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Abstract 

Decomposition of the high dimensional conformational space of bio-
molecules into metastable subsets is used for data reduction of long 
molecular trajectories in order to facilitate chemical analysis and to 
improve convergence of simulations within these subsets. 

The metastability is identified by the Perron-Cluster Cluster Analy­
sis of a Markov process that describes the thermodynamic distribution. 
A necessary prerequisite of this analysis is the discretization of the con-
formational space. A combinatorial approach via discretization of each 
degree of freedom will end in the so called ”curse of dimension”. 

In the following paper we analyze Hybrid Monte Carlo simulations 
of small, drug-like biomolecules and focus on the dihedral degrees of 
freedom as indicators of conformational changes. To avoid the ”curse of 
dimension”, the projection of the underlying Markov operator on each 
dihedral is analyzed according to its metastability. In each decompo­
sition step of a recursive procedure, those significant dihedrals, which 
indicate high metastability, are used for further decomposition. The 
procedure is introduced as part of a hierarchical protocol of simula­
tions at different temperatures. The convergence of simulations within 
metastable subsets is used as an ”a posteriori” criterion for a success­
ful identification of metastability. All results are presented with the 
visualization program AmiraMol. 

K e y words . metastability, Perron-Cluster Cluster Analysis, curse of d i ­
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1 Introduction 

A molecule can theoretically adopt an infinite number of spatial states, so 
called conformations. But the probabilities of molecular states are not evenly 
distributed. Due to the Hamiltonian of a molecule, the state space can be 
divided into regions of high metastability, in which a molecule tends to stay 
for a long time, before i t changes into another metastable conformation. 
Conformational analysis aims to identify these regions under the following 
conditions: 

• Conformational space should be divided into a finite number of subsets, 

• that are distinguishable according to physical properties, and 



• cover almost the whole conformational space. 

Cluster analysis [12, 16] of sampling data or exhaustive search of local min­
ima on the energy hypersurface [1] are commonly used for conformational 
analysis. The latter method is generally combined with clustering to build 
conformational families and avoid redundancy. The number of conformers 
depends on the number of energy minima, which is normally very large [9], 
and the similarity measure of the clustering. Conventional methods are un­
able to decide a priori, how many conformational subsets are to be expected. 
Conventional clustering uses the geometry of molecules to distinguish be­
tween different clusters. In this context, a certain number of conformers can 
form a Voronoi coverage of the space. But the borders between Voronoi cells 
of different clusters do not reflect the cluster membership very well, at least, 
if the number of generated conformers is low. 

Metastability has been introduced as a measure for the dynamical prop­
erties of a conformer [4, 3, 6]. The common property of metastable con­
formations are low transition probabilities between different conformers. 
Metastable conformations can be identified within equilibrium distributions 
of states, e.g. the canonical distribution Q(q) in position space. In contrast 
to exhaustive search techniques, these conformations are based on statistical 
sampling data and are connected with thermodynamical weights. In con­
trast to conventional clustering, the number of metastable conformations 
can be identified a priori as the number of almost invariant sets C i ⊂ , 
i = 1 , . . . s in the conformational space [6]. 

A necessary prerequisite for the identification of metastability is a spatial 
discretization of into N pairwise disjoint boxes Ai ⊂ , i = 1 , . . . , N. One 
can determine transition probabilities Tij from Ai to Aj by counting tran­
sitions between the states of the equilibrium distribution. If the transitions 
are realized by Hybrid Monte Carlo, the N × N-transition matrix T = (Tij) 
can be interpreted as a discretization of a Markov operator Pτ obtained 
from the Perron-Frobenius operator by momenta averaging with respect to 
the given ensemble [4, 3]. Since we are interested in the equilibrium state, 
the detailed balance condition holds. T is self-adjoint [4], i.e its spectrum 
is real valued and via Perron-Cluster Cluster Analysis (abbreviated PCCA 
according to [5]) of T for a given discretization A1,..., AN of one can find 
the number s of conformations C1, . . . , Cs and s pairwise disjoint index sets 
I(i) ⊂ { 1 , . . . , N} such that C i = U jGI(i) Aj. 

