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Abstract

This article proposes a Lagrangean relaxation approach to solve inte-
grated duty and vehicle scheduling problems arising in public transport.
The approach is based on the proximal bundle method for the solution
of concave decomposable functions, which is adapted for the approximate
evaluation of the vehicle and duty scheduling components. The primal
and dual information generated by the bundle method is used to guide a
branch-and-bound type algorithm.

Computational results for large-scale real-world integrated vehicle and
duty scheduling problems with up to 1,500 timetabled trips are reported.
Compared with the results of a classical sequential approach and with
reference solutions, integrated scheduling offers remarkable potentials in
savings and drivers’ satisfaction.

1 Introduction

The process of operational planning in public transit is traditionally organized in
successive steps of timetabling, vehicle scheduling, duty scheduling, duty roster-
ing, and crew assignment. These tasks are well investigated in the optimization
and operations research literature. An enormous progress has been made in
both the theoretical analysis of these problems and in the computational ability
to solve them. For an overview see the proceedings of the last four CASPT
conferences ([26], [3], [7], and [5]).

It is well known that the integrated treatment of planning steps discloses
additional degrees of freedom that can lead to further efficiency gains. The first
and probably best known approach in this direction is the so-called sensitivity
analysis, a method on the interface between timetabling and vehicle scheduling
that uses slight shiftings of trips in the timetable to improve the vehicle schedule.
The method has been used with remarkable success in HOT and HASTUS, see
[4] and [16].
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Vehicle and duty scheduling, the topic of this article, is another area where
integration is important. The need is largest in regional scenarios, which often
have few relief points for drivers, such that long vehicle rotations can either not
be covered with legal duties at all or only at very high cost. In such scenarios the
powerful optimization tools of sequential scheduling are useless. Rather, the ve-
hicle and the duty scheduling steps must be synchronized to produce acceptable
results, i.e., an integrated vehicle and duty scheduling method is indispensible.
Urban scenarios do, of course, offer efficiency potentials as well.

The current planning systems provide only limited support for integrated ve-
hicle and duty scheduling. There are frameworks for manual integrated schedul-
ing that allow to work on vehicles and duties simultaneously, rule out infeasibili-
ties, make suggestions for concatenations, etc. Without integrated optimization
tools, however, the planner must still build vehicle schedules by hand, antici-
pating the effects on duty scheduling by skill and experience.

The literature on integrated vehicle and duty scheduling is also comparably
scant. The first article on the integrated vehicle and duty scheduling problem
(Isp) that we are aware of was published in 1983 by Ball, Bodin, and Dial
[1]. They describe an Isp at the Baltimore Metropolitan Transit Authority and
develop a mathematical model for it. However, they propose to solve this model
by decomposing it into its vehicle and duty scheduling parts, i.e., the model is
integrated, but the solution method is sequential.

For the next two decades, the predominant approach to the Isp was to in-
clude duty scheduling considerations into a vehicle scheduling method or vice
versa. The first approach is, e.g., presented by [24] and [6], who propose two-
step methods that first includes some duty scheduling constraints in a vehicle
scheduling procedure and afterwards solve the duty scheduling problem in a
second step. Examples of the opposite approach are the articles [25], [8], and
[23]. They concentrate on duty scheduling and take the vehicle scheduling con-
straints and costs heuristically into account. A survey of integrated approaches
until 1997 can be found in [15].

The complete integration of vehicle and crew scheduling was first investi-
gated in a series of publications by Freling and coauthors ([9, 10, 11, 13, 12]).
They propose a combined vehicle and duty scheduling model and attack it by
integer programming methods. Computational results on several problems from
the Rotterdam public transit company RET with up to 300 timetabled trips,
and from Connexxion, the largest bus company in the Netherlands, with up
to 653 timetabled trips are reported. A branch-and-price approach to ISP in-
stances involving a single type of vehicles was also described by [14] and tested
on artificial data.

