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Abstract

Constraint Programs and Mixed Integer Programs are closely re-
lated optimization problems originating from different scientific areas.
Today’s state-of-the-art algorithms of both fields have several strategies
in common, in particular the branch-and-bound process to recursively
divide the problem into smaller subproblems. On the other hand, the
main techniques to process each subproblem are different, and it was
observed that they have complementary strengths.

We present the programming framework ScIp that integrates tech-
niques from both fields in order to exploit the strengths of both, Con-
straint Programming and Mixed Integer Programming. In contrast
to other proposals of recent years to combine both fields, SciP does
not focus on easy implementation and rapid prototyping, but is tai-
lored towards expert users in need of full, in-depth control and high
performance.

Keywords: Mixed Integer Programming, MIP, Constraint Program-
ming, CP, branch-and-bound

1 Introduction

In recent years, it was shown that combining techniques from Constraint
Programming and Integer Programming can help to solve problems, that
were intractable with either of the two methods. For example, Timpe ap-
plied a hybrid approach to solve chemistry industry planning problems that
include lot-sizing, assignment, and sequencing as subproblems [49]. He used
the Caip C+-+ library [18] for the CP part and Dash’s XPRESs-MP li-
brary [17] for the IP part. Other examples of successful integration include
the assembly line balancing problem [12] and the parallel machine scheduling
problem [29].

There are already different approaches to integrate Constraint and Inte-
ger Programming into a single framework. Bockmayr and Kasper developed
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the framework COUPE [11], that unifies CP and IP by observing that both
techniques rely on branching and inference. In this setting, cutting planes
and domain propagation are just specific types of inference. Althaus et al.
propose the system ScIL, which introduces symbolic constraints on top of
mixed integer programming solvers [4]. Aron et al. developed SimPL [6],
a system for integrated modelling and solution. They view both, CP and
1P, as a special case of an infer-relax-restrict cycle in which CP and IP
techniques closely interact at any stage.

This paper introduces the Constraint Integer Programming framework
Scip, which is is oriented towards the needs of Constraint and Mathematical
Programming experts who want to have total control of the solution process
and access to detailed information down to the guts of the solver. It includes
the following features:

e [t is a framework for branching, cutting, pricing and propagation.
e [t is highly flexible through many possible user plugins:

— constraint handlers to implement arbitrary constraints,
— variable pricers to dynamically create problem variables,

— domain propagators to apply constraint independent domain prop-
agations,

— cut separators to apply cutting planes on the LP relaxation,

— relaxators to provide relaxations and dual bounds in addition to
the LP relaxation,

— primal heuristics to search for feasible solutions with specific sup-
port for probing and diving,

— node selectors to guide the search,

— branching rules to split the problem into subproblems,
— presolvers to simplify the solved problem,

— file readers to parse different input file formats,

— event handlers to be informed on specific events, e.g., when a
node was solved, a specific variable changed its bounds, or a new
primal solution was found,

— display handlers to create additional columus in the solver’s out-
put.

— dialog handlers to extend the included command shell.

e Every existing unit is implemented as a plugin, leading to an interface
flexible enough to meet the needs of most additional user extensions.

e A dynamic cut pool management is included.



e The user may mix preprocessed and active problem variables in expres-
sions: they are automatically transformed onto corresponding active
problem variables.

e Arbitrarily many children per node can be created, and the different
children can be arbitrarily defined.

e It has open LP solver support (currently supporting CPLEX [27],
SoPLEX [51], and CLP [21]),

e The LP relaxation need not to be solved at every single node (it can
even be turned off completely, mimicing a pure Constraint Solver).

e Additional relaxations (e.g., semidefinite relaxations or Lagrangian
relaxations) can be included, working in parallel or interleaved.

¢ Conflict analysis can be applied to learn from infeasible subproblems.

¢ Dynamic memory management reduces the number of operation sys-
tem calls with automatic memory leakage detection in debug mode.

The remaining part of the paper is organized as follows. Section 2 com-
pares the Constraint Programming and Mixed Integer Programming prob-
lems and the different techniques to solve them. An intermediate problem
class called Constraint Integer Program is defined. Section 3 introduces
the basic concepts of our CIP framework Scip and describes the different
types of external plugins that can be included to extend SCip’s functional-
ity. Section 4 illustrates the algorithmic design of Scip and describes how
the framework and the external plugins interact to solve a CIP instance.
Section 5 gives computational results on some MIP instances and compares
Scip with an academic and a state-of-the-art commercial MIP solver.

