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 Crew Scheduling Example 

 Path Covering and Column Generation 
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Charnes & Miller 1956 
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Integer Programming (IP) 

Graph theoretical model Algebraic model 
(Integer Program) 
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x1 x2 

x3 

x4 

x5 
Min  x1 + x2 + x3 + 1.2x4 + 1.2x5 

4 ≤  x1  +  x4  

1 ≤  x1  +  x5 

9 ≤  x3  +  x5 

5 ≤  x3  +  x4 

6 ≤  x2  +  x4 

3 ≤  x2  +  x5 

x ≥  0 

x integer 
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Ad Hoc Solution 
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Graph theoretical model Solution 

 x1 = 0 

 x2 = 0 

 x3 = 0 

 x4 = 6 

 x5 = 9 

 

 

 c =  7.2+10.8 

 = 18 

 

 Uncertainty = 6.8/18 = 37.78% 

Price 

 12 = 0.4 

 21 = 0.4 

 13 = 0.4 

 31 = 0.4 

 23 = 0.4 

 32 = 0.4 

 

 c = 28 * 0.4 

 = 11.2 

x1 

x2 

x3 

X5=9 

X4=6 

X5 

X4 
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Optimal Solution 
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Graph theoretical model Solution 

 x1 = 0 

 x2 = 2 

 x3 = 8 

 x4 = 4 

 x5 = 1 

 

 

 c =  16 

 

 

 Uncertainty = 0.0/16 = 0.00% 

Price 

 12 = 0.2 

 21 = 0.2 

 13 = 1.0 

 31 = 0.0 

 23 = 1.0 

 32 = 0.0 

 

 c = 16 
X1=0 

X2=2 

X3=8 

X5=1 

X4=4 

X5 

X4 

X3 

X1 

X2 

23 = 1.0 

32 = 0.0 

31 = 0.0 

13 = 1.0 

12 = 0.2 

21 = 0.2 
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Algebraic model 
(Linear Program) 

Integer Programming (IP) 

Graph theoretical model Algebraic model 
(Integer Program) 
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Min  x1 + x2 + x3 + 1.2x4 + 1.2x5 

4 ≤  x1  +  x4  

1 ≤  x1  +  x5 

9 ≤  x3  +  x5 

5 ≤  x3  +  x4 

6 ≤  x2  +  x4 

3 ≤  x2  +  x5 

x ≥  0 

x integer 

Min  x1 + x2 + x3 + 1.2x4 + 1.2x5 

4 ≤  x1  +  x4  

1 ≤  x1  +  x5 

9 =  x3  +  x5 

5 ≤  x3  +  x4 

6 =  x2  +  x4 

3 ≤  x2  +  x5 

x ≥  0 

x integer 

x1 x2 

x3 

x4 

x5 

Polytope 



Freie Universität      Berlin 

Simplex Algorithm 

Linear Programming (LP) 

Polytope Algebraic model 
(Linear Program) 
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Min  x1 + x2 + x3 + 1.2x4 + 1.2x5 

4 ≤  x1  +  x4  

1 ≤  x1  +  x5 

9 =  x3  +  x5 

5 ≤  x3  +  x4 

6 =  x2  +  x4 

3 ≤  x2  +  x5 

x ≥  0 

x1 x2 

x3 

x4 

x5 
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Path Covering 1956-1998 
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Article Constraints Variables Time 

Charnes & Miller [1956] 6 17 by hand 

Hoffman & Padberg [1993] 145 1 053 137 5 min 

Bixby, Gregory, Lustig, 

Marsten, Shanno [1992] 837 12 753 313 249 sec 

Barnhart, Johnson, 

Nemhauser, Savelsbergh, 

Vance [1998] >10 000 

nobody 

knows  

several 

days 
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Crew Scheduling Problem 

 Rules: Flight time ≤ 7 h, connections ≤ 3 h 

 Costs: 2 + working time 
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H 

A 

B 

8 10 9 11 12 13 14 15 16 17 7 

 
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Crew Scheduling Problem 

 Rules: Flight time ≤ 7 h, connections ≤ 3 h 

 Costs: 2 + working time 
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H 

A 

B 

8 10 9 11 12 13 14 15 16 17 7 

 

2+3+3+1=9 2+1+1+1=5 
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Graph Theoretic Model 

 Rules: Flight time ≤ 7 h, connections ≤ 3 h 

 Costs: 2 + working time 
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H 

A 

B 

8 10 9 11 12 13 14 15 16 17 7 

 

