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Models for Line Planning in Public Transport* 

Ralf Bornd¨orfer Martin Gr¨otschel Marc E. Pfetsch 

Abstract 

The line planning problem is one of the fundamental problems in strate­
gic planning of public and rail transport. I t consists of finding lines 
and corresponding frequencies in a public transport network such that 
a given travel demand can be satisfied. There are (at least) two objec­
tives. The transport company wishes to minimize its operating cost; 
the passengers request short travel times. We propose two new multi-
commodity flow models for line planning. Their main features, in com­
parison to existing models, are that the passenger paths can be freely 
routed and that the lines are generated dynamically. 

1 Introduction 

The strategic planning process in public and rail transport, i.e., the long 
and medium term design of the infrastructure and the service level of a 
transportation network, is usually divided into the following consecutive 
steps: network design, line planning, and timetabling. In each of these steps 
operations research methods can support the planning decisions, see for 
instance the survey article of Bussieck, Winter, and Zimmermann [6], which 
discusses the case of rail traffic. This article is about line planning in public 
transport. We start by briefly explaining the strategic planning process in 
this area to put our work into perspective. 

All steps of strategic planning are generally based on so-called origin-
destination data in the form of OD-matrices; each entry in an OD-matrix 
gives the number of passengers that want to travel from one point in the 
network to another point within a fixed time horizon. It is well known that 
such data have certain deficiencies. For instance, OD-matrices depend on 
the discretization used, they are highly aggregated, they give only a snapshot 
type of view, they are only valid when the transportation demand is fixed 
and does not depend on the service or price level, and it is often questionable 
how well the entries represent the real transportation demand. On can surely 
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hope for better data, but gathering OD-matrices currently seems to be the 
best feasible choice for estimating transportation demand. Assembling such 
high quality data is quite an art and rather costly. Public transportation 
companies do this routinely and employ OD-matrices as input for strategic 
planning. 

Based on this demand data, the first step of the strategic planning pro­
cess is the network design problem. I t deals with the layout of the transporta­
tion system. Decisions are made about choosing streets/providing tracks of 
sufficient capacity to transport the number of passengers given by an OD-
matrix such that construction costs are minimized. Typically, one considers 
extensions of existing, historically grown networks; designs from scratch, 
however, are also interesting, not only for the construction of completely 
new systems, but also for the evaluation of existing networks. 

The line planning problem (LPP) that we discuss in this article is the sec­
ond step in the strategic planning process for public transport. I t consists of 
designing line routes and their frequencies in a given street or track network 
such that a given transportation volume, again given by an OD-matrix, can 
be satisfied. The lines include forward and backward directions and they 
start and end at designated terminal points in the network. To each po­
tential line we associate a certain transportation mode, such as tram, train, 
or different bus types, e.g., double-decker or kneel bus. Each such mode 
has a capacity, and the capacity of a line is computed as the product of its 
mode capacity with an operation frequency; this frequency is supposed to 
indicate a basic timetable period. Restrictions on timetable periods, such 
as divisibility constraints and safety margins, may come up. Furthermore, 
the number of available vehicles for a mode may result in bounds on the 
frequencies. There are two competing objectives: on the one hand to mini­
mize user discomfort and on the other hand to minimize the lines’ operating 
costs. User discomfort is usually measured by the total passenger traveling 
time or the number of transfers during the ride, or both. 

The third step is to refine the frequencies of a given line plan into a de­
tailed timetable. The objective is either to minimize the number of necessary 
vehicles or to minimize the transfer times of the passengers. This timetable 
is the basis for the succeeding steps of operational planning such as vehicle 
scheduling, crew scheduling, rostering, and assignment, see for instance the 
survey article of Desrosiers, Dumas, Solomon, and Soumis [11]. 

