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Abstract

The paper presents a new affine invariant theory on asymptotic mesh
independence of Newton’s method for discretized nonlinear operator equa-
tions. Compared to earlier attempts, the new approach is both much sim-
pler and more intuitive from the algorithmic point of view. The theory
is exemplified at collocation methods for ODE boundary value problems
and at finite element methods for elliptic PDE problems.
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Introduction

The term ‘mesh independence’ characterizes the observation that finite dimen-
sional Newton methods, when applied to a nonlinear PDE on successively finer
discretizations with comparable initial guesses, show roughly the same conver-
gence behavior on all sufficiently fine discretizations. The ‘mesh independence
principle’ has been stated and even exploited for mesh design in papers by
ArrLcowER and BOHMER [1] and McCorMIcK [14]. Further theoretical inves-
tigations of the phenomenon have been given in the paper [2] by ALLGOWER,
BOHMER, PoTRA, and RHEINBOLDT. Those papers, however, lacked certain
important features in the theoretical characterization that actually prohibited
their application to discretized PDEs. This drawback has been avoided in the
affine invariant theoretical study by DEUFLHARD and POTRA in [9]; from that
analysis, the modified term ‘asymptotic mesh independence’ naturally emerged.
The present paper suggests a different approach, which is also affine invariant,
but much simpler and more natural from the algorithmic point of view.

The paper is organized as follows. In Section 1 we first revisit the theoretical
approaches given up to now to treat mesh independence for operator equations.
In Section 2 we compare discrete versus continuous Newton methods, again in
affine invariant terms; in contrast to the earlier treatment in [9], we only use
terminology that naturally arises from the algorithmic point of view, such as
Newton sequences and approximation errors. The new theory is then exemplified
at collocation methods for ODE boundary value problems and at finite element
methods for elliptic PDEs (Section 3).

1 Preliminary Considerations
Let a nonlinear operator equation be denoted by
F(z)=0,

where I’ : D — Y is defined on a convex domain D C X of a Banach space X
with values in a Banach space Y. Throughout the paper we assume the existence
of a unique solution x* of this operator equation. The corresponding ordinary
Newton method in Banach space may be written as

Fl(aMAzk = —F(*)y, 2" =2+ Azh, k=0,1,..., (1)

assuming, of course, that the derivatives are invertible. In each Newton step,
the linearized operator equation must be solved, which is why this approach is
often also called quasilinearization. For F'; we assume that Theorem 1 from [§]
holds, an affine invariant version of the classical Newton-Mysovskikh theorem,
whose essence we recall here for the purpose of later reference.

Theorem 1.1. Let FF: D — Y be a continuously differentiable mapping with
D C X conver. Let || - || denote the norm in the domain space X. Suppose that
F'(z) is invertible for each x € D. Assume that, for collinear z, y, z € D, the
following affine invariant Lipschitz condition holds:

[£(=) " (" (y) = F' ()0 < wlly — ]| [J]| - (2)



For the initial guess 2° € D assume that
ho = w|| Az’ < 2

|A7)
1—ho/2 "
Then the sequence {x*} of ordinary Newton iterates remains in S(z°, p)
and converges to a unique solution z* € S(z°, p). Its convergence speed can be

and that S(2°,p) C D for p=

estimated as
k+1 k k k—1)2
&M — 2P| < Jwlla® =217

In actual computation, we can only solve discretized nonlinear equations of
finite dimension, at best on a sequence of successively finer mesh levels, say

Fj(z;) =0, j=0,1,..., (3)

where I; : D; — Y; denotes a nonlinear mapping defined on a convex domain
D; C X of a finite-dimensional subspace X; C X with values in a finite dimen-
sional space Y;. The corresponding finite dimensional ordinary Newton method
reads
Fj/(x;“)Axf = —Fj(x;?) , x§+1 = x;‘“ + Ax? , k=0,1,....