3 

3´ 4 

4´ 5 

5´ 6 

6´ 

2´ 1 

1´ 2 

0 7 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(3,3) (0,0) 

(0,3) 

(3,3) 

(0,2) 
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Graph Theoretic Model 

 

 

 

 

 

 

 

 

 (Time, Cost) 

 Pairing = 07 path of length ≤ 7 h 

 Schedule = Path cover 
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0 

1´ 1 

2´ 2 

3´ 3 

4´ 4 

5´ 5 

6´ 6 

7 

(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 

(0,2) 

(0,2) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 
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Graph Theoretic Model 

 

 

 

 

 

 

 

 

 

 (Time, Cost) 

 Pairing = 07 path of length ≤ 7 h 

 Schedule = Path cover 
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0 

1´ 1 

2´ 2 

3´ 3 

4´ 4 

5´ 5 

6´ 6 

7 

(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 

(0,2) 

(0,2) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 
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Set Partitioning Model 
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A 

B 

C 

1 2 3 4 5 6 

no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 

1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
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Set Partitioning Model 

 

 

 

 

 

 

 

 

 
min 5x1+5x2+...+12x36+9x37 

s.t. x1+x7+x8+x19+x20+x21+x22+x29+x30+x31+x36=1 

 x2+x7+x9+x10+x11+x12+x19+x20+x21+x22+x23+x24+x25+x32+x33+x34+x37=1 

 x3+x8+x9+x13+x14+x15+x19+x23+x24+x25+x26+x27+x29+x30+x32+x33+x35+x36+x37=1 

 x4+x10+x13+x16+x17+x20+x23+x26+x27+x28+x29+x30+x31+x32+x33+x34+x35+x36+x37=1 

 x5+x11+x14+x16+x18+x21+x24+x26+x28+x29+x31+x32+x34+x35+x36+x37=1 

 x6+x12+x15+x17+x18+x22+x25+x27+x28+x30+x31+x33+x34+x35+x36+x37=1 

 x1,...,x37  0 

 x1,...,x37 integer 
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no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 

5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 

1 1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

x1 x2 x3 x4 x5 x6 x7 x8 x9 x1

0 

x1

1 

x1

2 

x1

3 

x1

4 

x1

5 

x1

6 

x1

7 

x1

8 

x1

9 

x2

0 

x2

1 

x2

2 

x2

3 

x2

4 

x2

5 

x2

6 

x2

7 

x2

8 

x2

9 

x3

0 

x3

1 

x3

2 

x3

3 

x3

4 

x3

5 

x3

6 

x3

7 
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Set Partitioning Model 

  

 

 

 

 

 

 

 

min 5x1+5x2+...+12x36+9x37  

 x1+x7+x8+x19+x20+x21+x22+x29+x30+x31+x36=1 

 x2+x7+x9+x10+x11+x12+x19+x20+x21+x22+x23+x24+x25+x32+x33+x34+x37=1 

 x3+x8+x9+x13+x14+x15+x19+x23+x24+x25+x26+x27+x29+x30+x32+x33+x35+x36+x37=1 

 x4+x10+x13+x16+x17+x20+x23+x26+x27+x28+x29+x30+x31+x32+x33+x34+x35+x36+x37=1 

 x5+x11+x14+x16+x18+x21+x24+x26+x28+x29+x31+x32+x34+x35+x36+x37=1 

 x6+x12+x15+x17+x18+x22+x25+x27+x28+x30+x31+x33+x34+x35+x36+x37=1 

 0 ≤ x1,...,x37 ≤ 1 

 x1,...,x37 integer 

 min ∑𝑐𝑗𝑥𝑗 ,   ∑ 𝑎𝑖𝑗𝑥𝑗 = 1,𝑗=1,…,𝑛    𝑖 = 1,… ,𝑚,   0 ≤ 𝑥𝑗 ≤ 1,  𝑥𝑗 ∈ ℤ 

 min 𝑐𝑇𝑥,   𝐴𝑥 = 1,   0 ≤ 𝑥 ≤ 1,   𝑥 ∈ ℤ𝑛 
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no 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 ! 