In the recent literature on the LPP often a distribution of the passengers 
is estimated by a so-called system split. The system split fixes the traveling 
paths of the passengers before the lines are known, see Section 2. A sec­
ond common assumption is that an optimal line plan can be chosen from 
a (small) precomputed set of lines. Third, maximization of direct travelers, 
i.e., travelers without transfers, is frequently considered as the objective. In 
such an approach, transfer waiting times do not play a role. 

This article proposes two new multi-commodity flow models for the LPP. 
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These models minimize a combination of total passenger traveling time and 
operating costs. The first model is compact in the sense that it uses arc vari­
ables for both lines and passenger paths; it can be used to compute lower 
bounds. The second model uses path variables for both lines and passen­
ger paths; it is intended to deal with constraints on the line routes. The 
model also handles frequencies implicitly by means of continuous frequency 
variables. Both models allow a dynamic generation of lines, and they allow 
passengers to change their routes according to the traveling times on the 
computed line system. They do, in particular, not assume a system split, 
but compute a“best”passenger flow in the sense of a system optimum. These 
properties aim at line planning scenarios in public transport, where we see 
less justification for a system split and fewer restrictions in line design than 
one seems to have in railway line planning. 

This paper is organized as follows. Section 2 gives an overview of the 
literature on the LPP. In Section 3 we describe and discuss our models. 
Section 4 discusses aspects of a column generation solution approach for the 
second model. We show that the pricing problem for the passenger variables 
is a shortest path problem. The line pricing problem turns out to be a longest 
path problem and it is, in fact, already NP-hard to solve the LP relaxation 
of the second problem. However, if only lines of logarithmic length with 
respect to the number of nodes are considered, the pricing problem can be 
solved in polynomial time. We close with some final remarks in Section 5. 

2 Related Work 

This section provides a short overview of the literature for the line planning 
problem. More information can be found in the survey article of Ceder and 
Israeli [7], which covers the literature up to the beginning of the 1990ies; see 
also Bussieck, Winter, and Zimmermann [6]. 

The first approaches to the line planning problem had the idea to assem­
ble lines from shorter pieces in an iterative (and often interactive) process. 
An early example is the so-called skeleton method described by Silman, 
Barzily, and Passy [20], that chooses the endpoints of a route and several 
intermediate nodes which are then joined by shortest paths with respect to 
length or traveling time; for a variation see Dubois, Bel, and Llibre [12]. 
In a similar way, Sonntag [21] and Pape, Reinecke, and Reinecke [18] con­
structed lines by adjoining small pieces of streets/tracks in order to maximize 
the number of direct travelers. 

In the literature it is common to work in two-step approaches that pre-
compute some set of lines in a first phase and choose a line plan from this 
set in a second phase. For example, Wilson [8] described an enumeration 
method to generate lines whose length is within a certain factor from the 
length of the shortest path, while Mandl [17] proposed a local search strategy 
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to optimize over such a set. Ceder and Israeli [7, 15] introduced a quadratic 
set covering model to choose among direct connections between destinations 
and transfer connections; they also proposed a heuristic to solve their model. 

The next phase of developments is related to the so-called system split, 
which distributes the passengers on paths in the transportation network 
before the lines are known. The system split is based on a classification 
of the transportation system into levels of different speed, as common in 
railway systems. Assuming that travelers are likely to change to fast levels as 
early and leave them as late as possible, the passengers are distributed onto 
several paths in the system, using Kirchhoff-like rules at the transit points. 
Note that this fixes, in particular, the passenger flow on each individual 
link in the network. The system split approach was promoted by Bouma 
and Oltrogge [2], who used it to develop a branch-and-bound based software 
system for the planning and analysis of the line system of the Dutch railway 
network. 