A main advantage of the metastability analysis is used in more efficient 
sampling methods [8]. Since critical slowing down of simulations, either 
Molecular Dynamics or Monte Carlo, is strongly connected with metasta­
bility, the decomposition of conformational space can be used to uncouple 
the sampling into simulations within separate subsets. Combined with a 
hierarchical temperature or potential embedding, the efficiency of the Hy­
brid Monte Carlo simulation is increased, because rare transitions between 
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metastable conformations, which can be identified on a higher temperature 
level, are avoided on lower temperatures. 

The critical point of metastability analysis is the spatial discretization of 
into N pairwise disjoint boxes A i . In former publications we have shown 

[15], that uniform discretization suffers from the ”curse of dimension”. Even 
if one concentrates only on dihedral angles as the indicators of most signif­
icant conformational changes, the division of every angle into for example 
only three intervals leads for N degrees of freedom to 3 N boxes, thus to 
exponentially increasing computational costs. Identification of essential de­
grees of freedom [2, 14] can reduce costs, but is not trivial for multimodal 
distributions. 

Neural networks describe another method, we have applied successfully 
to reduce the dimension of conformational space [17]. The self organizing 
box maps (SOBM) designed for this purpose are able to cover almost the 
complete space according to the underlying distribution [10]. But the reso­
lution of the network is high at the centers of metastability, where most of 
the data trained the network. In transition regions the density of data and 
therefore the resolution of the network is low, which leads to an unprecise 
separation between clusters. 

So far, the introduced algorithms have clarified the following points: 
Discretization of conformational space has to be fine enough to identify 
and separate metastable subsets, but it has to be coarse enough to avoid 
the ”curse of dimension”. Therefore, we first reformulate the identification 
of high metastability into an optimization of autocorrelation to emphasize 
the meaning of resolution of the discretization. The reformulation leads to 
an optimal decomposition of conformational space in terms of membership 
functions instead of sign structure of eigenvectors [19, 6]. The practical im­
plication of this approach is an algorithm which identifies transition regions 
via fine discretization at least for projections of the Markov Chain on specific 
dihedrals and decomposes the whole space via coarse discretization. Finally, 
some numerical results for small molecules are presented. 

2 Methods 
Maximizing the autocorrelation. In the following section we will refor­
mulate the problem of identifying high metastability into the optimization 
of autocorrelation. 

We will first look at the simplest case where we have the given Markov 
operator P τ and search for a decomposition of into metastable sets C, Cc ⊂ 

. 
Metastability is defined as the probability M(C) that a trajectory start-
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ing in C ends up in C after time τ [4, 3]: 

M(C) = EI[ EI[1 ] M , (1) 

where 
EI[v] := / v(q) Q(q) dq =< 1n, v >Q . 

n 
In equation (5) we will show a relation between autocorrelation δ(1 c) for 
the characteristic function 1c and the sum M(C) + M(Cc). 

For the propagator P r we define the autocorrelation value δ(v) 

( ) EI[(v -E[v])2] ) 

where v ∈ X and X is the set of membership functions v : [0,1] with 
EI[(v - EI [v])2] > 0. In particular v ∈ X is a non-constant membership 
function, cf. [19]. 

To illustrate the relation between autocorrelation and metastability take 
a characteristic function 1 c . For the function values of 1c the Markov chain 
defined by the HMC method jumps inside and between C and Cc and thus 
is a sequence of 0 and 1. The more this sequence is autocorrelated the more 
metastability M(C) + M(Cc) we expect for the sets C and Cc. 

Further we will proof that the second largest eigenvalue λ2 of the prop­
agator PT, if 1 = λi > λ2 are simple eigenvalues and lie inside the discrete 
spectrum of PT, is the maximal autocorrelation value λ2 = δ . 