1 1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 
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Crew Scheduling Algorithm 
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0 

1´ 1 

2´ 2 

3´ 3 

4´ 4 

5´ 5 

6´ 6 

7 

(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 

(0,2) 

(0,2) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 
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Crew Scheduling Algorithm 

 "Tripper" solution cost = 22 
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0 

1´ 1 

2´ 2 

3´ 3 

4´ 4 

5´ 5 

6´ 6 

7 

(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 

(0,2) 

(0,2) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 
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Crew Scheduling Algorithm 

 "Tripper" solution cost = 22 
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(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 

(0,2) 

(0,2) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 
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Crew Scheduling Algorithm 

 

 

 

 

 

 

x1=x2=x3=x4=x5=x6=1, cost 2*5+4*3=22 

y1=5 

y2=5 

y3=3 

y4=3 

y5=3 

y6=3 
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no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y 

1 1 1 1 1 1 1 1 1 1 1 1 5 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

x 1 1 1 1 1 1 
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Crew Scheduling Algorithm 

 Leg prices 

 "Tripper" solution cost = 22 
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5 

5 

3 

3 

3 

3 

(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 

(0,2) 

(0,2) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 
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Crew Scheduling Algorithm 

 

 

 

 

 

 

 

 

 

 Improving pairing: Cost < Price 

 Here: 9 < 13 
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5 

5 

3 

3 

3 

3 

(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 

(0,2) 

(0,2) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,0) 

(0,2) 

(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 
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Constrained Shortest Path Problem 

Definition: Length-constrained acyclic shortest path problem (CSP) 

 Input: Acyclic Digraph D=(V,A) with source s, sink t, integer lengths zij and costs cij 
for all arcs ij and an integer bound L.  

 Output: An (s,t)-path with length ≤ L with minimal, possibly negative, costs. 

Observation: The problem to construct an improving pairing is a length-
constrained acyclic shortest path problem. 

Theorem (Desrochers):  The CSP is NP-hard. 

Theorem: The CSP can be solved in pseudo-polynomial time by dynamic 
programming. 

Theorem (Warburton, Hassin): There are FPAS for the CSP. 
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Crew Scheduling Algorithm 

 

 

 

 

 

 

 

 

 

 Improving pairing: Cost – Price < 0 

 Here: 9 – 13 = -4 < 0 
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-5 

-5 

-3 

-3 

-3 

-3 

(0,3) 

(3,3) 

(0,2) 

(0,0) 

(0,3) 

(3,3) 

(1,1) 

(1,1) 

(1,1) 

(1,1) 

(0,2) (0,1) 

(0,1) 
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(0,2) 

(0,2) 

(0,2) 

(0,0) 
(0,0) 

(0,0) 

p 5 5 3 3 3 3

n 0 1 1' 2 2' 3 3' 4 4' 5 5' 6 6' 7

0 0 2 2 2 2 2 2

1 0 0 0 0 0 0 0 0

2 -2 -2 -2 -2 -2 -2

3 0 0 0 0 1 2 -4 -4 -4 -4

4 -2 -2 -1 -1 0 0 -6 -6

5 -4 -4 -3 -3 -2 -4

6 -2 -2 -1 0 -6 -6 -5 -6

7 -4 -4 -3 -3 -2 -2 -8 -8
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Crew Scheduling Algorithm 

 "Tripper" solution cost = 22 

 Improving pairing: Cost – Price = 9 – 13 = -4 < 0 
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Crew Scheduling Algorithm 

 New solution cost = 22 – 4 = 18 

 Improving pairing: Cost – Price = 9 – 13 = -4 < 0 
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Crew Scheduling Algorithm 

 Leg prices 

 Current solution cost = 18 
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Column Generation 

x1=x2=x3=0, x4=x5=x6= x19=1, cost 9+3*3=18 [22] 

y4=3, y5=3, y6=3, y1+y2+y3=9  

y1=1, y2=5, y3 =3, y4=3, y5=3, y6=3 

Other solutions possible 
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no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y 

1 1 1 1 1 1 1 1 1 1 1 1 1 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

x 1 1 1 1 
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Column Generation: Primal Master LP 
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Column Generation: Dual Master LP 
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Crew Scheduling Algorithm 

 Leg prices 

 Current solution cost = 18 

 Improving pairing: Cost – Price < 0 
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Crew Scheduling Algorithm 

 Leg prices 

 Current solution cost = 18 

 Improving pairing: Cost – Price < 0 
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Crew Scheduling Algorithm 

 Improving pairing: Cost – Price < 0 

 Here: 9 – 14 = -5 < 0 
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Crew Scheduling Algorithm 

 Improving pairing: Cost – Price < 0 

 Here: 12 - 13 = -1 < 0 
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Crew Scheduling Algorithm 

 Take all pairings 0.5 times 

 New "fractional" solution cost = 18 – 5/2 – 1/2 = 15 
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Column Generation 