We propose in this article an integrated vehicle and duty scheduling method
similar to that of Freling et al. Our main contribution is the use of bundle tech-
niques for the solution of the Lagrangean relaxations that come up there. The
advantages of the bundle method are its high quality bounds and automatically
generated primal information that can both be used to guide a branch-and-
bound type algorithm. We apply this method to real-world instances from
several German carriers with up to 1,500 timetabled trips. As far as we know,



these are the largest and most complex instances that have been tackled in
the literature using an integrated scheduling approach. Our optimization mod-
ule IS-OPT has been developped in a joint research project with IVU Traf-
fic Technologies AG (IVU), Mentz Datenverarbeitung GmbH (mdv), and the
Regensburger Verkehrsbetriebe (RVB). It is incorporated in IVU’s commercial
scheduling system MICROBUS 2.

The article is organized as follows. Section 2 gives a formal description
of the Isp and states an integer programming model that provides the basis
of our approach. Section 3 describes our scheduling method. We discuss the
Lagrangean relaxation that arises from a relaxation of the coupling constraints
for the vehicle and the duty scheduling parts of the model, the solution of
this relaxation by the proximal bundle method, in particular, the treatment
of inexact evaluations of the vehicle and duty scheduling component functions,
and the use of primal and dual information generated by the bundle method to
guide a branch-and-bound algorithm. Section 4 reports computational results
for large-scale real-world data. In particular, we apply our integrated scheduling
method to half-regional half-urban instances for the German city of Regensburg
with up to 1,500 timetabled trips.

2 Integrated Vehicle and Duty Scheduling

The integrated vehicle and duty scheduling problem (13P) contains a vehicle and a
duty scheduling part. We describe these individual parts first and conclude with
the integrated scheduling problem. The exposition assumes that the reader is
familar with the terminology of vehicle and duty scheduling; suitable references
are [22] for vehicle scheduling and [2] for duty scheduling.

The vehicle scheduling part of the Isp is based on an acyclic directed multi-
graph G = (7T U{s,t}, D). The nodes of G are the set T of timelabled trips plus
two additional artificial nodes s and ¢, which represent the beginning and the
end of a vehicle rotation, respectively; s is the source of G and ¢ the sink. The
arcs D of GG are called deadheads, the special deadheads that emanate from the
source s are the pull-out trips, those entering the sink ¢ are the pull-in trips.
Associated with each deadhead a is a depot g, € G from some set G of depots
(i.e., vehicle types), that indicates a valid vehicle type, and a cost d, € Q.
There may be parallel arcs in G with different depots and costs. We denote by
Dy :={a € D: g, = g} the set of deadheads that can be covered by a vehicle
of type g € G, by (5;(1;) = 6% (v) N Dy the outeut of node v, restricted to arcs
in Dy, and by §, (v) := ¢~ (v) N Dy the incut of node v, restricted to arcs in D,,.

A wehicle rotation or block of type g € G is an st-path in G that uses only
deadheads of type g, i.e., an st-path p such that p C D, for some depot g € G.
A vehicle schedule is a set of blocks such that each timetabled trip is contained
in one and only one block. The wehicle scheduling problem (VsP) is to find
a vehicle schedule of minimal cost. It can be stated as the following integer



program:

(Vsp) min d'y

(i) y(d5 (v)) —y(d, (v)) = YwoeT,geg
(ii) y(6T(v)) = YoeT

(i) y(6-(v)) =1 YoeT

(iv) y €{0,1}7

The duty scheduling part of the Isp also involves an acyclic digraph D = (R U
{s,1}, £). The nodes of D consist of a set of tasks R plus two artificial nodes s
and ¢, which mark the beginning and the end of a part of work of a duty; again s
is the source of D and ¢ the sink. A task r can correspond either to a timetabled
trip v, € 7 or to a deadhead trip a, € D; there may also be additional tasks
independent of the vehicle schedule that model sign-on and sign-off times and
similar activities of drivers.