Recently, advanced integer programming techniques have been applied 
to the line planning problem. Bussieck, Kreuzer, and Zimmermann [4] (see 
also Bussieck [3]) and Claessens, van Dijk, and Zwaneveld [9] both proposed 
cut-and-branch approaches to select lines from a previously generated set 
of potential lines and report computations on real world data. They also 
both assume a homogeneous transport system, which can be assumed after 
a system-split is performed as a preprocessing step. Bussieck, Lindner, and 
Lu¨bbecke [5] extend this work by incorporating nonlinear components into 
the model. Goossens, van Hoesel, and Kroon [13, 14] show that practical 
problems can be solved within reasonable quality and time by a branch-and-
cut approach, even for the simultaneous optimization of several transporta­
tion systems. 

3 Two Models for the LPP 

In this section we present two integer programming formulations for the line 
planning problem. 

3.1 Notation and Terminology 

We typeset vectors in bold face, scalars in normal face. If v G J is a 
real valued vector and I a subset of J, we denote by v(I) the sum over all 
components of v indexed by I, i.e., v(I) := £ i e I vi. 

In line planning, we are given an undirected multigraph G = (V, E) 
which is supposed to model the topology of a transportation network; this 
graph is used to express line paths, which we assume to be undirected (or 
bidirectional). We consider also a symmetric directed version (V,A) of this 
graph, where each edge e in E is replaced by two antiparallel arcs a(e) and 
a(e); the directed version is used to model passenger paths, which are not 
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symmetric. We use the notation G to refer to both the directed or undirected 
graph depending on the context, i.e., for line paths we refer to the undirected 
version, while for passenger paths we use the directed version. If a = (u, v) 
is an arc in the directed (multi)graph, we denote its antiparallel counterpart 
by a = (v, u) and by e(a) = {u, v} ∈ E the undirected edge corresponding 
to a. 

The nodes of G represent stops, stations, terminals (start and end points 
of lines), and origins or destinations of passenger flows (OD-nodes, i.e., “cen-
troids” of certain traffic cells). The edges/arcs of G correspond to physical 
transportation links between two stations, to the formation or termination 
of lines at a terminal, or to the passenger in- and outflow between OD-
nodes and stations. Associated with each edge e in E is a mode me of 
transportation, such as tram, train, double-decker bus, pedestrian traffic, 
etc.; we assume multiple edges between two nodes, one for each mode us­
ing the underlying link. We denote the set of all modes by M and by Gm 
the subgraph of G defined by the edges e with me = m. Furthermore, we 
have a traveling time τa for each arc a ∈ A, an (operating) cost ce, and a 
capacity λe for each edge e ∈ E; all three, τa, ce, and λe, are assumed to be 
nonnegative. The values λe bound the total frequency of lines using edge e, 
to be explained below. 

For each node pair s,t ∈ V we assume a nonnegative demand dst of 
passengers to be given that want to travel from s to t, i.e., (dst) is the 
OD-matrix of our system. We do not assume this matrix to be symmetric. 
For notational convenience we let D := {(s,t) ∈ V × V : dst > 0} be the 
set of all OD-pairs, i.e., node pairs with nonzero transportation demand. 
For such an OD-pair (s, t) ∈ D, an (s, t)-passenger path is a directed path 
in G starting at node s and ending at node t, which visits exactly two OD-
nodes, namely, s and t. Since passenger paths will correspond to shortest 
paths with respect to some nonnegative weights, we assume them to be 
simple, i.e., without node repetitions. Let P s t be the set of all (s, t)-passenger 
paths, P := \J{p ∈ Pst : (s,t) ∈ D} the set of all passenger paths, and 
Pa := \J{p ∈ P : a ∈ p} the set of all passenger paths that use arc a. The 
traveling time of a passenger path p is defined as τ p := £ a e p τ a . 

