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1 Introduction

Numerical methods for solving optimal control problems governed by ODEs
fall into two categories, the indirect methods [2, 3, 4, 6, 14, 15, 30] relying
on Pontryagin’s maximum principle, and the direct methods [7, 17, 20, 29, 36]
based on the Karush-Kuhn-Tucker necessary conditions. Direct methods can
be characterized by several features. Among them are

e position of discretization: Discretize-then-optimize approaches use an a
priori parameterization of the control and possibly the state variables to
reduce the optimal control problem to a finite dimensional nonlinear pro-
gram. These large nonlinear programs can then be solved by standard
NLP solvers. Adaptive mesh refinement can be performed after the finite
dimensional optimum has been reached. On the other hand, optimize-
then-discretize approaches formulate the optimization algorithms directly
in the infinite dimensional function space, employing discretization only
for solving linear operator equations. Adaptive mesh refinement is used
to meet the accuracy requirements imposed on the solution of the linear
equations by the optimization algorithm.

Somewhere in between are function space SQP methods where linear-
quadratic programs are discretized.

e type of optimization algorithm: Among the most popular algorithms em-
ployed for solving the optimization problems arising in optimal control
are sequential quadratic programming (SQP) and interior point methods
(IPM). A recent alternative are semismooth Newton methods [5, 33].

Discretize-then-optimize methods are covered by a vast amount of published
literature using almost any available algorithm for solving the finite dimensional
NLPs. Solutions on consecutive mesh refinement levels or in consecutive SQP
steps often exhibit pronounced similarities. These redundancy can be directly
exploited by active set type methods. In contrast, IPMs are considered to
benefit less from this redundancy [19, 39]. Nevertheless, IPMs are reported to
be very efficient for solving optimal control problems — a fact which is not well
explained by straightforward application of finite dimensional IP convergence
theory to the discretized problems. The best currently known convergence rates
of 1 — const /y/n would instead predict a pronounced mesh dependence of the
convergence.

Among the optimize-then-discretize approaches, the SQP methods dominate
the published material [1, 17, 21, 22, 26, 31, 32]. Here, Robinson’s theory of
generalized equations [28] can be used to analyze the function space methods,
which leaves, however, the question of how to solve the infinite dimensional
linear-quadratic programs. This is implicitly addressed by infinite dimensional
interior point methods, which have nevertheless attracted less attention [34, 35,
23].

The present paper presents an infinite dimensional interior point method
directly applied to optimal control problems in function space in Section 2. Ex-
istence and convergence of the central path are analyzed in Section 3. Finally,
linear convergence of a theoretical short-step pathfollowing algorithm with clas-
sical predictor is shown in Section 4. In particular, the rate of convergence does
not depend on the size of any discretization.



Notation. The Lebesgue spaces and Sobolev spaces of functions with values
in R™ are denoted by Ly and (W]")", respectively. S(z,p) is the open ball
around z with radius p.

Some variables and operators are constructed such that they have a natural
block partitioning corresponding to the components v and y of . The individual
blocks are denoted by the corresponding component as a superscript, e.g.

o= [t wien = [

2 Problem Setting

On the time interval Q = [0, 1] we consider the optimal control problem

min.J(z) subject to ¢(z)=0 a.e. (1)
r(z)=0
glz) >0 ae.

with a partitioning of the variable z = (u,y) € X = L% (Q) x (W1 )™ (Q) into
controls and states, a Lagrange type cost functional

1
J(z) = / Flalt), ult)) de

ordinary differential equations with boundary conditions

c<x>[ () } (a)(t) = x(t)) — (1) (2)
r(a) = #(y(1)) (3)

as equality constraints, and pointwise state and control constraints

g(a)(t) = Fu(u(t))} .

9% (y(t))

For the whole paper we will restrict the discussion to the fixed time interval
Q and hence simplify the notation by omitting it from the function spaces.
We assume all the functions f c R x R — R, ¢ : R™ x R™ — R,
7:R"™ — R, g% :R" — R~ and g¥ : R™ — R"" to be twice Lipschitz
continuously differentiable.

For convenience, we give here a theorem on Nemyckii operators in L., the
straightforward proof of which can be found in [37].

