Konrad-Zuse-Zentrum
fur Informationstechnik Berlin

TakustraBe 7
D-14195 Berlin-Dahlem
Germany

RALF BORNDORFER ROBERT WEISMANTEL

Discrete Relaxations of Combinatorial Programs

ZIB-Report 97-54 (November 1997, Original Title: “Relations Among Some Comb. Programs”, Revised June 2000)



Discrete Relaxations of Combinatorial Programs

Ralf Borndorfer® Robert Weismantel**

June 09, 2000

Abstract. This paper investigates a technique of building up discrete relazations of combi-
natorial optimization problems. To establish such a relaxation we introduce a transformation
technique —aggregation— that allows one to relax an integer program by means of another in-
teger program. We show that knapsack and set packing relaxations give rise to combinatorial
cutting planes in a simple and straightforward way. The constructions are algorithmic.
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1 Introduction

Integer programming is one of the most successful approaches to AP-hard combinatorial
optimization problems. Important concepts in this area are (i) transformations to transfer
knowledge about one problem to another problem as well as (ii) relazations that are algorith-
mically tractable. Typical relaxations of integer programs are linear or semidefinite programs.
We study in this paper what we call a discrete relazation of one integer program by means
of another integer program.

Consider a combinatorial optimization problem in its integer programming formulation

(IP) max w'z, Az<b, z€Z"

Here, A € Z™*" b € Z™, and w € Z" are an integral matrix and integer vectors, respectively.
The associated linear and integer polyhedra are

PLP(A, b) = {.’13 e R ‘ Az < b}
Pip(A,b) := conv {x € Z" | Az < b}.

Where the meaning is clear, we write PLp for PLp(A,b) and Pp for Pp(A,Db).
We call our method to construct discrete relaxations aggregation. Aggregation is a general-
ization of projection to arbitrary affine functions
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given by arational matrix $ e Q and vector (f> € Q ; notethat the image space can have
a higher dimension than the preimage. We call such functions aggregation schemes or simply
schemes. A scheme is integer if it maps integer points to integer points, i.e., in formulas, if
(f>(2) C Z ) or, equivaently, if both $ and (f> are integer. The image <f>(P) of a polyhedron P
under the scheme <f> is called the (f>-aggregate or, if there is no danger of confusion, simply the
aggregate of P. Clearly, we are interested in suitable aggregates 4>(ip) of the polytope
associated with the integer program (1P).

ur motivation for studying aggregations is that they give rise to valid inequalities for

amely, if @ X < a' isvalid for the aggregate $ () , the expansion

<f>(X) < a -<= x<a+ (P>

of this inequality is valid for the origina polyhedron pp.

The facia structure of an aggregate is, of course, in general as complicated as that of the
original polyhedron. But we will see in the examples of the following sections that one can
often find a relaxation
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of the aggregate 4>(Pjp) that is of a well studied type. More precisely, we stipulate that P
is the polytope associated with some combinatorial integer program IP in the image space

of the aggregation, i.e, P = P/p. In this case, one can resort to known inequalities for this

relaxation P to get an approximate description of the aggregate 4>{P) and, via expansion, a
description of a polyhedral relaxation (f>~'(P") of the original polyhedron P, see Fig. 1 for an
illustration. Because of this relation, we call the integer program (IP) a discrete relaxation

of the original integer program (IP)

Figur : Consucng a Combinatoral Reaxation.

The crucia points in this procedure are the choice of the aggregation scheme and the con-
struction of a suitable discrete relaxation. The forthcoming examples use the following simple
observation. Starting with integer polyhedra P = pp and restricting attention to likewise
integer schemes, the resulting aggregates are integer as well (vertices map to vertices). The
identification of </>(Hp) as a subset of some well known polyhedron ' will resort to problem
specific combinatorial arguments.

nce the discrete relaxation IP is found, separation routines for the associated polyhedron
P' carry over to the original polyhedron PIP via expansion. Namely, given some point x to be
tested for membership in , we simply (i) compute (j)(X), (i) solve the separation problem



