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Abs t rac t 

In this article we consider a variant of the classical asymmetric traveling salesman 
problem (ATSP), namely the ATSP in which precedence constraints require that certain 
nodes must precede certain other nodes in any feasible directed tour. This problem occurs 
as a basic model in scheduling and routing and has a wide range of applications varying 
from helicopter routing [25], sequencing in flexible manufacturing [3, 4], to stacker crane 
routing in an automatic storage system [2]. 

We give an integer programming model and summarize known classes of valid ine 
qualities. We describe in detail the implementation of a branch&cut-algorithm and give 
computational results on real-world instances and benchmark problems from TSPLIB. 
The results we achieve indicate that our implementation outperforms other implemen­
tations found in the literature. Real world instances with more than 200 nodes can be 
solved to optimality within a few minutes of CPU-time. 

As a side product we obtain a branch&cutalgorithm for the ATSP. All instances in 
TSPLIB can be solved to otimali ty in a reasonable amount of comutation time. 

Keywords : Asymmetric traveling salesman problem, precedence constraints, branch&cut 

Introduction 

The asymmetric traveling salesman problem with precedence constraints, also called sequential 
ordering problem, can be phrased in graph theoretical terminology as follows. We are given 
a complete directed graph Dn = (V,An) on n nodes, and cost-coefficients Cy € N, Cjj > 0, 
associated with each arc («, j) € An. We assume without loss of generality that a fixed starting 
node for each tour, say node 1, is given. Furthermore, we are given an additional precedence 
digraph P = (V, R) tha t is defined on the same node set V as Dn. An arc (i,j) € R, i,j ^ 1, 
represents a precedence relationship, i e . , i has to precede j in every feasible tour. This will 
also be denoted by i -< j . Obviously, the precedence digraph P must be acyclic, otherwise 
no feasible solution exists. Moreover, it can be assumed to be transitively closed, because if 
i -< j and j -< k we can conclude that i ~<k. 
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A tour that satisfies the given precedence relationships will be called feasible. The problem 
is to find a feasible tour with minimal total cost. In the literature this problem is also known as 
the sequential ordering problem (SOP). Obviously, the SOP reduces to the "pure" asymmetric 
traveling salesman problem ( A S P ) in the case that the precedence digraph P = (V, R) has 
empty arc set R. Thus, the ATSP is a special case of the SOP. As the A S P is an A/T'-hard 
problem the same holds for the SOP. 

There is a great variety of real-world problems that can be modeled as a SOP. They occur, 
e.g., in routing applications where a pick-up has to precede the delivery [26], in the on-line 
routing of a stacker crane in an automatic storage system [2] or in scheduling applications 
where a certain job has to be completed before other jobs can start [4] 

Although the traveling salesman problem is one of the most investigated problems in 
combinatorial optimization, not much attention has been paid to the precedence constrained 
version. The sequential ordering problem (SOP), stated in a slightly different form, seems to 
have been mentioned first by Escudero [9, 10]. The aim of his investigations was to design 
heuristics to be implemented in a production planning system that perform well in practice 
with respect to solution quality guarantee and running time. 

Ascheuer [1] and Ascheuer, Escudero, Grötschel, and Stoer [3, 4] describe a cutting-plane 
approach to obtain lower bounds on the value of the optimal solution. These lower bounds 
were used to check the quality of the solutions constructed by the heuristics developed by 
Escudero. The authors compare three different models and give computational results on 
real-life da ta of IBM that was provided by Escudero. The model that will be presented 
in Section 2 turned out to give satisfactory bounds and to be superior to the other models 
from a computational point of view. Escudero, Guignard, and Malik [11] strengthened the 
model by introducing new classes of valid inequalities and describe a Lagrangean relax-and-
cut approach that for some instances obtained better lower bounds than the ones given by 
Ascheuer et al 

Around the same time a similar model was developed independently by Balas, Pulleyblank, 
and imlin [25, 26] They considered the symmetric case and the aim of their research was to 
design heuristics to schedule helicopters that have to visit offshore oilplatforms in a certain 
order. It was desired to find a route for each daily set of stops that satisfies all the requirements 
(precedence constraints, helicopter capacity) and minimizes the total distance flown. 