Theorem 2.1. If f: R™ — R™ s k times differentiable and its k-th derivative
satisfies the Lipschitz condition

17 (@) = FW ()] <kl =yl (4)

the corresponding Nemyckii operator £ defined by £(u)(t) = f(u(t)) maps L%
into L and is k times Fréchet differentiable. For 1 <p < oo its k-th derivative



can be continuously extended to an operator £ (u) (H?le}zk) — Ly that

inherits boundedness and Lipschitz continuity from () :

£ < swo |0 (%)

E n m
(Hj:l ka)HLp ‘Z‘SHUHL’&)

Hf(k)(qu(Su) —f(k)(u)H < k|5l pn (6)

(e, L)L

If in addition f is k+ 1 times differentiable and its k + 1-st derivative satisfies
the Lipschitz condition
|fE (@) — fE ()] < mle -yl

then £ maps (WL)" into (WL)™ and is k times differentiable. Forp > 1 its k-th
derivative can be continuously extended to an operator £ (u) : (Hle(W;k)”) —
(Wpl)m that inherits boundedness and Lipschitz continuity from ) and f&+1

f(k)uH < sup (k4 DIFE@)| 4 IFE @) (7
s LA Al R R C TG

Hf(k)(u + du) — f(k)(u)H < (k+2)k ||5“||(W1 )

(5, (Wh ™) = (W™

If the derivatives of f : R — R" and g : R™ — R™ commute, then so do the
derivatives of the corresponding Nemyckii operators ' and g’.

With Theorem 2.1 above we conclude that
J L x (WLyw - R,
c L (W;O)"y — L%y and

g Ll x (WL)™ — Li x LY

X
X

are twice Lipschitz-continuously differentiable operators.

The aim of the interior point method discussed here is to approximate Kuhn-
Tucker points z,. These are feasible points characterized by the existence of La-
grange multipliers A, € R™ x (Led)*, A, € R™, and n € (Lod*)* x ((WL)"mw)*,
such that the following conditions are satisfied:

) — () Ao — 7 ()N — 9 (24) =0
zy) =0, r(z)=0
glzs) 20, 120, (ng(z)) =0 (8)

Under certain assumptions (see e.g. [25, 27]) these conditions are necessary
for x, to be a local solution of (1). Thus, Kuhn-Tucker points are promising
candidates for solutions.

Unfortunately, the unwieldy complementarity condition (8) is difficult to
handle numerically. The idea of primal-dual interior point methods is to relax
the complementarity condition by

n-glz)y=p, n=0, glx)>0 9)



and to consider the homotopy i — 0. Alternatively, complementarity functions
Y(a,b;u) : R?2 x R — R can be used to construct Nemyckii operators ¥, such
that

(g(z),mp) =0
is more or less equivalent to the classical interior point relaxation (9).

These relaxations, however, are only well defined if € L, and continuously
differentiable only in case € Lo,. Note that this is only required to hold during
the homotopy for 1 > 0, not at the Kuhn-Tucker point itself. We will prove in
Theorem 3.4 that the homotopy can indeed be performed in the more regular
setting of n € Lad* x Lot < (L5 )* x (WL )™ )* for > 0.

Define the Lagrangian

L(, Ac; Ary ) = (@) = (e, () — s 7(2)) = (0, 9()).

O Lz, Ac; Ar, 1)

F(@, Ao, Ary i 1) = :ﬁ%ﬁ% . (10)

Y(n, g(z); p)
As will be shown in Theorem 3.2 below, F' maps

V xRy = (L% x (WL)™) x (R™ x L) x R™ x (Li* x Loc”) x R. (11)

into
Z = (L x (W)™ *) x (R™ x L) x R™ x (L& x LoJv).

3 The central path

The main object of analytical interest is the central path defined by the homo-
topy (9) in p. First we consider its actual existence in the regular setting given
by (11) before discussing convergence.

Throughout the paper, we will use the Fischer-Burmeister function [18]

bla,byp) =a+b—+/a® + b+ 2 (12)

as an example from a large class of different complementarity functions (see [11,
12, 13, 24]).

3.1 Existence

We begin with establishing some bounds on derivatives of the complementarity
function and their inverses.

Lemma 3.1. The complementarity function VU defined via (12) maps L2, X
L% xR continuously into L7, . Its derivative 0% (g, n; i) is symmetric positive
semidefinite, bounded by

10,91, <2, (13
_ 2 2
@), = max (2 1ol ) (11)

and Lipschitz continuous with a Lipschitz constant of p~ /2. The corresponding
holds for 0,¥ (g, n; ). Furthermore, the derivatives commute.



