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Abstract

The paper extends affine conjugate Newton methods from convex to
nonconvex minimization, with particular emphasis on PDE problems orig-
inating from compressible hyperelasticity. Based on well-known schemes
from finite dimensional nonlinear optimization, three different algorith-
mic variants are worked out in a function space setting, which permits an
adaptive multilevel finite element implementation. These algorithms are
tested on two well-known 3D test problems and a real-life example from
surgical operation planning.
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1 Introduction

It is well known, that the equations of compressible linear elastomechanics may
lead to unphysical results in the case of large deformations. In particular, re-
gions of local self-penetration are quite common in soft tissue predictions relying
on linear elastomechanics. Therefore, realistic models of large stress deforma-
tions will require both geometric and material nonlinearity. However, both
sources of nonlinearity necessarily lead to nonconvex stored energy functions
(see, e.g., CIARLET [2]). Hence, solving the equations of nonlinear elasticity
means minimizing a nonconvex variational functional. In the recently published
monograph [5], adaptive affine conjugate Newton methods for convex optimiza-
tion problems have been elaborated. In the present paper, that paradigm is
extended to the nonconvex case.

In Section 2, we introduce three approaches: a Newton-like method (N-
lin), a Newton-Truncated-CG method (N-TCG), and two versions of a Newton-
Lanczos type method (N-Lanczos A or B). For these approaches, Section 3
presents a common theoretical framework based on some affine conjugate theory,
which, in Section 4, is specified to the three approaches. Finally, in Section 5,
numerical results for two notorious test problems and a complex real-life problem
arising from cranio-maxillofacial surgery are included.
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in Berlin.



2 Three approaches to non-convex optimization
We consider the minimization problem

z = arg min f(§)

with sufficiently smooth but in general nonconvex functional f. A necessary
condition for x to be an isolated local minimizer is

F(z):= f(x)=0 and F'(z) := f"(z) positive definite.

An example of such a problem, to be used in Section 5, is the minimization of
stored energy in finite strain hyperelasticity, where f may be given, e.g., by an
Ogden-type material as

f(u) = atrFE +b(trE)? + ctrE? + dT(det(I + Vu)). (1)

The classical quadratic stored energy function of the St. Venant-Kirchhoff ma-
terial law obtained by setting a = d = 0 is convex. With large strains, however,
it often leads to unphysical solutions with local interpenetration. As worked
out in [2], any hyperelastic material law that prevents local interpenetration is
necessarily associated with a nonconvex stored energy function.

In finite-dimensional nonlinear programming, nonconvex optimization has a
long tradition that has led to a vast amount of available methods [3, 4, 13].
However, the infinite dimensional PDE setting in the focus here immediately
rules out several approaches which are limited to problems of low to medium
size dimension.

In conwexr unconstrained optimization, Newton’s method

F/(xk)éxk = —F(:Ek)7 Ty =2+ Aoz, A>0 (2)

applied to the gradient F(z) = f'(z) of a strictly convex functional f: X — R
can be used to obtain the solution. Due to F'(zy) being positive definite, day
is always a descent direction. Within an adaptive affine conjugate algorithm [5,
6, 7] the step size A for the Newton step is chosen such as to minimize an upper
bound of f on the one-dimensional subspace

60Xy, = span{dzy}.

This basic idea can be extended to the nonconver case as well, when F’(xy)
may be indefinite or even singular. In this case, the Newton direction, even if it
exists, need no longer be a descent direction. In view of (1), however, we have
a natural decomposition

F/(:Ek) =M+ N(:Ek)7
where M = F(0) represents the linear elastomechanics part and
N(zg) = O(llzll) - for [Jz] — 0

comprises the nonlinearity. Hence, M induces a convenient energy norm.
For actual computation, the infinite dimensional problem has to be dis-
cretized. In order to preserve as much of the original problem’s structure as



possible, we aim at adaptive multilevel discretizations on a sequence of grids.
The Newton-type step is then necessarily chosen from the finite dimensional
discretization. In this context, the question of accuracy matching has to be ad-
dressed, that is, how to integrate convergence of the Newton-type method and
mesh refinement consistently.