Let R7 and Rp be the sets of tasks that correspond to a timetabled trip and
a deadhead trip, respectively. We assume that there is at least one task associ-
ated with every timetabled trip and every deadhead trip; these tasks correspond
to units of driving work on such a trip. Several tasks for one trip indicate that
this trip is subdivided by relief opportunities to exchange a driver into several
units of driving work. The arcs £ of D are called links; they correspond to
feasible concatenations of tasks in a potential duty. A part of work of a duty
is an st-path p in D that corresponds to the certain legality rules and has a
certain cost ¢,, again determined by certain rules. A duty is a concatenation of
one or more (usually one or two) compatible parts of work.

Denote by & the set of all such duties, and by ¢,, p € S, their costs. Let
further S, := {p € S : r € p} be the set of all duties that contain some task
r € R. Given a vehicle schedule y, a compatible duty schedule is a collection
of duties such that each task that corresponds to either a timetabled trip or a
deadhead trip from the vehicle schedule is contained in exactly one duty, while
the tasks corresponding to deadhead trips that are not contained in the vehicle
schedule are not contained in any duty. The duty scheduling problem associated
with a vehicle schedule vy is to find a compatible duty schedule of minimum cost.
The DsP can be stated as the following integer program:

(Dspy) min ¢'z

(i) z(S;) =1 vVre Rt
(ii) 2(S,) =y, Ya, € D
(iii) z €{0,1}°

The integrated wvehicle and duty scheduling problem is to simultaneously con-
struct a vehicle schedule and a compatible duty schedule of minimum overall



cost. Introducing suitable constraint matrices and vectors, the Isp reads:

(Isp) min d'y + 'z

(i) Ny =b

(ii) Az =1

(iii) My — Bz =0

(iv) y e (0,1}
(v z €{0,1}°

In this model, the multiflow constrainis (IsP) (i) correspond to the vehicle
scheduling constraints (Vsp) (i)—(iii); they generate a feasible vehicle sched-
ule. The (timetabled) irip partitioning constrainis (Isp) (ii) are exactly the
duty scheduling constraints (Dsp,) (i); they make sure that each timetabled
trip is covered by exactly one duty. Finally, the coupling constraints (1sp) (iii)
correspond to the duty scheduling constraints (Dsp,,) (ii)—(iii); they guarantee
that the vehicle and duty schedules x and y are synchronized on the deadhead
trips, i.e., a deadhead trip is either assigned to both a vehicle and a duty or to
none. We remark that a practical version includes several types of additional
constraints such as depot capacities, and duty scheduling base constraints (e.g.
duty type capacities, average paid/working times), which we omit in this ar-
ticle. The inclusion of such constraints in our scheduling method is, however,
straightforward.

The integrated scheduling model (IsP) consists of a multicommodity flow
model for vehicle scheduling and a set partitioning model for duty scheduling
on timetabled trips. These two models are joined by a set of coupling constraints
for the deadhead trips, one for each task on a deadhead trip. The model (Isp)
is the same as that used by Freling and coauthors, see [9].

3 A Bundle Method

Our general solution strategy for the Isp is based on a Lagrangean relaxation of
the coupling constraints (Isp) (iii). This decomposes the problem into a vehicle
scheduling subproblem, a duty scheduling subproblem, and a Lagrangean master
problem. All three of these problems are large scale, but of quite different nature.
Efficient methods ([22]) are available to solve vehicle scheduling problems of the
sizes that come up in an integrated approach with a very good quality or even
to optimality. Duty scheduling is, in fact, the hardest part. We are not aware of
methods that can produce high quality lower bounds for large-scale real-world
instances. However, duty scheduling problems can be tackled in a practically
satisfactory way using column generation algorithms, see, e.g., [2]. We will use
such an algorithm to “solve” the duty scheduling subproblem. In the Lagrangean
master, multipliers for several tens of thousands of coupling constraints have
to be determined. Here, the complexity of the vehicle and the duty scheduling
subproblems demands a method that converges quickly and that can be adapted
to inexact evaluation of the subproblems. The prozimal bundle method [21] has
these properties; it further produces primal information that can be used in



a superordinate branch-and-bound algorithm to guide the branching decisions.
Moreover, the large dimension of the Lagrangean multiplier space, a potential
computational obstacle, can be collapsed by a simple dualization.