Proof: Since PT is self-adjoint and PT1n = 1n, we have 

EI[v]=E[PTv]. (3) 

δ(v) for v ∈ X can be transformed with (2) and (3) into 

EI[vPTv] - (E[v]) 
() EI[v2] - (EI[v])2 () 

Define the set X ⊂ X of all possible characteristic functions 1c :  
{0,1} with 0 < EI[1c] < 1 . 

Since 1% = 1c we get from (4) and (1): 

M(C) = δ(1c)(1 - E[1c]) + E[1c], 

and with E[1c] = 1 - E[1c°] and δ(1c) = δ(1c°), because autocorrelation 
δ is invariant with respect to scaling and translation, we get 

M(C) + M(Cc) = 1 + δ(1c). (5) 
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Thus maximizing metastability is equivalent to maximizing δ. 
Let δ be the maximal value of δ for all v∈X. Since again autocorrela­

tion δ is invariant with respect to scaling and translation, maximization can 
be transformed into the space of functions u with expectation value E[u] = 0 
and normalization E[u2] = 1: 

δ = max E[uPτu]= max <u,Pτu>Q. (6) 
EI[u]=0,E[u2]=1 <1 ,u>Q=0,<u,u>Q=1 

For the self-adjoint operator Pτ this optimization problem is the Rayleigh-
Ritz term for the 2nd largest eigenvalue λ2 of Pτ. E[u] = 0 means that u 
and 1 are orthogonal, whereas 1 is the eigenfunction corresponding to 
the largest, simple eigenvalue λ1 = 1 of Pτ (see [4]). And we see that the 
second eigenvalue of Pτ is the maximal possible autocorrelation, λ2 = δ . 
D 

Equation (6) has shown, that the second eigenfunction of Pτ maximizes 
the autocorrelation. Since autocorrelation is invariant with respect to scaling 
and translation, an optimal membership function v ∈ X can be generated 
by these transformations on the second eigenfunction u of Pτ. In other 
words: v can be expressed by a linear combination of the Perron 
eigenfunctions 11 n and u. We use this idea for the identification of the 
almost invariant sets in the next section. 

In our algorithm the transition matrix T is a discretization of the prop­
agator Pτ and the eigenvectors of T are piecewise constant discretizations 
of the eigenfunctions of Pτ. Therefore, the optimal membership function v 
is approximated with a piecewise constant function v like in Fig. 1. The 
autocorrelation value of v is lower than δ(v) and hence the Perron-Cluster 
of T, which should be near 1, moves away from 1. Mainly in the transition 
region the difference between v and v is significant. The transition regions 
of realistic molecules have a non-negligible statistical weight. To get a good 
approximation of v and therefore a high autocorrelation value we need a fine 
discretization of . 

Decomposition of with Inner Simplex Algorithm. The idea of 
the last section can be generalized to s metastable conformations, and a 
discretization of into n boxes. The system of membership functions 
{v1,...,vs} ⊂ Rn can be expressed as linear combinations of the eigen­
vectors 1 , u2,...,us∈Rn corresponding to the Perron-Cluster of T. 

Let 
U:=(1 u2 ...us), V:=(v1...vs) 

denote the n × s-matrix of eigenvectors and the n × s-matrix of membership 
functions respectively. Then we have to find an invertible s × s-matrix A 
such that V = UA. 
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Figure 1: Transition region between metastable conformations: 
Characteristic 1 C versus membership function v and discretization vofv. 

There are many possible linear transformations, but only some are lead­
ing to so called indecomposable cluster solutions. If we assume, that there 
is only one unique indecomposable cluster solution, then we can apply the 
inner simplex algorithm to identify this matrix A (cf. [19]). 

The rows of U define a set Y of n points yi ∈ R s , i = 1 , . . . , n. By the 
following algorithm we determine s points out of Y, which are the rows of 
A-1. This will give us A 

1. Find two points y1,y2∈Y having maximum Euclidean distance with 
regard to every pair of points in Y. 

2. For k = 3 , . . . , s find a point yk ∈ Y maximizing the Euclidean distance 
between point yk and the hyperplane defined by y1+span{(y2-y1), ..., 
(yk-1-y1)}. 

The s rows of A-1 span an inner simplex of Y. After transformation 
V = UA one obtains the desired membership functions. 