Proof. The claimed properties of the Nemyckii opterator ¥ are directly inherited
from  due to Theorem 2.1. From (1 4 ¢)~ /2 < max(1 — ¢/4,2/3) for ¢ > 0

we infer
1 1
mln<%7§> 1—max<1 2M273> <1-—
1+ 2
a’+b>+2
< O0gtp(a, by )
S —

N o R
a2+ b2+ 2u

Thus, d,v is uniformly positive definite. Due to Theorem 2.1, the derivative
0, (g, n; 1) of the Nemyckii operator ¥ is bounded by (13) and has an inverse
which is bounded by (14).

As for the Lipschitz continuity, we estimate

72
v a? + b2+ 2 m

__a®
T a2 b2 2u < 1

|024] = 57s < <
a? +b% + 2 /a2+b2+2u o
and
Duyt] — ab |ab] 2

< <
(a? + b2 +2u)32 | = (2]ab] +2p)3/% = 3y/6p’

such that 4" < p~'/2. This Lipschitz constant for 9,4 is inherited by ,¥.
Because of symmetry, the same holds for 4, ¥, which commutes with d,¥. O

Theorem 3.2. The complementarity formulation (10) is a continuously differ-
entiable mapping from VxR, to Z. Moreover, for any bounded set D C 'V there
is a constant ¢(D) such thatl the derivative 0, F' salisfies the Lipschitz condition

10w F (v + 60; ) = By F(v; i)y, < {1+ =) [|60]], (16)
on D.

Proof. The image spaces and differentiability of the second to fourth component
of I have already been established in Section 2 and Lemma 3.1. Only the adjoint
expression

J(z) = (@) A =1 ()" A\ = g'(z)"n
remains to be discussed. We consider the terms separately.
First we write J(z) = (1,f(z)) with f'(z) € L(L}* x (W)™, L) due to
Theorem 2.1 and thus obtain

J'(z) = F(2)1 e (L x (Wi)m)". (17)

With &g denoting the point evaluation of the y component at t = 0 we have

Lo
() = { “ ﬂ € L(Ly x (W)™ — LIv x B™)
0



again by Theorem 2.1, such that
¢ (w) Ao € (Lfe x (Why™)". (18)
Similarly we obtain
P (@) N e (L7 x (WH™)" and  ¢'(z)'ne (L7 x (WH)™) . (19)

Collecting (17)—(19), F(v;u) € Z is verified. Continuous differentiability is
inherited from J, ¢, g, and .

As for the Lipschitz continuity of the derivative, we have to estimate differ-
ences of

ag%L/(v) —c (@) —r'(z)* —g'(x)*
Il (v;p) = :i/(i%
9, (g(x),m; )9 (=) I (g(x),n; p)

for arguments v; and v9. We cover the the blocks separately. First we see that
() — (x9) = & (1) — & (22).

Since z1 and z9 are bounded in terms of D), the derivative of the Nemyckii
operator € inherits the Lipschitz constant x.(D) of ¢’ due to (6) of Theorem 2.1
with p = co. Thus we conclude

e/ (@1) = (@)l x prw mnw < Bl D)1 — 22 x-
Analogously, we obtain
9" (1) = g'(@2)llxpnn < Bg(D)llz1 — 22| x.

Concerning the dual operators ¢'(x)* and ¢'(x)*, we apply Theorem 2.1 with
p=1in (6) and obtain

/(1) = ¢ (@2)* | s vt yroe < ielD) s — allx

and
g/ (@) = g/ (2) oo egqutynye < Fa( D)l = sl

Similar estimates for 7/(z) and r/(z)* are straightforward. As for 82 L(v), we
estimate

|77 (@1) = J"(z2)ll x - pe (wiymvys < Kp(D)]Jz1 — 22l x
¢ (@1)* — C//(xZ)*”XxL:g XR™ — [0 x (W)™ )+ < fie(D)lzy — 2l x
g (21)* = g"(2) |0 oty < (D)l — allx
as before. In view of
C//(ml)*)\cl - C//(xZ)*)\CZ - C//(xl)*()‘cl - )\c2) + (C//(xl)* - C//(ZEZ)*))‘CZ

and the boundedness of ¢’ (z1)* due to (5) of Theorem 2.1, we derive a constant
k(D) for

le” (@)™ Aer = " (@2)" Aeall x e x(wiyrwye < Fe(D)llvr — vallx



Treating »”/(x)* A, and ¢"(z)*n similarly, we obtain the desired estimate
107 Lv1) — &2 L(v2)ll x o pow e wiyrwys < wr(D)lor — vzl x.

Up to now, the Lipschitz constants have been completely independent of .
For the blocks 0,¥(v)g’(z) and 0, ¥(v) we obtain a Lipschitz constant of kg <
const (1 + p~1/?). Combining the Lipschitz constants of the individual blocks
finally verifies (16). O

In order to prove the existence of the central path via an implicit function
theorem, we first have to establish bounds on the inverse of 8, F.