2 Comparison CP/MIP

In this section, we introduce the definitions of Constraint Programs and
Mixed Integer Programs and derive a problem class which we call Constraint
Integer Program. We briefly present and compare the basic solution strate-
gies of both fields and highlight the key ideas that make the two approaches
efficient in praxis.

2.1 Constraint Programming

The optimization version of a Constraint Program (CP) can be defined as
follows:



Definition 2.1 (Constraint Program) A Constraint Program is a triple
CP = (C,D, f) and consists of solving

(CP) f*=min{f(x) |2 €D, Clx)}

with D = Dy X ... X D, representing the domains of finitely many variables
x; € Dy, 5 =1,...,n, C ={C1,...,Cp} being a finite set of constraints
Ci:D—{0,1}, i =1,...,m, and f : D — R being the objective function.
For x € D we define C(x) & Vie{l,...,m}: Ci(z) =1.

Note that there are no further restrictions on the constraint predicates
C; € C and the objective function f.

Existing Constraint (Logic) Programming solvers like ProLoG TIT [15],
CLp(R) [28], CAL [3], CuIp [18], or ILOG SOLVER [42], are usually re-
stricted to Finite Domain Constraint Programming (CP(FD)). In this set-
ting, all domains Dy, ..., Dy, have to be finite.

To solve a CP(FD), the problem is recursively split into smaller sub-
problems (usually by splitting a single variable’s domain), thereby creating
a branching tree and implicitly enumerating all potential solutions. At each
subproblem (i. e., node in the tree) domain propagation is performed to ex-
clude further values from the variables’ domains. These domain reductions
are inferred by the single constraints (primal reductions) or by the objective
function and a feasible solution (dual reductions). If every variable’s domain
is thereby reduced to a single value, a new primal solution has been found.
If any of the variables’ domains gets empty, the subproblem is discarded and
a different leaf of the branching tree is selected to continue the search.

The key element for solving Constraint Programs in praxis is the effi-
cient implementation of domain propagation algorithms which exploit the
structure of the involved constraints. A CP solver usually includes a library
of constraint types with specifically tailored propagators.

Another important feature is the provided infrastructure for managing
the local domains and representing the subproblems in the tree. Currently,
two different techniques are used in existing software: trailing and copying
(see [46] for a comparison). For each node in the tree, trailing stores only
the differences of the node and its parent with respect to the variables’ do-
mains and the current set of active constraints. This reduces the memory
consumption with the cost of additional effort for switching between sub-
problems. On the other hand, copying physically duplicates the data of the
parent node to define the child nodes and applies the necessary modifications
to the child nodes afterwards. This can result in a large memory overhead
but allows for fast switching between subproblems.

2.2 Mixed Integer Programming
A Mixed Integer Program (MIP) is defined as:



Definition 2.2 (Mixed Integer Program) Given a matriz A € R™*",
vectors b € R™ and ¢ € R™, and a subset I C N = {1,...,n}, the Mixed
Integer Program MIP = (A, b,c,I) is to solve

(MIP) ¢ =min{c"z | Az < b,z € Z' x RNV},

Common restrictions of MIP are Integer Programs (IPs) with I = NV and
Binary Programs (BPs) with I = N and 0 < 2 < 1. Note that in contrast
to CP, we are now restricted to

e linear constraints,
¢ a linear objective function, and
¢ integral or real-valued domains.

Despite the very restricted modelling capabilities of MIP, practical applica-
tions prove that MIP and even IP and BP can be successfully applied on
many real-word problems. However, it usually requires expert knowledge
to generate models that can be solved with current general purpose MIP
solvers. In many cases, it is even necessary to adapt the solving process
itself to the specific problem structure at hand. This can be done with the
help of a MIP framework.

Just like CP solvers, modern MIP solvers recursively split the problem
into smaller subproblems, thereby generating a branching tree. However,
the processing of the nodes is different. For each node of the tree, the LP
relaxation is solved, which can be constructed from the MIP by removing the
integrality conditions. The relaxation can be strengthened by cutting planes
which use the LP information and the integrality restrictions to derive valid
inequalities cutting off the optimal LP solution without removing integral
solutions. The LP provides a lower bound for the whole subtree, and if
this bound exceeds the value of the currently best primal solution, the node
and its subtree can be discarded. The LP relaxation usually gives a much
stronger bound than the simple dual propagation of CP solvers can provide.

The most important ingredients of a MIP solver implementation are
a fast and numerically stable LP solver, cutting plane separators, primal
heuristics, and presolving algorithms (see [10]). Additionally, the applied
branching rule is of major importance (see [2]). Necessary infrastructure
includes the management of subproblem modifications, LP warmstart infor-
mation, and a cut pool.