For the T S P and ATSP polyhedral approaches (in particular branch&cutalgori thms) are 
known to be the appropriate method to solve problem instances to optimality (see [13, 17] 
among others). For the sequential ordering polytope, i e . , the convex hull of the incidence 
vectors of all feasible solutions, first polyhedral investigations have been carried out. We 
will summarize some of the inequalities presented in Balas, Fischetti, and Pulleyblank [7] 
and Ascheuer [2] in Section 3. Although there exist partial results on the structure of this 
polytope, to the best of our knowledge there is no exact algorithm published that exploits 
these polyhedral results. 

Branch&cut-algorithms simultaneously calculate series of increasing lower and decreasing 
upper bounds. In case that they coincide, the optimality of the feasible solution has been 
proven. Even if this is not the case the bounds allow to give a quality guarantee on the 
best solution, stating that this solution is no more than a certain percentage away from an 
optimal one. This is in contrast to pure heuristic approaches. Moreover, the algorithm may 
be stopped if a prespecified quality is reached. 

In the sequel, we use the following terminology. Given a digraph D (V, A), variables x for 



a l l ( i j ) £ A,F C A and W C V, we set x(F) := £ ( i j)eFxij a n d A(W) := { ( i j ) € A | i,j G 
W } . If j G V, then 5"(j) := {(», j ) G A, t G 7 \ { j } } and <J+(j) := {(j,ft) G A, G V\{j}} 
For U,W V,UnW = ®, we set (17 : W) := {(*, j ) G A | * G C/,j G W}. To simplify 
notation, we write (j : W) instead of ({j} : W). Given a (transitively closed) precedence 
digraph P = (V, R), the set ir(j) of predecessors of j G V and the set a(i) of successors of« 
are defined by 

TT(J) : { i G F | ( i , i ) G i ? } , 
a( t) : {j€V\(i,j)£R} 

If there exists a node i G V \ {1} such that \ir(i)\ + |cr(i)| = n — 2 we know that node i is 
/jserf to a certain position in the tour and thus the problem instance can be split into two 
instances. If this is the case, we say that the instance is decomposable. 

The paper is organized as follows. In Section 2 we present an integer programming model for 
the SOP and introduce the sequential ordering polytope. Section 3 contains a summary of 
known classes of valid inequalities that will be used in the branch&cutalgori thm. Section 4 
describes the implementation details of the branch&cut-algorithm. Section 5 outlines the 
computational experiments. he paper closes with some concluding remarks. 

odeling 

Suppose we are given a complete digraph D = (V, An) and a precedence digraph P = (V, R) 
For each arc (ij) G A we introduce a binary variable G {0,1} with the interpretation 
that 

{ 1, if (i,j) G A is in the tour, 
0, otherwise. 

Immediately some simple reductions can be performed. 

(1) L e m m a . 
Given D = (V,An) and P = (V,R), then 
(i) x\ for all (i,j) G R 
(ii) n for all (i,j) G R 
(iii) ji for all (i,j) G R 
(iv) for all (i, ft) G R such that (i, j) G R and (j, k) G R. 

Proof. Obvious. D 

The variable set (resp. arc set) can be reduced by fixing these variables to 0 (resp. deleting 
the arcs) To state this more formally we let 

i?1 { ( i , j ) , ( * , i ) eAn\(i,j)eR} 
R2= {{j,i)£A\(i,j)<ER}, 

R3 = {(* ft) € A I (ij) e R and (j, ft) G R} 

By setting 

\{R1UR2U R3) 

we end up with the digraph D (V, A) in which we look for a tour of minimum length. We 
only associate variables with the feasible arc set A. In [7] it was proven that this lemma yields 
a complete characterization of all variables that can a priori be fixed to zero. 



he linear 0 1 - m o d e l can be stated as follows (see [4]) 

(2) L i a r O/1 -Programming Formulat 

min cTx 

s. t. (1) x(5-(i)) V i e F 

(2) x(6+(i)) V i e F 

(3) x(A(W)) <\W\-1 VW CV, 2<\W\ 

(4) x(j : W) -f x(A(W))+X(W : 
••i) < \w\ V (i,j) € R and 

VWCV\{l,ij},W?9 

(5) Xi G{0,1} V ( « j ) e A 

(l)-(3),(5) is the standard formulation for the asymmetric traveling salesman problem. Ine­
qualities (3) are called subtour elimination constraints, the inequality system 4) assures that 
all precedences are satisfied (precedence forcing constraints). 