The above decomposition inspires three Newton-type algorithms, arranged
in increasing order of computational complexity per step. Of course, their rela-
tive overall efficiency will additionally depend on their comparative number of
required iterations.

Newton-like method (N-lin). In this approach we drop the nonlinear con-
tribution N(zy) and simply select the positive definite operator M of linear
elastomechanics to produce a descent direction

Mm: —F(:Ek)7 Tyt :kar)\m (3)

Again, the step length A can be chosen adaptively by minimizing an upper
bound of f on the one-dimensional subspace

5Xy = span{dxy}.

Only the constant stiffness matrix M has to be assembled, which is significantly
sparser than N(zy). A similar approach has been suggested by GLOWINSKI
and LE TALLEC [10, 12] in the context of augmented Lagrangian methods for
incompressible nonlinear elastomechanics. The nonlinearity N(zy) is only re-
quired for few directional derivatives that arise in the adaptive selection of step
sizes. The expected convergence rate will typically be linear.

We explicitly want to point out that M = F(0) has the same affine conjugate
transformation behavior as F'(z).

Newton-Truncated-CG (N-TCG). In this approach we use the exact sec-
ond order information M+ N (z}) and try to cope with its possible indefiniteness
directly. Recall that in convex optimization any PCG method will be a candi-
date of choice within an inexact Newton method; in this case, even arbitrarily
poor Galerkin approximations give rise to functional descent. In nonconvex op-
timization, however, naive application of such an approach will fail as soon as
it encounters a direction p’ of negative curvature at the iterate dz%. The idea
of using a PCG method nevertheless for nonconvex minimization problems and
truncating the iteration in a suitable way dates back to TOINT [16] and STEI-
HAUG [15]. Several PCG variants in the setting of trust-region methods with
empirical adaptation of the trust-region radius are given in CoNN, GOULD, and
ToINT [3, Section 7.5]. Inspired by these suggestions, we will define suitable
iterates by minimizing an upper bound of f on the two-dimensional subspace

5Xy = spanf{dzt p'}.

A particularly appealing feature of this approach is that in regions where the
functional is convex, the method reduces to the damped Newton method men-
tioned in (2) and analyzed in [7].



Newton-Lanczos (N-Lanczos). When directions of negative curvature are
encountered early on in the PCG iteration, the Newton-Truncated-CG method
essentially reduces to a kind of steepest descent method. Since evaluating the
nonlinear stiffness matrix F’(z) is quite expensive, it might be advantageous to
exploit r-dimensional Krylov subspaces

06Xy =span{F'(z"VF(z*):5=0,...,r -1} (4)

for minimization. GOULD et al. [11] study the Lanczos process for solving non-
convex trust-region subproblems. Their numerical experiments, however, do not
indicate a clear performance gain compared to a truncated CG algorithm on a
subset of the CUTE test set [1].

In the following Section 3 we will present a unified theoretical framework, which
will be specified to the above three approaches in Section 4.

3 Affine conjugate adaptive Newton-type
algorithms: a unified derivation

In finite dimensional unconstrained nonconvex optimization, adaptive trust re-
gion techniques based on constrained quadratic models of the functional f are
well established — see [3, 4, 13]. In the present paper, we will construct adap-
tive Newton-type algorithms based on a cubic upper bound of the functional f,
which arises naturally from affine conjugate theory. In order to follow this line,
we perform the four steps given in the recent monograph [5]:

1. derivation of a cubic upper bound for the functional f,

2. construction of a theoretically optimal minimizer within the search sub-
space 6.X,

3. identification of computational estimates [w] for affine conjugate Lipschitz
constants w, and

4. proof of a bit counting lemma.

For good reasons, the notation to be chosen here will differ slightly from the
one in [5]. Throughout the paper, we set the following basic assumptions.

Assumptions 3.1. Let D be an open subset of some Hilbert space X and M
L(X, X*) a symmetric positive definite operator that induces the energy norms
||x||?w = {z, Mz) on X and ||y||?w,1 = (y, M~'y) on X*. Here, (-,-) denotes
the dual pairing between X and its dual X*. Assume that f : D — R is a twice
continuously Fréchet-differentiable functional with gradient F'(z) = f/(z) and
bounded second derivative F'(z) = f”(z) that satisfies the Lipschitz condition

I (& + 62) = F' (@) yyr < wlldz]l3, (5)

for some constant w < oo and for all z, dz such that the convex hull co{z, z+dx}
of z and = + dx is contained in D. Moreover, let x5 € D be given and suppose
that the level set L(xo) = {x € D : f(x) < f(xg)} is closed and bounded.

