Lecture Notes

Fare Planning

Marc Pfetsch
Zuse Institute Berlin
pfetsch@zib.de

Technische Universitat Berlin
Fakultat I, Institut fur Mathematik
WS 2006/07

Ganzzahlige Optimierung im
Offentlichen Verkehr

Ralf Borndorfer, Christian Liebchen, Marc Pfetsch






Contents

1 Fare Planning
1.1 What is Fare Planning?
1.2 Basic Models .. ...
1.3 Demand Functions . .

1.3.1 Elasticity Demand Functions . . . ... ... .....
1.4 Discrete Choice Models . . . .. ... ... ... .......

1.4.1 Logit Models .

1.5 Applicationto Fare Planning . .. ... ... .........

1.6 Computational Results
1.6.1 Fare System 1.
1.6.2 Fare System 2.



Contents




Chapter 1

Fare Planning

1.1 What is Fare Planning?

In this chapter we deal with the problem to optimize fares fora public
transport system. We assume that we are given a price systermd we want
to optimize with respect to di erent objectives, such as maxmization of
the revenue, prot, or the number of passengers. The price stem includes
structural decisions, for instance, whether we have zone tes or distance
dependent fares and it includes the types of di erent tickes, such as single
tickets, monthly tickets etc.

Currently, fares in public transport system are planned through a polit-
ical process, i.e., they are subject to negotiations. The ma question often
is: To what extent can one raise fares under political and saal constraints?
The goal of fare planning, as we will present it in the followng, is to in-
troduce mathematical optimization into this process. With the models of
this chapter one can reach quantitative results and new farsystems can be
tested in silico. New and more complicated fare systems aréely to appear
in the future, when they are made practical through technicd innovations
like electronic ticketing.

The outline of this chapter is as follows. We rst x notation and then
present several di erent nonlinear models for fare plannig. These models
are based on so-calledlemand functions i.e., functions that determine the
number of passengers that want to travel with a given ticket ype for a given
fare. We will discuss how we obtain such a demand function usg a so-called
logit model which is a special kind ofdiscrete choice model Then we present
computational results.

Details can be found in Bornddrfer, Neumann, and Pfetsch [2].

1.2 Basic Models

The fare planning probleminvolves a tra ¢ network G = (V;E), where the
nodesV represent locations and the edge& connections that can be used
for travel. Givenis a setD V V of origin-destination pairs (OD-pairs
or tra c relations). We assume xed passenger routes, i.e.,for every OD-
pair (s;t) 2 D there is a unique path Qg through the tra ¢ network the
passengers will use. In our case, the passengers use the timmimal path.
Furthermore, we are given a nite set C of travel choices Examples of
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2 Fare Planning

demand
revenue

fare fare
Figure 1.1: Examples for a demand and revenue function.

travel choices that we have in mind are: single or monthly tigets, distance
dependent fares, etc. Travel choices may also include the mber of trips
during a time horizon, e.g., 30 trips during a month with a morthly ticket.

We considern 2 nonnegative fare variablesxq;:::;Xn, which we call
fares in the following. A fare vector is a vectorx 2 1 of such fares.

The model involvesprice functions pl; : " ! + and demand functions
dy: "1 + for each OD-pair (s;t) 2 D and each travel choice 2 C. The
price functions pi;(x) determine the price for traveling with travel choice i
from s to t depending on the fare vectorx. All pl, appearing in this paper
are ane functions and hence di erentiable. The demand functions di;(x)
measure the amount of passengers that travel frora to t with travel choice i,
depending on the fare vectorx. To simplify notation, we use

X
dst(x) := st(X):
i2C

We assume thatdg; is nonincreasing i.e.,
xt  x? ) dst(xl) dst(X2)5

It follows that the demand is maximized for x = 0. Note that the com-
ponents dist will not be nonincreasing in general. In our examples, demah
functions are also di erentiable and, in particular, continuous. See Figure 1.1
for an illustration.

The revenuer(x) is calculated as:

X X .
r(x):= Pst(X) dg;(x):
(s;t)2D i2C

The rst model for the fare planning problem maximizes reveme:
X X .
(Max-R ) max Pst(X)  dg(x)
(s;t)2D i2C
sit: x O:

The model assumes a xed level of service, that is constant sts. Additional
constraints on x can also be included into the model, e.g., upper bounds



1.2 Basic Models 3

on the fares, because of political reasons. Since the demaffdgnction is
nonincreasing, lower bounds on the fare could ensure a ceitademand.