Modern MIP solvers like CBC [20], CPLEX [27], LINDO [34], MINTO [40,
39], Stp [36], SYMPHONY [43], or XPRESS [17] offer a variety of different
general purpose separators, that can be activated for solving the prob-
lem instance at hand (see [7]). It is also possible to add problem specific
cuts through callback mechanisms, thus providing some of the flexibility a



full MIP framework offers. These mechanisms are in many cases sufficient
to solve a given problem instance. With the help of modelling tools like
AMPL [22], GAMS [13], or ZIMPL [30] it is sometimes even possible to for-
mulate the model in a mathematical fashion, automatically transform the
model and data into solver input and solve the instance within reasonable
time. In this setting, the user does not need to know the internals of the
MIP solver, which is used as black box tool.

Unfortunately, this rapid mathematical prototyping chain (see [31]) does
not yield results in acceptable solving time for every problem class, some-
times not even for small instances. For these problem classes, the user has to
develop special purpose code with problem specific algorithms. To provide
him with the necessary infrastructure like the branching tree and LP man-
agement, or to support him with standard general purpose algorithms like
LP based cutting plane separators or primal heuristics, he can use a MIP
framework like ABACUS [48] or the tools provided by the COIN project [14].

2.3 Constraint Integer Programming

As described in the previous sections, current solvers for Constraint Pro-
gramming and Mixed Integer Programming share the idea of dividing the
problem into smaller subproblems and implicitly enumerating all potential
solutions. They differ in the way of processing the subproblems. Because
MIP is a very specific restriction of CP, MIP solvers can apply sophisticated
problem specific algorithms, that operate on the subproblem as a whole, in
particular the simplex algorithm [16] to solve the LP relaxations, and cutting
plane separators like the Gomory cut separator [23].

In contrast, due to the unrestricted definition of CPs, CP solvers cannot
take such a global perspective. They have to rely on the constraint prop-
agators, each of them exploiting the structure of a single constraint class.
Usually, the only communication between the individual constraints takes
place via the variables’ domains. However, an advantage of CP is the possi-
bility to model the problem more directly, using very expressive constraints
which contain a lot of structure. Transforming those constraints into linear
inequalities can conceal their structure from a MIP solver, and therefore
lessen the solver’s ability to draw valuable conclusions about the instance
or to make the right decisions during the search.

The hope of combining CP and MIP techniques is to take advantage of
both strengths and to compensate for the different weaknesses. We propose
the following slight restriction of a CP:

Definition 2.3 (Constraint Integer Prograim) 7The Constraint Integer
Program CIP = (C,1,¢) consists of solving

(CIP) ¢ =min{c" x| C(z),2 € Z' x RNV}



with a finite set C = {C1,...,Cwm} of constraints C; : Z' x RNV — {0, 1},
i=1,...,m, a subset  C N ={1,...,n} of the variable index set, and an
objective function vector ¢ € R™, and has to fulfill the following restriction:

Vor € 7! H(Agcl,bxl) : {CEN ‘ AmImN < bml} = {QCN ‘ C(CE],QCN)}. (1)

Restriction (1) ensures, that the remaining subproblem after fixing the
integral variables is always a Linear Program. This means, that the problem
can be completely solved by enumerating all values of the integral variables
and solving the corresponding LPs.!

The linearity restriction of the objective function can easily be compen-
sated by introducing an auxiliary objective variable that is linked to the
actual non-linear objective function with a non-linear constraint. We just
demand a linear objective function in order to simplify the derivation of
the LP relaxation. The same holds true for omitting the general variable
domains D, that exist in Definition 2.1 of the Constraint Program. They
can also be represented as additional constraints. Therefore, every CP that
meets condition (1) can be represented as Constraint Integer Program.

In the remaining part of the paper, we will describe Scip, a framework
to solve CIPs.

3 Basic Concepts of SCIP

Scip is a framework for Constraint Integer Programming and provides the
necessary infrastructure to implement algorithms for solving CIPs. It man-
ages the branching tree along with all subproblem data, it automatically up-
dates the LP relaxations, and handles all necesarry transformations due to
the preprocessing problem modifications. Additionally, a cut pool and pric-
ing store management and a SAT like conflict analysis mechanism (see [47])
is available. Scip provides an efficient memory allocation shell, which also
includes a simple leak detection if compiled in debug mode. Finally, a lot
of statistical output can be generated to support the user’s diagnosis of his
algorithms, in particular the branching tree can be visualized with the help
of VBC TooL [32].