 

 

 

 

 

x34= x34= x19= 1/2, cost (9+9+12)/2=15 [18] 

y1+y2+y3=9 

y2+y4+y5+y6 =9  

y1+y3+y4+y5+y5=12   

  y1=5, y2 = y4 = y5 = 3, y3= 1, y6= 0 
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no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y 

1 1 1 1 1 1 1 1 1 1 1 1 5 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 

x ½ ½ ½ 
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Crew Scheduling Algorithm 

 Leg prices 

 Current solution cost = 15 

 Improving pairing: Cost – Price < 0 
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Crew Scheduling Algorithm 

 Improving pairing: Cost – Price < 0 

 Here: 5 – 6 = -1 < 0 
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Crew Scheduling Algorithm 

 New solution cost = 15 – 1 = 14 

 Improving pairing: Cost – Price = 5 – 6 = -1 < 0 
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Column Generation 

x19= x28= 1, cost 9+5=14 [15] 

y1+y2+y3=9 

y4+y5+y6 =5  y1= 5, y2= 3, y3= y6= 1, y4= y5 = 2 

Prices buy all duties 

Duality theorem (or simplex criterion)  x* and y* are optimal 
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no 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 36 37 

c 5 5 3 3 3 3 8 9 6 7 8 9 4 5 6 4 5 4 9 10 11 12 7 8 9 5 6 5 11 12 12 8 9 9 6 12 9 y 

1 1 1 1 1 1 1 1 1 1 1 1 5 

2 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 3 

3 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

4 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 

5 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 2 

6 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 

x 1 1 
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Crew Scheduling Algorithm 

 Leg prices 

 Current solution cost = 14 

 Improving pairing: Cost – Price < 0 
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Crew Scheduling Algorithm 

 Improving pairing: Cost – Price < 0 

 Here: None => Optimal 
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Graph Theoretic Model 
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deadhead trip timetabled trip 
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Graph Theoretic Model 
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task of a duty 
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Graph Theoretic Model 
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change-overs for drivers 
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Graph Theoretic Model 
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start or end of a duty 
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Graph Theoretic Model 
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Graph Theoretic Model 
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Path Covering Problems 

Definition: Path Covering Problem (PCP) 

 Input: Acyclic Digraph D=(V,A) with source s, sink t, integer lengths zij and costs cij 
for all arcs ij and an integer bound L.  

 Output: A set {P1,...,Pk} of (s,t)-paths of length ≤ L, such that every node except s 
and t is contained in exactly one path and the such that total cost of the paths is 
minimal. 

Observation: Crew scheduling problems are path covering problems (with 
additional constraints for individual paths and for the path mix). 

Proposition: Path covering problems are NP-hard (already for one length 
restricted path). 
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Duty Scheduling Graph 
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Duty Scheduling Graph 
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Scheduling Graphs 

 

 Duty Scheduling in Public Transit 

 

 Airline Crew Scheduling 
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Duty Mix Rules 

 Per type, depot, geo area, time period, ... 

 Legality and cost (per type) 

 Linear rules 

 Capacities, averages, duty mix 

 Automatic penalty calculation 
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Opt               /3 = 5:00 (Ex.: average) 
Max        #            #  (Ex.: duty mix) 

Min         #           3     (Ex.: min. no.)    
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Base Constraints 

 Total no. of pairings starting from a base 

 Total no. of pairings starting from a base at each day 

 Etc. 
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Integer Programming Model 
(Set Partitioning Problem with Base Constraints) 
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Column Generation Method 
(Branch-and-Generate, Marsten 1994) 
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Mathematical Model 
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Branch-&-Generate Algorithmus 
(Marsten [1994]) 

 INIT                     LP                 BANG 

cost 

opt 

sol 

cost 

init 
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Column Generation Method 
(Branch-and-Generate, Marsten 1994) 
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Mathematical Model 
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min  𝑐𝑑𝑥𝑑 , 

𝑑

 𝑥𝑑 = 1  ∀𝑡, 

𝑑∋𝑡

 𝑥𝑑 ≤ 𝜅𝑚∀

𝑑∈𝑚

𝑚, 𝑥 ≥ 0 

 

⟺min  𝑐𝑑𝑥𝑑 , 

𝑑

 𝑥𝑑 = 1  ∀𝑡, 

𝑑∋𝑡

 𝑥𝑑 ≤ 𝜅𝑚∀

𝑑∈𝑚

𝑚, 0 ≤ 𝑥 ≤ 1 

 

⟺ max
𝜆,𝜇≥0
 min  𝑐𝑑𝑥𝑑  

𝑑

− 𝜆𝑡  𝑥𝑑
𝑑∋𝑡

− 1 + 𝜇𝑚  𝑥𝑑 − 𝜅𝑚
𝑑∈𝑚

, 0 ≤ 𝑥 ≤ 1 

Master LP Lagrange Relaxation 
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Column Generation Method 
(Branch-and-Generate, Marsten 1994) 
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Mathematical Model 

begin 

Branch 

Solve Crew Scheduling Problem (IP) 

Solve Crew 

Scheduling 

Problem (LP) 

Stop? 