The next model is more realistic, since it allows a variabledvel of service.
This means to include the costs for the service into the modelWe do this
by also planning the frequencies of the lines. In principlewe would like
to include a complete line planning model. Due to the compleity of line
planning, in this context, however, we can only include a simpli ed version.
That is, we consider aline pool L and compute acontinuous frequencyf- 0
foreach line™ 2 L. We are given parameters 0 for the operating costs of
line * 2 L. We assume that the lines are symmetric, i.ef- is the frequency
for the back and forth direction. Finally, we are given vehicle capacities

0 for each line.

With these additional assumptions we can maximize therot (revenue
minus costs) under the restriction of su cient transportat ion capacity on
each edge and including a xed subsidys O:

X X .
(Max-P ) max Psi(x) dgi(x) 2z
(gt)2D i2C
sit: cf- S Z
X
dst(X) foo 8e2 E
(s;t)2D te2”
€2 Qst
x 0
f 0
z O

Becausez is nonnegative and is minimized ( z is maximized), we have

X
Z = max cf- S ;0 :
2L

Therefore it is guaranteed that the subsidy can only be usedf compensating
the costs.

Note. If the costs for transporting passengers are smaller than @ revenue,
then optimal fares forMax-P with S = 0 are optimal for Max-P with S> 0
and conversely, as long as the subsidy is smaller than the @mal costs of
model Max-P . This holds, because of the following reasoning. Under the
given conditions, we have

X

cf- S =2z
2L

Substituting this into the objective of model Max-P leaves a constantS,
which does not in uence optimal solutions. This shows the @im.
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These two models are meant to improve the pro t of the public ransport
system. We now consider a model that also covers social issuef public
transport. The objective is to maximize the number of passegers such that
the public transport system is not a losing deal . More pregsely: In the case
of zero subsidy, the objective is to maximize the number of pEsengers such
that the costs have to be smaller than the revenue; in the casef positive
subsidy the costs have to be smaller than the revenue plus ssioly.

X
(Max-D ) max dst(x)

(SX)ZD X X
sit: pL(x) dii(x) cf- S
(s;t)2D i2C X X
dst(X) fo 8e2 E
(sit)2D Te2”
€2 Qst
x 0
f O

Note. Without the rst side constraint, the optimal solution woul d bex =0
since theds; are nonincreasing.

All introduced models are nonlinear programs that may be que hard to
solve in general. Nevertheless, in our examples all functis are di erentiable
and we managed to compute the optimum.

1.3 Demand Functions

Our approach to fare planning is based on the assumption thapassenger
behavior in response to fares can be given by the demand funchs dL.t. This
is a necessary, but in practice quite strong assumption.

There are several issues that are discussed in the literater

For di; to exist, passengers neeflll knowledgeof the situation and act
rationally with respect to the change of fares. It follows that demand
functions are nonincreasing. The assumption on full knowlkdge and ra-
tionality is clearly unrealistic.

Passenger behavior in reality is asymmetric, i.e., passeags behave dif-
ferently to increasing and decreasing fares. In particularif a fare is
raised and lowered back to the original value, passengers dmt behave
as before, at least not immediately.

In general, passengers need time to adjust to fare changes.

A principle drawback is that demand functions cannot be meagred, since
(ceteris paribus) experiments cannot be carried out, and syrising e ects
signi cantly in uence the situation. For instance, in many experiments
with zero fares the main passenger increase is caused by imdual tra c
and by passengers that used a bike or went by foot before.
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These are valid arguments that demand functions cannot modethe
truth . Nevertheless, we will follow large parts of the ecaomic and public
transport literature that take the point of view that demand functions can
be used to predict reality with reasonable accuracy.

1.3.1 Elasticity Demand Functions

The perhaps best known class of demand functions arise fronostant elas-
ticity models and are also called Cobb-Douglas functions,ee Cerwenka [3].
They play a prominent role in the economic literature on publc transport
fares, see Oum, Waters, and Yong [7], and Goodwin [5].

The elasticity is the relative change in demand divided by the relative

change in fares. For a (continuously) di erentiable functiond: sg! >0
(with sg:=fx2 . x> 0g), we get for xg > O:

d(x) d(xo)

T @ _ X0 d(x) d(xo) _ dixo).