For each mode m there is a set of terminals Tm V, where lines of 
mode m can start, end, or change direction; let T := \⊂ {v ∈ Tm : m ∈ M} 
be the set of all terminals. A line of mode m is an undirected path in Gm, 
starting and ending at a terminal from Tm; we stipulate that the lines must 
be simple. Let Lm be the set of all lines of mode m, L := \J{1 ∈ Lm : 
m∈M} the set of all lines, and Le := \J{£ ∈ L : e ∈ £} the set of lines 
that use edge e. We assume that there are fixed costs Ct and capacities κ 
for one unit/vehicle/train of line I, which depend only on the mode, i.e., 
Ce = Cm and κt = κm for £ ∈ Lm. We further associate a frequency ft 
with every line £ that is supposed to indicate the (approximate) number of 
times vehicles are employed to serve the demand over the underlying time 
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horizon T. This not necessarily has to lead to a regular timetable period, but 
an estimate for such a period for line I can be computed from this frequency 
as T/ft. 

3.2 Service Network Des ign Mode l 

In this section we present a model for the line planning problem in which 
lines are modeled as integer flows in the mode networks Gm; it is aimed at 
efficiently computing lower bounds. In order to achieve this goal, we have 
to circumvent several complications that are discussed at the end of this 
section. The model is related to a service network design model by Kim and 
Barnhart [16]. 

We assume in this model a fixed finite set of possible frequencies F c + 

for the lines of the transportation system. Furthermore, let Q be an upper 
bound on the number of lines that start and end in two given terminals. For 
mode m, let Rm := {(u, v, q, f) G Tm x Tm x { 1 , . . . , Q} x F : u < v}, where 
the nodes in V are ordered arbitrarily, and let R := \J{Rm : m G M}. The 
set R represents all possible line-frequency combinations. For convenience, 
define mr := m and r =: (ur,vr,qr, fr) for r G Rm; r indexes the line 
numbered qr of mode m with frequency fr starting a ur and ending in vr. 
Moreover, we let R'm := {(u, v,q) G Tm x Tm x { 1 , . . . , Q} : u < v}. For 
this model, we handle fixed costs by adding them to the costs on the arcs 
that emanate from the terminals Tm. 

There are two kinds of variables: 
ya

s t G +: the flow of passengers from s to t ((s, t) G D) using arc a G A, 
zr

a G {0,1}: the flow of line numbered qr (of mode mr = me (a )) with fre­
quency fr, starting at ur and ending at vr, passing through arc a G A. 

The model is: 

(LPP1) min J2 τ T y s t + J ] c T z r 

(s,t)€D r&R 

yst(δ+(v))-yst(δ-(v))=δv
st VveV (i) 

Y, ya -Y,κmrfr(zr
a + za

r) < 0 VaeA (ii) 
(s,t)€D r&R 

zr(δ+(v)\Gm)-zr(δ-(v)\Gm) = 0 VveV\{ur,vr}, reR (iii) 
zr(δ-(ur))=0 VreR (iv) 

zr(A(W)\Gmr)<\W\-1VWCV\{ur,vr}, reR (v) 

J2 f r (za + za
r) ~ λe(a) V a e A (vi) 

r&R 
Yl z( ra',f) ^ 1 VaeA, r' eR'm (vii) 

zr
a G {0,1} VaeA,reR (viii) 

> 0 Vae A, (s,t) eD (ix) ya 
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Here, (A(W)\Gm ) are the arcs in Gm with both endpoints i nW<ZV and 
similarly for (δ+(v)\Gmr). 

The passenger flow constraints (i) and the nonnegativity constraints (ix) 
model a multi-commodity flow problem for the passenger flow, where the 
commodities correspond to the OD-pairs (s,t) G D. Here δs t is zero except 
that δs

s t = dst and δt
s t = -dst. This part guarantees that the demand is 

satisfied. The lines are modeled as 0/1-flows in the z-variables for each 
r e R: the line flow conservation constraints (iii) ensure that every line 
that enters a non-terminal node also has to leave it. Constraints (iv) ensure 
that the line-flow is directed from the start node ur towards the end node 
vr of the line indexed by r. The “subtour elimination” constraints (v) rule 
out isolated line circuits, i.e., circuits in the mode graphs Gmr that are not 
connected to the terminal set {ur, vr}. The frequency constraints (vi) bound 
the total frequency of lines using each edge. Constraints (vii) ensure that at 
most one frequency for each line is used. The passenger and the line parts 
of the model are linked by the capacity constraints (ii) in such a way that 
the total passenger flow on each arc is covered by lines of sufficient total 
capacity. 

