subsequent three requirements are satisfied:

_ o There exist an indez ky € {1,2}, nodes (r1,1),(s1,1) € V with ry,s, €
=~ {L...,h} and a quasi path Qr, ((r1,1),(s1,1 )) such that ry < 1 <
1+1 < sy holds.
o There exist an indez ky € {1,2}, nodes (ry,2),(s2,2) € V with rp,s; €
{1,...,h} and a guasi path Qr, ((r2,2),(s2,2)) such that r, < i <
141 < 55 holds.
o There ezist an indez k € {1,2}, nodes (r,1),(s,!) € V where r,s €
{1,...,h},r < 5,1 € {1,2} and a quasi path Qg ((r,1),(s,1)) with the
additional properties:
s—r2>22,ifre{i—1,i},
r#i, fk#l
s#i, ifk=1L
(i) Ngeg@ =0, where Q@ = {Q C E | there exist an indez k € {1,2} and nodes

u,v € V such that Q is a quasi path from u to v in (V, E \ F) with respect

to Fk} !

(iii) For all u,v € V(F), u # v, and k € {1,2} there does not ezist a path from
utowvin (V Fy).
(iv) Fi and F, are mazimal with respect to the properties (i) - (m)

=0 g
E T, O
O
: Fl ““““
: o
' : 2
& O—11

Figure 2.2
Proof.

For ease of exposition we introduce the following notation. For an edge uv € E,
we also use the symbol [u,v]. Let C denote the set of horizontal edges in G, i. e.,
C :={[(s,1),(:,2)] | s = 1,...,h}. For indices k € {1,2},r,s € {1,...,h}, we
set Qf (r,3) = Qr.((r,2), (s,2)) and Q5 (r,s) = Qr((r,1),(s,1)). Let be given



indices s € {1,2>, 20,*i € {1,..., h}, io < ix. Ji°" denotes all vertical edges in G

between nodes (io,s) and (n,s),i.e.,J]°"" = {[(i,s),(i+],5)] |t = tor... ,*i-1}.
Moreover, set § = JMU{[(M),,(*,2)]}U I, and & = L U{[(i,2),(i,)]}U J"
for i —I,...,h. Finally, for arouting P = (Si,£2) and an edge e € E, we

designate (Si U{e}, S;) by P Uieand (S, S; U{e}) by P U,e If e€ SiU S;,
we simply write e G P.

Let us start by proving that properties (i) to (iv) imply that the h x 2 grid
inequality defines a facet for STP (G, N, 1) and that therouting polyhedron is
fulldimensional. n

The validity of a'x > 1with a= (xS\(FUF1);xE\(FUF2)) iseasy 10 see Obviously,
there does not exist arouting in (V(P), F), since all nodes of V(F) have at most
degree three with respect to F and all terminals have degree two with respect to
F. This together with property (iii) impliesthat theinequality isvalid.

Now let b'x > R be afacet-defining inequality of STP (G,Af, |) with F, := {x €
STP(G,V,H") la'x = 1} C F, := {x GSTP(G,Af,2) | b'’x = B}. Inthe
following weshow that bisa multiple of a.
(1) 6= Ofor alle GPfc, A= 1,2.
Dueto (ii) there exists aquasi path Qin (V,E\F) withe£ Q. W.1o0.9.let Q be
aquasi path with respect to F\. Since Cisacutin G, weknow that Q = Qt(r, )
or Q= CI(™>)Y ~ "2°€{1,..., h},r <s. Weconsider thecase Q = Qt(f, s
(the other case can be shown analogously). Set S\ = § UQt(i® \ J™ @rd
S = S|. Then, P = (5i,5,) and P' = P U;e areroutings with x"*, X" € F,
and weobtain that 0= b'’X™ —b'x* = b,
(2)6* = Ofore€F,fc=1,2.
First, let usnote that, for agiveni € {1,..., h}, property (a) in (i) is obviously
equivalent to the property:
There exist indicesr,s € {1,. -.,h} and aquasi path Qtif, s) withr <i <
i+1l<sor
there exist indicesr,s € {1,...,/i} and a quasi path ("(r,s) withr < i <
i+1<sor
there exist indicesr,s € {1,..., h} and aquasi path Qi(r, s) withr < i <
i+1<5or
there exist indicesr,s 6 {1,..., h} and a quasi path Qf(r, s) withr < i <
I+ I<s.
Depending on edge e wedistinguish thefollowing cases.
(a) e= [(i,1),(i+1,1)] withi €{1,..., h-1}. Property (i) guarantees that one
of thefollowing quasi paths exists.
o Qt(r, s) withr,s€{1,..., h} such that r<i<i + I<s.
Choose Si = and S, = S,UGf(r,a) \ I
o0 Qxr,s) withr,s el{l,...,h} suchthatr<i<i+1<s
Choose Si = Sj and S, = SSUQ&(r, 5 \ J[™.