In each Newton step, a system of linear equations must be solved. This system
can equally well be interpreted either as a discretization of the linearized opera-
tor equation (1) or as a linearization of the discrete nonlinear system (3). Again
we assume that Theorem 1.1 holds, this time for the finite dimensional mapping
F;. Let w; denote the corresponding affine invariant Lipschitz constant. Then
the quadratic convergence of this Newton method is governed by the relation

k1 E—1
o5 = 251l < qwjllaf — a5 1P

Under the assumptions of Theorem 1.1 there exist unique discrete solutions z;
on each level j. Of course, we want to choose appropriate discretization schemes
such that
. * ok
jlirglo r;=a". (4)

From the synopsis of discrete and continuous Newton method, we immediately
see that any comparison of the convergence behavior on different discretization
levels j will direct us toward a comparison of the affine covariant Lipschitz
constants w;. Of particular interest is the connection with the Lipschitz constant
w of the underlying operator equation.

In the earlier papers [1, 2] on mesh independence two assumptions of the
kind

-1
15 () < Bis (s + v0g) = (sl < il

have been made in combination with the uniformity requirements

Obviously, these assumptions lack affine invariance. More important, however,
and as a consequence of the noninvariance, these conditions are phrased in terms
of operator norms, which, in turn, depend on the relation of norms in the domain



and the image space of the mappings I; and I, respectively. FFor typical PDEs
we would obtain

lim 8; — o0,

J—o0
which clearly contradicts the uniformity assumption (5). Consequently, an anal-
ysis in terms of 3; and ~; would not be applicable to this important case.

The situation is different with the affine invariant Lipschitz constants w;:
they only depend on the choice of norms in the domain space. 1t is easy to
verify that

wj < B -
In Section 2 below we will show that the w; remain bounded in the limit j — oo,
as long as w is bounded — even if either 3; or v; blow up. Moreover, even when the
product 3;v; remains bounded, the Lipschitz constant w; may be considerably
lower, i.e.

Wy < 5j’)/j .

A prerequisite for the asymptotic property (4) to hold is that the elements
of the infinite dimensional space X can be well approximated by elements of the
finite dimensional subspaces X;. In general, however, the solution z* has “bet-
ter smoothness properties” than the generic elements of the space X. For this
reason, the earlier papers [2, 9] had restricted their analysis to some smoother
subset W* C X and explicitly assumed that

z* 2k AP b -2t e W, k=0,1,... .
However, such an assumption is hard to confirm in the concrete case. That is
why we will drop it for our analysis to be presented.

Next, we revisit the paper [9] in some necessary detail. In that paper a family

of linear projections
7TjZX—>Xj7 j:O717

had been introduced, assumed to satisfy the stability condition

[[75]

<g<oco, j=0,1,.... (6)

q; — sup
vew+ a0 |||

The projection property 7sz = m; immediately gives rise to the lower bound
As a measure of the approrimation quality that paper had defined

[l = mj]

d; = sup , 7=0,1,.... (8)

zEW* x#£0 ||ZE||

The rather natural idea that a refinement of the discretization improves the
approximation quality had been expressed by the asymptotic assumption

lim 6, =0 . (9)

j—oo
The triangle inequality and (6) had supplied the upper bound



By combination of (7), (9), and (10), asymptotic stability had arisen as

lim ¢; = 1. (11)
j—o0

However, as has been pointed out by BRAEss [5], the above theory has
some weak point. In fact, from (6) we conclude that z = 0 implies 72 = 0.
The reverse, however, will not be true in general. Hence, one must be aware of
pathological elements z # 0 with corresponding approximations m;z = 0. On
a uniform one-dimensional grid, such a pathological element might look just as
z(t) represented graphically in Fig. 1. Insertion of such elements into (8) would
yield

d;>1

on each level j, on which such pathological elements exist. If one were to accept
such an occurrence on «all levels, then this would be in clear contradiction to the
desired asymptotic property (9) and its consequence (11).

xT

Figure 1: Pathological element « # 0 with 7,2 =0 (e: mesh nodes).

In order to close this gap of that theory, one would have to relate the subset
W* and the projections 7; such that the occurrence of pathological elements
would be asymptotically excluded. As an example, assume we have nested sub-
spaces X, e.g. constructed by uniform mesh refinement. Suppose we begin with
a 'sufficiently good’ initial projection my on a ’sufficiently’ fine mesh, which al-
ready captures the main qualitative behavior of the solution z* correctly. Then
'pathological’ elements would no longer be expected to occur on finer meshes in
actual computation. Thus, upon carefully choosing appropriate subsets of W*,
the theory from [9] could, in principle, be repaired. However, the technicalities
of such a theory tend to obscure the underlying simple idea.