The formulation (LPP1) models undirected line routes as directed paths 
in 0/1 variables. The reason for this choice of variables is that it is the 
easiest way to model simple paths between terminals. Namely, it allows to 
eliminate isolated line circuits by constraints of the form (iv). The model 
of Kim and Barnhart, referred to above, does not incorporate terminals and 
can arbitrarily decompose any line flow into simple paths and cycles. The 
Kim and Barnhart model can therefore model lines using integer variables 
and does not need to resort to subtour elimination constraints. Note also 
that the discretization of the frequencies is used to linearize the capacity 
constraints (ii). 

Formulation (LPP1) is of polynomial size except for the “subtour elim­
ination” constraints. These constraints are well known from the traveling 
salesman problem and can be separated in polynomial time. It follows that 
the LP relaxation of (LPP1) can be solved in polynomial time to provide a 
lower bound for the line planning problem. 

We also remark that the model is ready to accommodate a number of 
additional constraints. We mention as an example a restriction L on the 
total number of lines, which can be modeled as z(δ+(T)) < L. 

3.3 A Path Based Frequency Model 

Our second model treats the lines by means of path and frequency variables. 
There are three kinds of variables: 

ype+: the flow of passengers traveling from s to t on path p G P s t , 
xe e {0,1}: a decision variable for using line £ G C, 
fee+: frequency of line I G C. 
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This allows to model the cost of line I of mode m directly asxeCe + fece. 
Here, ct := £ e e ^ ce is the total operating cost of line I Similarly, the 
capacity of line I G Cm is κ t ft = κmfe. 

The model now reads: 

(LPP2) min τTy + CTx + cTf 
y(yst)=dst V(s,t)eD (i) 

y(?a) - ^ κ t f t<0 VaeA (ii) 

f ( £ e ) < λ e V e G E (iii) 
f <Fx (iv) 

x* €{0,1} VieC (v) 
ft > 0 V £ e C (vi) 
yp > 0 V p G T (vii) 

As in (LPPi), the flow constraints (i) together with the nonnegativity con­
straints (vii) guarantee that the demand is satisfied for each OD-pair (s, t) G 
D. The capacity constraints (ii) link the passenger paths with the line paths 
to ensure sufficient transportation capacities on each arc. The frequency 
constraints (iii) bound the total frequency of lines using each edge. Inequal­
ities (iv) link the frequency with the decision variables for the use of lines; 
they guarantee that the frequency of a line is 0 whenever it is not used. Here, 
F is an upper bound on the frequency of a line; for technical reasons, we also 
assume that F > λe for all eeE, see Section 4 for a detailed discussion. 

The main advantage of (LPP2) over (LPPi) is that it is easy to incor­
porate additional constraints on the formation of individual lines such as 
length restrictions, as well as constraints on sets of lines, e.g., constraints 
on numbers of lines of certain types. As such constraints are important in 
practice, we are currently using (LPP2) as the basis for the development of 
a branch-and-price algorithm. The disadvantage of the model is, however, 
that it is already AAP-hard to solve the LP relaxation, as we will show in 
Section 4. 

3.4 Discussion of the Models 

We discuss in this section advantages and disadvantages of the two models. 
Objectives: Both models have objectives with two competing parts, namely, 
to minimize total passenger traveling time and to minimize operation costs. 
The models allow to adjust the relative importance of one part over the 
other by an appropriate scaling of the respective objective coefficients. 
Passenger Routes: Previous approaches to the LPP often fixed the trav­
eling paths of the passengers in advance by employing a system split. In 
contrast, our two models allow to freely route passengers in the line network 
in order to compute an optimal routing. To our knowledge, such routings 
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