It is readily checked that every feasible solution of ( l )-(5) is the incidence vector of a 
feasible tour and vice-versa. Although this model yields an integer programming formulation, 
it should be mentioned that inequalities (4) can be strengthened by adding either x(W : j) or 
x(i : W) to the left hand side and that several classes of inequalities are known that strictly 
dominate these strengthened precedence forcing inequalities (see [7]). These inequalities, tha t 
are used in our implementation, will be described in the following section. 

Classes of valid inequalities 

In the following we summarize classes of inequalities that we use in our implementation of the 
branch&cutalgor i thm and that are known to be valid for the sequential ordering polytope 

SOP(n, P) = conv{a; EM. | x is a feasible tour with respect to P } 

The study of the structure of this polytope is closely related to the study of the asymmetric 
traveling salesman polytope P ^ , as SOP(n,P) C P p holds. In the literature several classes 
of valid and facet defining inequalities are known for P p (see [12, 15, 16], among others) 
Obviously, these inequalities are valid for SOP(n, P ) as well. In case that precedences between 
the nodes in V are involved, they can be strengthened in several ways. The polyhedral study 
of the sequential ordering polytope turned out to be complicated [2, 7]. So far, no general 
formula for the dimension of SOP(n, P) has been proven. Therefore, the classes of inequalities 
have only been proven to be valid for SOP(n, P ) . Whether and under which conditions they 
are facet defining still remains open. 

he classes of inequalities that we use include: 

Pure" ASP- inequa l i t i e s ( ^ i n e q u a l i t i e s , SD-inequalities) 

strengthened versions of ASP- inequa l i t i e s (2-matching inequalities, T i n e q u a l i t i e s , n-
inequalities, etc.) 

classes of inequalities introduced for the SOP. 



3.1 £>k-inequalities 

The Dft-inequalities, introduced by Grötchel and Padberg [15, 16], are obtained by sequen­
tially lifting the cycle inequality Ylu j)eC xij < & — 1 for the cycle C = {{11,12), • • •, (*fc,«i)} 
Depending on the order in which the variables are lifted one obtains different classes of ine­
qualities, two of them called inequalities 

/ iji+i + x h + ^ 2 2— iji — "" ~~ -*-' 
j j=4 

and inequalities 

/ ii+i + xkh + ^ 2 ih + 2 ii S ^ — 1 4) 

Zjt-inequalities have been proven to be facet-defining for P by Fischetti [12]. Strengthenings 
of the /^inequalities for the precedence constrained SP are known for small k, e.g. 
k = (see [2]). 

3.2 SD-inequalit ies 

SD-inequalities have been introduced by Balas and Fischetti [6] and can be described as 
follows. Given a handle H C V, disjoint teeths Ti, ,Tt, t odd, such that |Tj n H\ = 1 and 
\Ti\H\ = 1, and (possibly empty) disjoint node sets S and D, {SUD) C V\{H\jTU.UT) 
such that 1 + \ \ = t is odd, the SD-inequalities have the form 

x{UHDijH} {AT)) < \ \ + + 1 1 + * ~ * 

SD-inequalities may be seen as a generalization of 2-matching inequalities to which a source-
and destination node set is attached. 

3.3 Predecessor / Successor inequalities 

Balas, Fischetti, and Pulleyblank [7] introduced classes of inequalities that can be seen as 
strengthenings of the subtour elimination inequality (written in the cut form) 

{8{W)) > 1 for all W 

Let {1} , then the predecessor inequalityinequality 

\ T T { \ T T { ) ) 

and the successor inequalityinequality 

( \ a { \ a { ) ) > l (7) 

are valid with respect to SOP{n, P) [7]. For given j , k € V \ {1} such that ir{j) / 0, a{k) 7̂  0 
and any V such that k,j £ , the inequalities 

x(\ir(j):\ir(j)) (8 

x(\a(k):\a(k)) 

file:///Ti/H/


are called weak it- and weak er-inequality. 
Furthermore, let X, Y C V \ {1}, such that i for all pairs i € X,j € Y, 

{1} ir(X) U a{Y) hen for all V, such that I 5 , 7 

x { H W ) > (10) 

is called a predecessorsuccessor inequality or (V, a)-inequality and is valid with respect to 
SOP(n, P). For X = {i} and y = {; with i ~ j and W = {1} ir(i) U cr(j) 