This section discusses our Lagrangean relaxation/column generation ap-
proach to the Isp using the proximal bundle method. In a first phase, the
procedure aims at the computation of an “estimation” of a global lower bound
for the IspP and at the computation of a set of duties that is likely to contain
the major parts of a good duty schedule. This procedure constitutes the core of
our integrated vehicle and duty scheduling method. In a second phase, the bun-
dle core is called repeatedly in a branch-and-bound type procedure to produce
integer solutions.

3.1 Lagrangean Relaxation

We consider in this subsection a restriction (Ispy) of the Isp to some subset of
duties I C S that have been generated explicitly (in some way):

(Ispp) min d'y + cla!

(i) Ny =b

(ii) Al =1

iii My — Bzl =0

(iif) y

(iv) y e {0,137
(v = e {01}

A Lagrangean relaxation with respect to the coupling constraints (Isp;) (iii) and
a relaxation of the integrality constraints (iv) and (v) results in the Lagrangean
dual

(Ly) max Nrgijra (d" = ATM)y + AIIEEL(CI + ATBp)a!
ye[0,1]P #Tefo, 1)
Define functions and associated arguments by
fv RR? SR A—min(d' =ATM)y; Ny=d; ye[0,1]”
L iRR» =R, A min(cT + ATBp)2l; Al =1; 27 (0,1
o= v+
and
y(A) = argmingc o 1o fv(A)
al(N) = argmingico 1 fH(N),

breaking ties arbitrarily. With this notation, (L) becomes

(Lr) max f'() = max [fu () + FHOV]



The functions fy and fé are concave and piecewise linear. Their sum f/! is
therefore a decomposable, concave, and piecewise linear function; f7! is, in
particular, nonsmooth. This is precisely the setting for the proximal bundle
method.

3.2 The Proximal Bundle Method

The prozimal bundle method (PBM) is a subgradient-type procedure for concave
functions. It can be adapted to handle decomposable, nonsmooth functions in
a particularly efficient way.

We recall the method in this section as far as we need for our exposition.
An in-depth treatment can be found in the articles [20, 21].

When applied to (L), the PBM produces two sequences of iterates \;, p; €
RRP i =0,1,.... The points j; are called stability centers; they converge to a
solution of (Ly). The points \; are trial points; calculations at the trial points
result either in a shift of the stability center, or in some improved approximation
of fI.

More precisely, the PBM computes at each iterate \; linear approximations

) = fea) +gvA)TA = N)
FHGA) = FHEN) +gb ()TN =)
FEOGN) = Fe(A) + FH(G )

of the functions fy, ffp and f! by determining the function values fy (\;),
F5(\) and the subgradients gy ()\;) and gh(\); by definition, these approx-
imations overestimate the functions fy and fh, i.e., fyr(A; M) > fir(\) and
FEOGA) = fL(\) for all A. Note that fir and f5 are polyhedral, such the sub-
gradients can be derived from the arguments y();) and x’()\;) associated with
the multiplier A; as

gv(N) == My(N)
gp(N) = Brzl(\)
gd'(N) == My(\) + Bzl

This linearization information is collected in so-called bundles

()‘37 fV(
(s £l

Jvi

I
JIp

Ygv(N) 5 =0,...,i}
), gh(A) 15 =0,...,i}.