All fixed? end 

Yes No 

Yes 

No 

Generate 

Pairings 

Compute 

Prices 

Fix 

Pairings 



Freie Universität      Berlin 
Graph Theoretic Model 

 

 Extension elements (check in/out, position, ...) 

 Links (deadheads, transports, overnights, ...) 
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Duty Construction Rules (Lengths) 

 Feasibility + Costs 
 Linear Rules & Penalties 
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n 

► Feasibility + Costs 
► Linear Rules & Penalties 
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Duty Construction Rules 

REGULATION (EC) No 561/2006 OF THE EUROPEAN PARLIAMENT AND OF THE COUNCIL of 
15 March 2006 on the harmonisation of certain social legislation relating to road transport and 
amending Council Regulations (EEC) No 3821/85 and (EC) No 2135/98 and repealing Council 
Regulation (EEC) No 3820/85 

 

Article 6 

1.   The daily driving time shall not exceed nine hours. However, the daily driving time may be extended to at 
most 10 hours not more than twice during the week. 

2.   The weekly driving time shall not exceed 56 hours and shall not result in the maximum weekly working 
time laid down in Directive 2002/15/EC being exceeded. 

3.   The total accumulated driving time during any two consecutive weeks shall not exceed 90 hours. 

4.   Daily and weekly driving times shall include all driving time on the territory of the Community or of a third 
country. 

5.   A driver shall record as other work any time spent as described in Article 4(e) as well as any time spent 
driving a vehicle used for commercial operations not falling within the scope of this Regulation, and shall 
record any periods of availability, as defined in Article 15(3)(c) of Regulation (EEC) No 3821/85, since his last 
daily or weekly rest period. This record shall be entered either manually on a record sheet, a printout or by 
use of manual input facilities on recording equipment. 

 

Article 7 

After a driving period of four and a half hours a driver shall take an uninterrupted break of not less than 45 
minutes, unless he takes a rest period. 

This break may be replaced by a break of at least 15 minutes followed by a break of at least 30 minutes each 
distributed over the period in such a way as to comply with the provisions of the first paragraph. 
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Airline Crew Scheduling 

Second Execution Decree for the Regulation of Aircraft Operations (2. DV LuftBO) 

§ 8 Flight duty times of crew members  

(1)   The unrestricted flight duty time of any crew member between two rest periods is 10 hours. It is feasible 

to extend the flight duty times according to sentence 1 up to four hours and up to four times between 7 

consecutive days, if the sum of the extensions does not exceed 8 hours within 7 consecutive days. The time 

period of 7 consecutive days starts at any one time at 00:00 Standard Greenwich Time (GMT) of the first day 

and ends at 24:00 GMT of the seventh day. A crew member, who requires full time or part time assistance by 

another crew member in his function as a pilot during the flight duty time according to sentence 1, is not 

subject to paragraphs 2 and 3.   

(2)   The maximum flight duty time extension of fours hours according to paragraph 1 is diminished 1. by 1 

hour, if the flight duty time is longer than 2, but less than 4 hours, 2. by 2 hours, if the flight duty time 

contains 4 hours or more between 01:00 and 07:00 local time of the departure airport (winter time).  

(3)   A flight duty time that is diminished according to paragraph 2 is to be further diminished 1. by 1 more 

hour for more than 3, but less than 6 landings, 2. by 2 more hours for more than 5 landings.   

(4)   If the minimum crew size is extended and if suitable sleeping accommodation is provided in a space 

separate from the cockpit and the cabin, the regulation authority can extend the flight duty time according to 

paragraph 1, sentence 1 up to two times by 8 hours within 7 consecutive days upon written request. The time 

that any crew member spends piloting and operating the aircraft must never exceed 12 hours. The cabin crew 

must be provided with suitable breaks during the flight. To this purpose, rest seats must be provided. In any 

way, § 12 applies accordingly.  