Despite the infrastructure mentioned above, all the main algorithms are
part of external plugins. These are user defined callback objects that in-
teract with the framework through a very detailed interface. The current
distribution of Scip already contains necessary plugins to solve MIPs (see
Section 5 for computational results on some MIP instances). In the follow-
ing, we will describe the different plugin types and their role in solving a
CIP.

!Note that this does not forbid quadratic or even more involved expressions. Only the
remaining part after fixing (and thus eliminating) the integral variables must be linear in
the continuous variables.




3.1 Constraint Handlers

Since a CIP consists of constraints, the central objects of SCcip are the con-
straint handlers. Each constraint handler represents the semantics of a sin-
gle class of constraints and provides algorithms to handle constraints of the
corresponding type.

The primary task of a constraint handler is to check a given solution for
feasibility with respect to all constraints of its type existing in the problem
instance. This feasibility test already suffices to produce a correct algorithm
for solving CIPs with constraints of the supported type. However, the al-
gorithm would resemble a complete enumeration of all potential solutions,
because no additional primal information would be available.

To help pruning the search tree, constraint handlers may provide addi-
tional information about its constraints to the framework, namely

e presolving methods to simplify the problem’s representation,
e propagation methods to tighten the variables’ domains,

e a linear relaxation, which can be generated in advance or on the fly,
and which improve the dual bound of the LP, and

e branching decisions to split the problem into smaller subproblems,
using structural knowledge of the constraints in order to generate a
well-balanced branching tree.

Example 3.1 (knapsack constraint handler) A knapsack constraint is a spe-
cialization of a linear constraint
alx<b (2)

with positive integral right hand side b € Z_, positive integral coefficients a; € Z
and binary variables z; € {0,1}.

The feasibility test of the knapsack constraint handler is very simple: it only
adds up the coefficients a; of variables x; set to 1 in the given solution and compares
the result with the right hand side b. Presolving algorithms for knapsack constraints
include modifying the coefficients and right hand side in order to tighten the LP
relaxation, and fixing variables with a; > b to 0 (see [45]).

The propagation method fixes additional variables to 0, that would not fit into
the knapsack together with the variables that are already fixed to 1 in the current
subproblem.

The linear relaxation of the knapsack constraint initially consists of the knap-
sack inequality (2) itself. Additional cutting planes like lifted cover cuts [8, 9, 37] or
GUB cover cuts [50] are dynamically generated to enrich the knapsack’s relaxation
and cut off the current LP solution.

3.2 Presolvers

In addition to the constraint based (primal) presolving mechanisms provided
by the individual constraint handlers, additional presolving algorithms can



be applied with the help of presolvers. They usually perform dual presolving
operations, taking the objective function into account.

For example, if the value of a variable x; can always be decreased without
rendering any constraint infeasible (an information, the constraint handlers
have to provide), and if the objective value c; of the variable is non-negative,
the dual fixing presolver fixes the variable to its lower bound. In the setting
of a MIP, this condition is satisfied, iff A.; =0 and ¢; = 0.?

3.3 Cut Separators

In Scip, we distinct two different types of cutting planes. The first type
are the constraint based cutting planes, that are valid inequalities or even
facets of the polyhedron described by a single constraint or a subset of the
constraints. The may also be strengthened by lifting procedures that take
more information about the full problem into account. These cutting planes
are generated by the constraint handlers of the corresponding constraint
types. Prominent examples are the different types of knapsack cuts that are
generated in the knapsack constraint handler, or the cuts for TSP tours like
subtour elimination and comb inequalities [24, 25] that are separated by the
tour constraint handler.

The second type of cutting planes are general purpose cuts, which are us-
ing the current LP relaxation and the integrality conditions to generate valid
inequalities. Generating those cuts is the task of the cut separators. Exam-
ples are Gomory fractional cuts [23], complemented mixed integer rounding
cuts [35], and strong Chv atal-Gomory cuts [33].

3.4 Domain Propagators

Constraint based (primal) domain propagation algorithms are part of the
corresponding constraint handlers. For example, the alldifferent® constraint
handler excludes certain values of the variables’ domains with the help of a
bipartite matching algorithm.

In contrast, domain propagators provide dual propagations, i.e., propa-
gations that can be applied due to the objective function and the currently
best known primal solution. An example is the simple objective function
propagator that tightens the variables’ domains with respect to the objective
bound

with c being the objective value of the currently best primal solution.

2 with Aj being the j’th column of the coefficient matrix A
® aldifferent(x1, ...x) requires the integer variables xi,...X to take pairwise dif-
ferent values.