For this reason, we here abandon that approach and turn to a different one,
which seems to us both simpler and more intuitive from the algorithmic point
of view: we will avoid the (anyway computationally unavailable) projections
7m; and define the approximation quality d; differently, just exploiting usual
approximation results for discretization schemes.

2 Discrete versus Continuous Newton Sequences

In this section, we study the comparative behavior of discrete versus continuous
Newton sequences. If not explicitly stated otherwise, the notation is taken from
the previous section.



We will consider the phenomenon of mesh independence of Newton’s method
in two steps. First, we will show that the discrete Newton sequence tracks the
continuous Newton sequence closely, with a maximal distance bounded in terms
of the mesh size; both of the Newton sequences behave nearly identically until,
eventually, a small neighborhood of the solution is reached. Second, we prove the
existence of affine invariant Lipschitz constants w; for the discretized problems,
which approach the Lipschitz constant w of the continuous problem in the limit
j — o0; again, the distance can be bounded in terms of the mesh size. Upon
combining these two lines, we finally establish the existence of locally unique
discrete solutions z7 in a vicinity of the continuous solution z*.

To begin with, we prove the following nonlinear perturbation lemma.

Lemma 2.1. Consider two Newton sequences {z*}, {y*} starting at initial
guesses x07y0 and continuing as

Pl = b Agk g = R AR

where Az® Ay® are the corresponding ordinary Newton corrections. Assume the
affine invariant Lipschilz condition (2) is satisfied. Then the following contrac-
tion result holds:

[T =M < w (Sl = o+ Az |2* = " (12)
Proof. Dropping the iteration index k& we start with
4+ Ax —y— Ay
=z —F'(2) 'Fz) =y + F'(y) ' Fly)
@ — F'(x) ' F(e) + F'() ' Ply) = F'(2) ' Fly) —y + F'(y) ' Fly)
(

==y = F(@) " (F(e) = F) + F'@) " (F() = F' (@) F (o) F ()
1

P (Pl -0~ [ Pl =)o) )
P @) (P ) - P(a) A,

Upon using assumption (2), we conclude that

ot -y < [ 10 |/ @8 (P R) = Pttt = yh) @t - gt de
-
+IF @) () = Fat)ag
e A R bt | VA B
which confirms (12). O

With the above auxiliary result, we are now ready to study the relative
behavior of discrete versus continuous Newton sequences.

Theorem 2.2. In addition to the notation as already introduced, let 2° = 20 €
X; denote a given starting value such that the assumptions of Theorem 1.1 hold
for the continuous Newton iteration, including

ho = w||Az’| < 2.



For the discrete mapping Fj and all arguments xj & Dj = S(x°, p + 2/w) B} Xj

define
Fi(x) xj = —Fjx) , Fx) x = —F@x) . (13)

Assume that the discretization is fine enough such that

1
I x,——x<6j<2—w (14)

uniformly for xj G Dj. Then the following cases occur:

I. If ho<1— "1—2w)j, then

1
M —x [<28j<—, k=0,1,....
J w

I If 1—Y'1—2wdj < ho < 1+ *y'l—2wdj, then

Iy —x 1< —(1+ v 1—2w5 <

IO I

In both cases | and Il, the asymptotic  result

1 1
lim sup ||xj —x || < —(1 —-v/1 —2wd;) < 29; <
k—>00

holds.

Proof. In [13, pp. 99, 160], Wanner and Hairer introduced “Lady Winder-
mere’s fan” as a tool to prove discretization error results for evolution problems
based on some linear perturbation lemma. We may copy this idea and exploit
our nonlinear perturbation Lemma 2.1 in the present case. The situation is
represented graphically in Figure 2.

x3,0

~01,0 A

™0,0

Figure 2: “Lady Windermere’s fan” for continuous anddiscrete Newton method.

The discrete Newton sequence starting at the given initial point x° = x°,°
is written as {x*}. The continuous Newton sequence, written as {x¥,°}, starts
at the same initial point x° = x°'° and runs toward the solution point x*. In
between we define further continuous Newton sequences, written as {x,*},k =
i,i +1.., which start at the discrete Newton iterates xi = x"'' and also run