(5)   The flight duty times must not exceed 210 hours within 30 consecutive days, and 1800 hours within one 

calendar year.  
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Linear Resource Constraints 

 Max constraints: 
duty time, working time, driving time 

 

 Min constraints: 
dito, quotient break rule relaxations 

 

 Opt constraints: 
duty time, working time, driving time 

 

 Path Elimination constraints: 
all other rules 

T

r rw x b

  ( )T T T

r r r rw x b w x qw x 

(min )T T

r r r r r rw x s s b d s   =

11 T

P

T

P x 

Min Opt Max 
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Constrained Shortest Path Problem 

Definition: Length-constrained acyclic shortest path problem (CSP) 

 Input: Acyclic Digraph D=(V,A) with source s, sink t, integer lengths zij and costs cij 
for all arcs ij and an integer bound L.  

 Output: An (s,t)-path with length ≤ L with minimal, possibly negative, costs. 

Observation: The problem to construct an improving pairing is a length-
constrained acyclic shortest path problem. 

Theorem (Desrochers):  The CSP is NP-hard. 

Theorem: The CSP can be solved in pseudo-polynomial time by dynamic 
programming. 

Theorem (Warburton, Hassin): There are FPAS for the CSP. 
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Duty Generation by Acyclic Constrained Shortest Paths 

  

 

 

 

 

 NP hard for |R|=1 (Meggido [1977]) 

 FPAS for |R| fixed (Warburton [1987] etc.) 

 LP in O(log(nL)) SP computations for |R|=1 (Mehlhorn, Ziegelmann 
[2000]) 
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Lagrangean Shortest Path Relaxation 

  

 

 

L(x,y) 

 Rexation of Linear Constraints 

 Lower-Bound-Tree for any multipliers y 

 Computation by Bundle Method 

Lower Bound in Dynamic Program/Multilabel Shortest Path Algorithm 
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Column Generation Method 
(Branch-and-Generate, Marsten 1994) 
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Mathematical Model 

begin 

Branch 

Solve Crew Scheduling Problem (IP) 

Solve Crew 

Scheduling 

Problem (LP) 

Stop? 

All fixed? end 

Yes No 

Yes 

No 

Generate 

Pairings 

Compute 

Prices 

Fix 

Pairings 
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Perturbation Branching 

min cTx   Ax  b, 0  x  1, x  {0,1}n 

Sequence i = 1,2,... of IPs with perturbed objectives 

cj
i+1 := cj

i – (xj
i)2     for all j 

Set of fixing candidates in iteration i 

Bi := { j : xj
i  1 –  } 

Potential function in iteration i 

vi := cTxi  – w|Bi | 

Set of fixed variables (many) 

B* := Bargmin vi 

Go on while not integer and potential decreases, else  

 Perturb for kmax additional iterations, if still not successful 

 Fix a single variable and reset objective every ks iterations 
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Rapid Branching 

B* := {j1, ... , jm}, cj1
  ...  cjm 

Branching sets Qj
k at pertubation branch j 

 Qj
k := { x : xj1 

= ... = xjk
 = 1 },  k=0,...,m 

Branch on Qj
m 

 Repeat perturbation branching to plunge 

 Backtrack to Qj
m/2 and set m := m/2 to prune 

Partial "binary search" branching 

 
 

Qj
2 

Qj
m/4 

Qj
m/2 

Qj
m 

Qj-1
p/q 

Qj
1 

Qj
4 
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Rapid Branching & Set Partitioning 

problem ivu53b ivu60 aa01 aa04 us01 

cols 560,233 1,148,050 8,904 7,195 1,053,137 

rows 2,421 1,979 823 426 145 

bcs 6 2 – – – 

nzs 12,840,061 21,384,769 72,965 52,121 13,636,541 

nzs/col 22.92 18.63 8.19 7.24 12.95 

LP 261.33 159.99 55,535.43 25,877.61 9,962.64 

DS 
obj 263.90 162.34 – – – 

time 9,098 29,982 – – – 

STATIC 
obj 265.31 172.22 57,832 27,202 10,098 

time 609 1,353 56 42 176 

CPLEX 
obj 263.57 – 56,354 26,433 10,090 

time 13,238.34 > 4d 128 34 335 
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Planning Problems in Public Transit 
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Service Design 

Operational Planning 

Operations Control 
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IVU.plan / IVU.crew / IVU.vehicle 
System Overview with Optimization Modules 

IVU.crew 

IVU.vehicle IVU.plan 
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