Lemma 3.2. At each z € D, an upper bound on f is given by

Fl b 6w) < f(o) 4 (F(),0) 50w, F'()sa) + 2 Joelly . (6)



Proof. In view of the Lipschitz condition (5) we derive an upper bound for
functional values by Taylor expansion around z as

flz+dz) = (=) + (F(z), 6z) + <5$ F'(@)ox)

/ / téz, (F'(x + stoz) — F'(z))dx) ds dt

The last term can then be estimated as
1,1
/ / {t6x,(F'(x + stéx) — ' (x))ox) ds dt
o Jo

1 1
:/ / LMY 252, M~Y2(F' (2 + stox) — F'(x))0x) ds dt

1 opl
< / / t|0z|| pf I(F'(z + stox) — F'(z))oz|| -1 dsdt
0 Jo

w 3
< 2ol

which confirms (6). O

On the basis of this lemma, we now study Newton-type algorithms in a
unified framework. Starting at some initial iterate zo € D, we successively
minimize the upper bound (6) of f around the current iterate z; over some low
dimensional subspace § Xy, thus defining

- 1 ’ w 3
dxy = argézrgzl&k ((F(xk)7(5x> + 5 (F'(xg)dz, 0x) + - ||(5x||M> (7)

Due to the symmetry of the second and third right hand terms w.r.t. dx; <
—dxy, we conclude that dzy is a descent direction, which means that

(F(zy), dxy) <O0. (8)

The three Newton-type methods considered in Section 2 above differ only in the
choice of the search subspace 6 X.

Functional descent. Given a space 6 X of search directions éz, we first derive
general local descent results by means of the above upper bound for f.

Lemma 3.3. For simplicity, we drop the iteration index k. Let X C X be the
low dimensional search subspace and let éxz € 60X be the minimizer as defined
by condition (7). Assume that co{z,z + dx} C D. Then the functional value
reduces as

fla+dx) < flz)+ % (F(x),dx) + % (F'(x)dx,0x) < f(x),
and its derivative satisfies

(F(x),0x) + {F'(x)6z, 6x) < = (F'(x + dx),z) <O. (9)

N =



Proof. First we notice that for dx = 0 the claims are trivially satisfied. Now
assume 0z # 0. From (7) we obtain the directional derivative

0— <% ((F(x) 5z + %(F/(xm 5z) + %nm@) 7(5x>

- <F(x) + F(2)0x + %||(5x||MM<5$7 (5x>
— (F(z) + F'(x)0, 6x) + gnagg@
and hence, "
§||5wll?w = —((F(x), 0x) + (F'(x)dz, 0z)). (10)

Note that (10) is an implicit equation for w, since éz depends on w via (7).
Inserting (10) into the upper bound (6) yields

flz+ox) < flz) + (F(x), dz) + %(F/(x)m 5x)
— (P, 02) 1 (P (), 02)
— )+ ;(F(xL 5z) + %(F/(x)5x7 5a).
With both (8) and (F(x), dz) + (F'(x)dz,6z) < 0 from (10), we obtain the

reduction property

fl@)+ %(F(gﬂ)7 ox) + %(F/(x)(5957 ox)
= F@) 1 S (F@),62) + 5 (F(a),62) + (P ()5, 02)) < f(o).

As for the derivative estimate, we start from

F(z + 6x) = F(z) + F'(z)0z + /Ol(F/(x +toz) — F'(x))0x dx
and therefore obtain by (10)
(Pt 62) = F(a) = ' (@)50,60)| < Sl|3allyy = —((F(a),62) + (' ()62, 82),
which is (9). O
Computational estimates. We now substitute the unavailable Lipschitz

constant w in actual computation by two different easily computable estimates
[w], a third order value [ws3] < w, and a second order value |ws] < w, defined as

[wa] := 52, flz+dz) — fz) — (F(z),6z) — %(F/(x)&ﬂﬁﬂ (11)
Ll ar

[wo] := ﬁ“F(eréx) — F(z) — F'(x)dx, oz)| (12)
Ll ar

These estimates [w] may possibly be too small. In order to control their relative
accuracy, the following bit counting lemma is helpful.