Theorem 3.3. Suppose there are an open bounded set D C V and constants
B >0 and o > 0, such that the following conditions hold uniformly for allv € D
and p > 0.

1. The state equation satisfies the following inf-sup-condition:

T 1
inf  sup € ayr(x)ayc(x) 8u0(x)(5u
EER™ sy eppe 1€ ||5“||L;u

=2 p

(The linearized state equation is conirollable.)

2. A strengthened Legendre-Clebsch type condition holds:
MM, (D)€ = altl?

for all £ € R™ and almost allt € Q. Here,

M () = 95 f (2(1)) = O5e(x() Xe(t) = (3%)" (ult)) 0" (1)
H(G*) ()T 0y p(g" (w(t), 0" (8); 1)~ (5" (ult)), " () 1) (") (1)) -

3. The augmented second derivative of the Lagrangian is positive definite on
the nullspace of the state equation:

(€, (OZL(v)+g'(2)* 0y (g(x), m) 0y W(g(2),m)g"())€) = alléllTnu s cvyays
for all § € ker /().
Then 0, F(v; 1) has an inverse which is bounded by

H&JF(W;M)AHZHV < const (1 + p~3) (20)

uniformly for v e D.

Proof. We show that there is a unique solution of 9, F'(v; p)Av = z with || Av||,, <
const (14 172) ||2|| .

In order to simplify the notation, let C = —c/(x), C, = —0yc(z), Cy =
—0yc(x), and analogously G, G, Gy, R, and R,. Define ¥, = 0,¥(g(x),n),
Y, = 9, ¥(g(z),n), and ¥} = 9pu W (g"(u),n"), ¥y = 0gu ¥ (g*(u),n*), and
analogously WY and WY. Moreover, let M, = 9.L(v) + G5 (V%) '¥4G,, and

7 g
analogously M,. Finally, let M,, = 0,,L(v) and M, = 0y, L(v).



The state derivative C, represents the linearization of the initial value prob-
lem (2) and has a bounded solution for any right hand side. Thus, C, has a
bounded inverse. More precisely, for any p > 1,

CJl DLy — (Wpl)”y is bounded uniformly for v € D. (21)
Therefore we can define the solution operator S = C° 1c,.
In the following, we will refrain from writing the number of components of

the function spaces, which should be clear from context.
In a first step, we reduce the system

8’UF(1}; /,L)(AZE7 A)‘67 A)"N AU)T = [Za7 ZC? Z’r’7 ZP]T ?

to a simple saddle point problem. Elimination of the inequality constraints’
multipliers Ap = W - 1(zp —¥,GAxz) by Lemma 3.1 yields the equivalent system

M, M,, C Au zZy
My, My, C; Ry||Ay| |z

C, Cy A | |z |
R, AN, 2y

where (z¥,24)T = Z, = 2 — G*¥, 'z, Then, Ay = C, 'z, — SAu and A, =
C,* (2 —MyCy 2o — (My, — My S)Au— R} AN, ) can be eliminated, which yields
My + S*MyS — (MyyS + S*My,) —S*Ry| | Au| |2 (22)

-R,S AV I A

Here we set 2% = z¥ — MuyC?jlzc —S*(z¥ — MyC?jlzc) and 3, = z, — Rnglzc.

In the second step, we establish the existence of a bounded solution of (22),
first in Ly™ x R" and then in L2 x R™. Due to Theorem 2.1 and the obser-
vation (21), M., S*M,S, M,,S, and S*M,, can all be continuously extended
to Ly. Then, M, + S*MyS — (MyyS + 5*My,,) : Ly — L3* is positive definite
due to assumption 3. Moreover, F,S satisfies the inf-sup-condition of assump-
tion 1. Therefore, Brezzi’s splitting theorem [10, 8] guarantees the existence of
a solution (Aw, AX,) € Ly* x R™ of (22) with

T

AN, | < const (n||éfj||L2 + n2|:2r|) , (23)

|Au||L, < const (||éfj||L2 + n|z}|) and

where
k=1+[M,+ 5" MyS — (MuyS + 5" Myu)ll oL »

and the constants depend on « and . Using Lemma 3.1 and, again, the ex-
tension of Nemyckii operators to Lo provided by Theorem 2.1, we obtain the
following dependencies on

I Mullzy—ro = 102 Ll 2y 1, + 1G5 (W) T WGl Ly L
< const + |Gl a—sro (V) WU Ly Lo | Gull Lo Lo
< const (1 +[|((¥5) "W, 1)
< const (1 + p 1)