: { )‘j
: { )‘j
For convenience of exposition, we will use notations such as A\; € Jy;, gv(A;) €
Jvi, ete. to express that the referenced item is contained in some appropri-
ate tuple in the bundle. The PBM uses the bundles to build piecewise linear



approximations

Jra) = min fr(Xi)
by = krgljg sz(A A)
I = fvi+fh,

of fv, fL, and fI. Adding a quadratic term to this model that penalizes
large deviations from the current stability center p;, the next trial point A;1 is
calculated by solving the quadratic programming problem

(QPiI) Aif1 i= argmax, fif()\) — | — )\”2

Here, u is a positive weight that can be adjusted to increase accuracy or con-
vergence speed. If the approximated function value ff (A1) at the new iterate
Air1 is sufficiently close to the function value ff(p;), the PBM stops; u; is
the approximate solution. Otherwise a test is performed whether the predicted
increase f1(A;i11) — f1(u) leads to sufficient real increase fL(Ajy1) — fL(1:);
in this case, the model is judged accurate and the stability center is moved to
tit1 = Aiy1. The bundles are updated by adding the information computed
in the current iteration, and, possibly, by dropping some old information. Then
the next iteration starts, see Algorithm 3.2 for a listing (the vectors gy; and
gp,; will be defined and explained in a second).

Require: Starting point Ag € R™, weights ug,m > 0, optimality tolerance
e > 0.
Initilization: i « 0, Jy; < {A\:}, Jpi «— {N}, and p; = A
Direction Finding: Compute A;y1, v, gp,; by solving problem (Qpl).
Function evaluation: Compute fy (Ai+1), gv(Nit1), FHNir1), ghNiy1).
Stopping Criterion: If fil()\i+1) — ) < e(1+ ‘fl i ‘) output p;, termi-
nate.
5: Bundle Update: .
Select Jyi11 C Jvi U{(Aix1, fr(Nit1), gv (Nit1))s (N1, fria(Nis1), avia) 1
select J] ;1 € Jh UL (s, FH i), gb (A1), (Mg, Fi(Nign), G0 -
6: Ascent Test: piy1 — f1(Nivr) = (i) > m(f i) = F1 () 7 N+ puae
7. Weight Update: Set w; 1.
8 1+ 1+ 1, goto step 2.

Algorithm 1: Generic Proximal Bundle Method (PBM).

Besides function and subgradient calculations, the main work in the PBM is
the solution of the quadratic problem QPiI . This problem can also be stated as

(Qp)  max oyt oh =% lm - A
(1) Uy —fv()\;)\j) <0 V)\j S JVJ‘
(i) o —FhONA) <0 WA e b,




A dualization results in the equivalent formulation

(Dapj)  argmax > ovyfvlpi A+ Y ad fh(ps )
Ajedvs AsET]

o || X avgev(N X ahgh(N)

Ai€Jdv, x;edf .
> avy; =1
A;Cdv,s
I _
Z aD,j =1
xedh

Here, ay € [0,1]7V¢ and o, € [0, 1]‘]/5@ are the dual variables associated with
the constraints (QP7) (i) and (ii), respectively. Given a solution (ay,ak,) of
Dqp!, the vectors

Gvi = 2oaseav, viggv(Ag)
gé,i = Z,\jejjg’z. ai),jgé(Aj)
gll =gvit+ gi)ﬂ

are convex combinations of subgradients; they are called aggregated subgradients
of the functions fv, f5, and f!, respectively. It can be shown that they are, ac-
tually, subgradients of the respective functions at the point A; 41 and, moreover,
that this point can be calculated by means of the formula

1
Aipr = pt — D avgev)+ D abgp(y)
Ai€dv,i rjedh

Note that (DQPiI ) is again a quadratic program, the dimension of which is equal
to the size of the bundles, while its codimension is only two. In our integrated
scheduling method, we solve (DQPiI ) using a specialized version of the spectral
bundle method of [17], a variant of the proximal bundle method that can take
advantage of this special structure.

The PBM (without stopping) is known to have the following properties:

e The series (u;) converges to an optimal solution of Ly, i.e., an optimal
dual solution of the LP-relaxation of (Ispy).

o The series (y;,z!) defined as
(orxt) = | D avay(N), Y apa ()
Xi€dv,i AsET]

converges to an optimal primal solution of the LP-relaxation of (Ispy).