Lemma 3.4. Let X C X be the low dimensional search subspace. Assume
that for some descent direction dxz € 6X the following condition holds:

(F(x),0z) + %(F/(xm o) + [iG] |62||5, = min . (13)

For o < % and 0 < w — [w] < ow], the following reductions of the functional

and its derivative are obtained:

1—-2¢
12

Jlo b dw) < flo) (PG, 0) — 22 oallly < f@) (14)

and
240
2

Proof. Inserting w < (1 4 o)[w] into (6), we arrive at
1

[w] 5] < (Flo -+ 62), o) < Tl 53,

1+o

oozl (1)

St 62) < fl2) + (F(a), 02) + 5 (F(«)5e,62)

2
Upon differentiating (13) in the direction dz, we have
_ ’ |w] 3
0= (F(a),00) + (F'(2)iw, o0) + 2 o, (16)
Insertion into (15) above yields

1 w
o+ ) < F(@) 4 5P, o) — D ol +
which is just the left hand inequality of statement (14). The right hand inequal-
ity is evident from (8). Again with (16) the derivative reduction then reads

as

1+0’ 3
= ] el

(F(x -+ 82) = Flx) = F'(x)d2, o2)| < S |6z,

(1+0)[w]
2
which completes the proof. O

< 623 = —(1 + o) ({F(x), 6z) + (F'(x)dx, 6z)),

Recall from [5] that with such a bit counting lemma, the precise form of a
monotonicity test is now prescribed.

Adaptive trust region strategy. In view of (14) we require a sufficient
accuracy of the estimate [w] and request a functional decrease corresponding to
o < é A step 0x is accepted, if

o+ o2) < fl2) + %<F(x)7 ox) — % 92113, (a7)

holds. For small §x, e.g. close to the solution, both this acceptance test and the
computation of [ws] according to (11) become numerically unstable, which has
to be monitored carefully. In this case, the following substitute is to be used
together with [ws] as defined by (12):

[ws]

(Pl + 62),00) < ©2 o, (18)



Lemma 3.5. Whenever the monotonicity tests (17) or (18), respectively, fail,
the new Lipschitz estimate [w]yew computed by (11) or (12), respectively, satis-
fies

4

[w]new > g[w]old~

Proof. We start with the third order estimate. From (16) we obtain

[walnew = Lg ‘f(x +dz) — flz) — (F(x),dz) — 1<F/($)5x7 52)
lowl, 2
6 (1 lws] .
el (50 0) = Kol ety = (o), ) = 50800, )
o 6 [w ] [w]
 loall, (‘3—2 loalas+ = ||<sx||i4)
4
= g[ws].

As for the second order estimate, again (16) yields

2

orhen = o e+ 82),32) = (P (), 6) = (F' ()0, 32

Zllpg

_ ﬁ ‘<F(x + 0z), 0x) + % 1623,
Ll

- 2“3 <[i6] loz|%, + % ||5x||‘?w>
Ll

1
— g[wg].

O

Whenever the monotonicity tests (17) or (18), respectively, fail, the updated
estimate [w] is increased according to Lemma 3.5, until at last w < (1 + o)[w]
holds. At this point, Lemma 3.4 guarantees that the coresponding step dzy
passes the monotonicity test. The consequence is that after finitely many itera-
tions of this scheme a functional reduction is obtained. Following the notation
used for one-dimensional search subspaces 6 X, we refer to this iteration as
stepsize reduction loop. In practice, we have rarely rarely observed more than
one reduction. In passing we note that we also deliberately use a heuristic in-
crease of the computational estimate [w], whenever the computed corrections
leave the definition domain D.

Termination criterion. In contrast to convex optimization, where the en-
ergy norm of the Newton correction can be used to formulate the termination
criterion

(61, Méz),) < ETOL?, (19)

the iterate zj may be far away from the solution even if the energy norm of
the Newton correction is small. For z, to be a local minimum it is necessary
that F’(z,) be positive semidefinite. Therefore we will additionally require that



F'(zy) is positive semidefinite on 6Xj for any iterate z; to be accepted as
approximate solution.