^ : ) S ^ (H) 

is called a weafe (7r, a)inequality. 
Balas, Fischetti and Pulleyblank proved that the TT- and cr-inequalities are facet defining 

under certain conditions (see [7]) 

3 .4 P r e c e d e n c e c y c l e b r e a k i n g i n e q u a l i t i e s 

Let Si,Sm V \ {l},m 2, be disjoint node sets such that cr(Si) fl «S 0 with 
hen the precedence cycle breaking inequality (or pcb-inequality) 

Yx(A(Si))<J\-m (12 

is valid for 5 0 P ( n , P) [7]. 
he precedence cycle breaking inequality in its simplest form (m 2 and | | = 1) is 

( A ( ) ) < | | - 2 (13 

and is as well a strengthened version of a subtour elimination inequality, in which the right 
hand side is reduced by one. his inequality will be called a simple pcbinequality. 

Let S i , S2, S3 C V \ {1} be disjoint node sets, with (J(Si) H S2 / 0 and a() f / 0. 
he following inequalities are valid with respect to SOP(n,P) [7]: 

^ X ^ ^ + ^ S s i S x ) S 2 | + | i | - 2 , (14) 

^ a : ( ^ ( ) ) + a : ( S 3 ) 5 i | + | | + | | - 3 (15 

Roughly speaking, inequalities (14) and (15) may be interpreted as being obtained from the 
trivial inequalities Xij < 0 for all infeasible arcs (i,j) G An (characterized by Lemma 1) by a 
clique-lifting procedure akin to that described in [6], in which each node v^ is replaced by a 
clique of indistinguishable "clones". 

3 .5 t r e n g t h e n e d T ^ - i n e q u a l i t i e s 

Let W V, 2 < \W\ = k n - 2, w £ W, p, q € V W. he inequalities 

x(A(W)) + 



have been introduced by Grötschel and Padberg and have been proven to be facet defining 
for Pj for most k and n (see, e.g., [15, 16]). 

Like the subtour elimination inequalities, these inequalities can be strengthened as prece­
dences get involved. As they are more "complicated" than the subtour elimination inequal 
ities, the resulting strengthened versions do not have such a nice form as the 7r-inequalities, 
etc. All strengthened inequalities we consider have been introduced by Ascheuer [2]. In 
the sequel let 

x(A(T)) : {A(W)) Xp Xpg + Xwq 

denote the sum of the left hand side of the T i n e q u a l i t y . Furthermore, let W \ {w} 
hen the inequalities 

x(A{T))+x{Wa{W):W)+x{W\a{W):na{W)) (16 

x{A(T))+x{W Wnir(W))+x{Wir{W) :W\ir{W)) (17) 

are valid with respect to SOP(n,P). Further valid inequalities are known for the case that 
special structures in the precedences occur: Let i k G 0 W U {p, q hen the following 
inequalities are valid for SOP(n,P): 

(A(T)) - l , if i - j - k, (1 

{A(T)) + x W) + X - l , if i - q -w, (19 

(A(T)) + x( : q) + - l , if w -< p - 20) 

3 .6 t r e n g t h e n e d 2 - m a t c h i n g i n e q u a l i t i e s 

2-matching inequalities are widely used in implementations of branch&cutalgori thms for the 
TSP, because exact as well as efficient heuristic separation procedures exist. As the 2-matching 
inequalities are valid for SOP(n,P), the separation routines can be applied to our problem 
as well. As done for the T^inequalities the 2-matching inequalities can be strengthened in 
case that precedences get involved. 

Let H,Ti7T2, T V, A; > 1 be vertex sets satisfying 

HC\Ti\ = l for i = 1, . , & , 
T ; \ # | = 1 for i = l , , f c , 
i j = 0 for 1 % < j < k, 

k > 3 and odd or k = 1 and H\ > 4 

he 2-matching inequality is given by 

(A(H)) + Yx(A(T))<\\ + ^-± 

To simplify notation further, let T = {J*= UT. Let {S} : n T \ H, 
and x(2M) : x(A(H)) + £*=i x(A(T$). 

he following inequalities are valid with respect to SOP(n,P) (see [2]): 

x(2M)^(a(U):Si) + J ^ i i r ( t i ) ) ^ - 21) 