I Myllw—owpye = 105 Lllws —owaye + 1G5 (95) " 08G lwa —owpy
< const + | Gyll - way 1 () O s, Gy llwi 1,
< const (1 + ||(\I/7y7)*1\llg||L2HL2)
< const (1 + p 1) (24)

£ <1+ | Myllp,— 1, +const | Mylws . wpy+ + const
< const (1 + p 1Y)

As for Au and AM\,, we first observe

176122 < llzallze + IGL(¥) ™ 2 Iz, < const (14 u~Hllz]1z,

1% My Gy zlla < 1S lewnye ol My llws vy IG5 2l
< const (1 + i)zl o < const (1 -+ 5 Y)l1z

and hence
1220 L, < const (14 Y]zl - (25)

From this we conclude that

|Aul|r, <const(l+p Y)|z]|lz and |AX,| < const (14 2).

Moreover, |2, < const||z|z is evident from (21). Observing that § : Li* —
(W)™ and S* . (W})"w* — LI due to (21), and additionally R} : R™ —
(W{)™* we infer
(S*MyS — MyyS — S*My,,) : Ly* — Lgy and  S*Ry :R™ — Lix,
such that (22) implies
M Au = 2 — (S*MyS — MyyS — S* My, )Au+ S*R AN, € L2

Using assumption 2, the desired regularity Aw € L7+ is readily established:

|Aul|r,, < const |2y — (S*MyS — MyyS — S* My, )Au+ S*Ry AN L., . (26)

In order to estimate the right hand side of (26), we first note that since y appears
linearly in ¢, M, is a Nemyckii operator. We thus infer

IMyllLoe—iee SNOFLl Lo + NG e 1Y) Y L —r  1GyllLe—e
< const (1 + p 1),

where we used Theorem 2.1 to obtain Gy, € L(Ly, L1), which implies G} €
L(Loo, Lioo). Then we derive upper bounds for the individual terms in (26) as
follows:
1S°M, S = Moy S = S Myallzaor || A,
NS 2oL IMyllLoe s 1512 Locconst (14 o~ Y2l 2
< const (1 -+ 2)ll#ll 7,

10



15* By e — £ [AX | < const (1+ p72) 2]l
and ||2%||z.. < const (14 p~!) analogously to (25). Thus we conclude

|Aullz.. < const (1+u )|zl (27)

In the final step of the proof, we will now trace back the elimination chain
from the beginning. First we get

DAl = Gy * (22 = My Cy 2 = (My — My S)Au— REAN ) 1.
< const [|2Y — MyCy 20 — (Myy — MyS)Au — RE AN, ||y
< const ({128l wiye + 1Myl o2 10y el
+ 1My = MyS||p—ro 1Aul 2,
1B e s qwriy [AN])
< const ([|2 — G4 (W) (2 — W50 ways + (1 + i Dllz] 2
+ (1 DAz, + AN ])
< const ([12l12 + G poe sy I (D) o122 — W42
+ (14 )zl 2)
< const (1 +p )2z . (28)
The state Ay is bounded by
1Ayllwy, < 1€, zellwy, + 1Sl re—wi [ Aulr., < const(1+p?)2llz. (29)
Finally, we obtain for the Lagrange multiplier Ay the estimate

1AMy < 195 e (2l e+ 195G A1)
< const (14 )|z (30)

Collecting equations (23) and (27)—(30) we obtain the claim (20). O

Now we are ready to prove that the central path exists locally, and that it
can be continued up to g = 0 unless it leaves its bounded set of definition.

Corollary 3.4. Suppose the assumptions of Theorem 3.3 are satisfied. If there
are vg € D and py > 0 with F(vg; po) = 0, then there exists a mazimal open
interval I C Ry around pg and a continuously differentiable central path v :
1,, — D with the following properties:

1. v(po) = wvo
2. Flo(p);p) =0 forall pel,
3. Either dist(v(1,),0D) =0 or inf I, = 0 holds.

Proof. Due to Theorems 3.2 and 3.3 there is an open neighborhood of (vg, 1o)
on which F and d,F are continuous and d,F is bijective. The implicit func-
tion theorem (cf. [40, Theorem 4.B]) guarantees the existence of a continuously
differentiable central path v(u) with F(v(p), 1) = 0 on an open interval around
no. A closer inspection of the proof of the implicit function theorem and us-
ing the bounds derived in Theorems 3.2 and 3.3 shows that there is a constant

11
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