A stricter alternative is to require that when z, — x,, then F’(z,) has to
be positive definite. Under the assumption that the ordinary Newton method
converges towards z, the distance ||z, — x|, is bounded by

wl|zye — zxll 5 < Zw HF/(xj)ilF(xj)HM
=k

> S YA 2hy,
= h: < E — h, <
J=k =k

where h, = w HF/(xk)*lF(xk)HM With a somewhat more general Lipschitz
condition than (5) we may then arrive at

(€ P/ (2,)€) = (€, F'(wn)€) + (&, (F' () — F'(x))E)
> (&, ' (@1)€) — [I€] ay 1(F" (1) — ' ())Ell g1
> (&, ' (21)€) — I3y w llze — 2xlly -

Hence, F’(xy) is positive definite if

of (&F/(ﬂ;k)@ 2hy,
&0 |l 2~ hi

As a computationally available approximation of this criterion we may impose
the lower dimensional requirement

. (€, F'(x)) 2[h]
ceoXntro Tely 2 — [kl

with [hg] = [w] H&ﬂkHM

in addition to (19) for any iterate x to be accepted as local minimizer.

4 Specification to the three approaches

We are now ready to apply the above general framework to each of the three
Newton-type methods introduced in Section 2.

4.1 Newton-like algorithm

With the Newton-like correction given by M oxy, = —F(xy,), the one-dimensional
search subspace 6Xy = span(dz;) permits a representation of the above setting
in terms of a stepsize A\, which can be computed explicitly by minimizing (13)
as

A —

2(F (zy), 0xr)

- = (20)
€+ \/62 — 2[w] Héka?w (F(zg), dzk)

with € = (0= F'(x)éz). The resulting algorithm reads as follows.
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Algorithm 4.1.

1:  solve Moxk = —F(xx)

2:  compute Ak from (20)
set dxk = Akdxk
check monotonicity test (17)
update [wk] according to (11)
if the monotonicity test (17) has been violated: goto 2
set xk+i = xk + Akdxk, [wk+i] = [wK]
if (19) is satisfied and (dxk, F'(xk)dxk) > 0: stop
increase k and goto 1

Accuracy matching. In PDE applications, the exact computation of the N-
lin correction dxk by solving (3) is in general infeasible, since a discretization
error remains. Even in finite dimensional problems, truncation errors of iterative
solvers are unavoidable, if only the dimension is sufficiently large. In both cases,
we can only compute an inexact correction Sxk by solving

Maxk = —F(xk) + rk

up to some inner residual r,. Now the question arises, how large an inner
residual, may it stem from discretization errors or iteration errors, we may
accept without spoiling the convergence of the N-lin algorithm. At least, Sxk
has to be a descent direction. We suggest to require

(F(xk), 5xk) < (1 — BK){F(xk), dxk) < O

for some dk G]0,1[, which is equivalent to

INHM-1 - v&, IIF(x)IIM-1 .

If M is a good approximation to F'(x+) at the solution point, choosing & close
to O leads to faster convergence. If, on the other hand, M differs significantly
from F'(x+), a more accurate approximation oxk of dxk cannot be expected to
improve the linear convergence of the method in the same way. Since we aim
at nonlinear elasticity including large deformations, we expect the latter case to
be quite common, and recommend to just choose &y = .

4.2 Newton-Truncated-CG algorithm

The second approach constructs the search subspace d0Xk from a PCG algo-
rithm applied to the linear system dF'(xk)oxk = —F(xy). If at inner iterate
3X' in the PCG method a search direction p'; with nonpositive curvature is en-
countered, i.e. if (p', F'(xk)p) < 0, then the PCG iteration is terminated and
the search subspace is defined as 0Xk = span{dx,p'k}. Any numerical method
for solving the low dimensional cubic minimization problem (13) can be used
to compute dxk G dXk. The computational complexity of this subproblem is
actually negligible compared to the PCG iteration.

If no such direction is encountered until the PCG iteration achieves the
required accuracy at some iterate 0xy, the search subspace is defined by the
inexact Newton direction as 3Xk = span{dx}}.

The resulting algorithm then reads as follows.