2M) Jx((HT)na(s):tJ--(H\T)nir(s)) — - 22 

x(2M) J ( H : t a ( T ) ) ^ 23 

2M) X x ( a 7 r ( T ) : i ^ 24) 

2M) + ^ a ; ( n 7 r ( T ) : ^ ^—^ 25 

2M) £ i ^ ^ ) ) ^—± 26 

f there ex i t m ^ - ples (,V,W, i = l , , m , such that 

{ u , u } GHT, 
\T, 

Ui V for i = 1,..., m, 
f i / f j for i j = l , , m , i / j , 

= i for i = 1 , , m — 1, 

then the inequality 

is valid with respect to SOP(n,P) [2]. 
Inequalities (21)-(26) are strengthenings of the standard 2-matching inequality in the sense 

that additional variables are added on the left hand side. For inequality (27) it is possible to 
reduce the right hand side by 1, if a certain structure in the precedences is present. 

The Banch&ut-Agorithm 

One of the main features of branch&cutalgorithms is that they simultaneously calculate 
upper and lower bounds on the value of the optimal solution. The upper bounds are provided 
by heuristic algorithms, whereas lower bound calculations are done by means of a cutting 
plane algorithm In case that upper and lower bounds coincide, the optimality of the feasible 
solution has been proven. In this section we describe in detail the procedures to calculate 
these bounds. 

For an efficient implementation several other details besides upper and lower bound calcu­
lations have to be clarified. Since the initial version of our computer code was implemented a 
few years ago and continuously updated and refined since then, our implementation is based 



on the branch&cut software framework that is the predecessor of the ABACUS system [19, 20]. 
The same framework was used in the branch&cut-code for the SP that is described in [18] 
It consists of a library of Cfunctions that has in the meantime been replaced by the object 
oriented C++-based ABACUS system he article [18] contains a detailed description of the 
general branch&cutframework. Here we concentrate only on those parts that differ from the 
description given there and that we consider important . 

4 .1 U p p o u n d c a l c u l a t i o n s 

We calculate feasible solutions at two points of the algorithm: in the initialization phase 
and after each solution of a linear program (LP). It turns out that for some instances it is 
very hard to find good solutions using the initial heuristics. Especially for these instances 
it is necessary to improve the solution by exploiting the information on the structure of an 
optimal solution that is contained in the LP-solution. The computational experiments show 
that very seldomly an optimal solution is found by the initial heuristics. 

n i a l feasible solu 

We implemented a number of modified versions of known heuristics for the TSP. Among them 
are several construction heuristics (savings, greedy, nearest neighbor, farthest insertion, best 
insertion, etc.) and additional improvement heuristics (2-no de-exchange, 2-Opt, 3-Opt, etc.). 
We performed an extensive computational comparison of the heuristics and our experience 
was that none of the heuristics performed well on every instance. For any combination of 
construction and improvement heuristic we found several problem instances on which they 
yield rather poor results [5]. Better feasible solutions are obtained by the LP-exploitation 
heuristic. 

Therefore, we decided not to spend much time in constructing an initial feasible solution 
and we just run a nearest feasible neighbor heuristic. Roughly speaking we start with a 
partial feasible path T containing only an arc (l,i). Let j be the current last node in T. We 
successively expand T by a node k such that all predecessors of k are already contained in T 
and arc (j,k) has minimal cost among all feasible arcs (j,l). We start this construction with 
each feasible arc (l,i) £ A 

Afterwards, the best sequence is passed to a modified 3-opt heuristic in which infeasible 
changes of the incumbent best solution are rejected. 

e x p l o n h e u r s t i c 

After each solution of an LP we try to exploit the information contained in the optimal LP-
solution, say x, to find a better solution. Very seldomly, x is the incidence vector of a feasible 
tour. But even a fractional solution contains information on the structure of "good" feasible 
solutions, as it contains variables with value 1 or close to 1. 

First, we check if the current LP-solution is the incidence vector of a feasible tour. If this 
is the case, we proceed with a pricing step. 

If not, we apply a "greedy-like" heuristic in which arcs are sorted according to their value 
in the current LP-solution. Arcs corresponding to nonactive variables are added to the list 
with value 0. This list is scanned and arcs are chosen to be part of the sequence if the partial 
paths remain "feasible". Checking if a certain selection is feasible is more complicated than 
for the A S P , because it is not only necessary to avoid subtours, but also to assure that the 