Going back from V to characteristic functions, we assign each discretiza­
tion box Ai ⊂ , i = 1 , . . . , n to the cluster k∈{1,...,s} where it attains 
the maximum value with regard to the computed membership functions: 

Vik= max V. 
j=1,...,s i j 

Successive Perron-Cluster Cluster Analysis of dihedrals. The PCCA 
of T is improved, if a fine discretization of conformational space is used. But 
to make T computable, we are restricted to a coarse discretization. The fol­
lowing algorithm is an approach to solve this paradoxon. 

1. For every dihedral: 
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• Project the conformational space represented by all samples of a 
Hybrid Monte Carlo simulation on the dihedral, 

• take a fine, uniform discretization, 
• construct the transition matrix T and 
• calculate second eigenvalue. 

2. select dihedral with highest autocorrelation δ > δmin 

• apply PCCA to partition the projection of the selected dihedral 
• use the resulting partitioning to decompose the space into metastable 

subsets. 

3. repeat 1 and 2 for all subsets which contain a reasonable number of 
transitions and a dihedral with autocorrelation δ > δmin. 

4. apply PCCA to the coarse decomposition of the conformational space. 

The algorithm generates a hierarchy of decompositions (Fig. 2), which are 
generated by othogonal cuts on dihedrals. 

It is worth to mention, that the dihedrals are not necessarily the cause 
of metastability. But significant conformational change effects a change in 
one or more dihedrals. 

Hierarchical protocol for temperature embedding. The decompo­
sition of conformational space can be used to start independent HMC sim­
ulations within the generated subsets of high metastability. These simu­
lations should not suffer from the critical slowing down, if all metastable 
conformations have been identified. Therefore, convergence of resimulation 
serves as an ”a posteriori criterion” for the quality of metastability analysis. 
Moreover, resimulation is combined with a hierachical embedding proto­
col introduced in previous publications [8]. Starting the simulation at high 
temperature facilitates the crossing of energy barriers and improves conver­
gence. After analysis of metastability, resimulation is started as a ”bridge 
sampling” between the initial high and a new, lower temperature. The pa­
rameters for bridge sampling are automatically generated by the previous 
simulation [7]. ”Bridge sampling” can still overcome barriers at high temper­
ature but delivers also information for the distribution at low temperature. 
In the present paper we perform initial simulations at 1500K and bridge sam­
pling between 1500K 1000K, 1000K 600K and 600K 300K. All results 
can be used within a reweighting scheme to produce the thermodynamically 
correct distribution at the lowest temperature [8]. 
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Figure 2: Algori thmic scheme for successive PCCA of dihedrals: 
Four metastable regions are drawn as ellipses in a 2-dimensional dihedral 
space. Thin lines show the fine discretization of the dihedral, which indi­
cates highest metastability according to the second eigenvalue of the corre­
sponding transition matrix. Figures a. to d. illustrate the alternation of 
fine discretization followed by coarse decomposition. 

3 Numerical Results 

Parameter for simulation and analysis. We have performed HMC-
Simulations for small biomolecules. Results are presented for the uncharged 
form of the amino acid glycine and the tripeptide ala-gly-gly with charged 
termini. The molecules were parameterized by the MMFF force field [13]. 
The propagation of dynamics within the HMC simulation was performed 
with a timestep of 1.4 femtoseconds. The length of the MD trajectory was 
chosen randomly between 40 to 80 integration steps. 5 independent Markov 
chains were started in every subset of metastable conformations. Conver­
gence of HMC was controlled by the Gellmann and Rubin criterion, which 
evaluates the mixing of the chains [11]. All simulations have generated 
between 20000 and 200000 molecular states to reach convergence. The tem­
peratures of the hierarchical embedding protocol were 1500K, 1000K, 600K 
and 300K. All simulations were performed in vacuum. The discretization 
per dihedral was performed under a resolution of 5.0•, which results in 72 
boxes in the intervall [-180.0•, +180.0•]. A cluster of eigenvalues near 1 is 
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