(Xo) = Jim XX T d(xo) X xo Cd(xo)

In the public transport literature the elasticity is often a ssumed to be con-
stant, e.g., " = 0:3, a value which is usually attributed to Curtin and
Simpson [4]. Constant elasticities are designed for use insmall neighbor-
hood around some point. In fact, for" < 0 Cobb-Douglas functions are
unde ned at zero and hence not applicable for situations whee a fare can be
reduced to zero. We will not use Cobb-Douglas functions in ta following.

1.4 Discrete Choice Models

A popular type of demand functions arises from a discrete chice analysis,
see, e.g., Ben-Akiva and Lerman [1] or Maier and Weiss [6]. Her pas-
sengers choose among a number of travel alternatives the ométh highest
utility. The so-called logit models include randomness in passenger prefer-
ences, which captures fuzziness in decision changes of gaggers and renders
the resulting demand functions continuous. We will introduce the basics of
this approach in the following.

In a discrete choice model for public transport, each passeger chooses
among a nite set A of alternatives for travel, e.g., single ticket, monthly
ticket, bike, car travel, etc. Associated with each alterndive a2 A and each
OD-pair (s;t) 2 D is autility U& which may depend on the passenger. Each
utility is the sum of an observable part, the deterministic utility V&, and a
random utility, the disturbance term &, i.e.:

Ug = Vi + &

Assuming that each passenger chooses the alternative withé highest utility,
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Figure 1.2: Gumbel density function g(x).

the probability of choosing alternative a2 A is

— — b by .
s= Vat gEmax(Ve+ o) (1.1)

1.4.1 Logit Models

In a logit model the disturbance terms & are assumed to be independently
and identically distributed according to the Gumbel distribution G(; ),
which is de ned by the density function

gx)= e & Jexp( e & )y

where is a location parameter and > 0 is a scale parameter. The distri-
bution function is then
P P
G(x)=  g(t)dt= e @ Jexp( e & Ndt=exp( e & )
1 1

The Gumbel distribution resembles the Gauy distribution (see Figure 1.2)
and we have:

Lemma 1.1. The Gumbel distribution has the following properties.
(@) The meanis + = , where is the Euler constant, 0:577. The
variance is °=(6 ?).

(b) If v is Gumbel distributed with parameterq ; ), then v+ cis Gumbel
distributed with parameters( +c¢; = ),for > 0,c2

(c) If v; and v, are independent Gumbel distributed variables with parame-
ters( 1; )and( »; ), respectively, thenvy v, is logistically distributed,
i.e., according to the following distribution function:

(1.2)
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(d) If vq;:::;vy are independent Gumbel distributed variables with param-
eters ( 1; );:::;( n; ), respectively, thenmaxfvy;:::;vag is Gumbel
distributed with parameters:

X
1

We skip the proof here, but will now derive the logit model, wrere we
assume =0 in the following.

Proposition 1.2. Let & be independent Gumbel distributed variables with

parameters (0; ). Then the probability P§ that alternative a for OD-pair

(s;t) 2 D is chosen is

eV sal1 .

STV
b2 A

Proof. We x (s;t) 2 D. By Lemma 1.1 (b) it follows that U& = V& + & is
Gumbel distributed with parameters (V&; ). From (1.1) we know that

(1.3)

a .— a a b by .
= + max (Vg + :
st st st b2 Anf ag( st St)

Choosea 2 A and de ne

UZ = max US:
st b2 Anf ag st
Then Lemma 1.1 (d) shows thatUZ, is Gumbel distributed with parameters
(Ve ), where X
Vg = Lin e
b2 Anfag

b
Vit

Then, we can write UZ = V& + 2, where £ is Gumbel distributed with
parameters(0; ). It follows that

a — a a ? ? - ? a a ? .
st = sttt st Vatt g = st st st Vet !

By Lemma 1.1 (c), & & is logistically distributed. Applying (1.2) and
using that =0 for both variables, we get

a
a — F( a V?)_ 1 — eVSl
st st U 1 he (Vg VE) T eV + eV
va va
= eP : ' X b
V )
eV + @ bzanag® eVs
b2 A

which proves the claim. O
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1.5 Application to Fare Planning

We apply the above logit model to fare optimization as follove. We consider a
time horizon T and assume that a passenger who travels fromto t performs
a random number of trips X¢; 2 + during T, i.e., X4 Is a discrete random
variable. We assume that passengers do not mix alternatives.e., the same
travel alternative is chosen for all trips. Furthermore, we assume an upper
bound N on Xg. Let the alternatives have utilities
Udkx) = V&) + &
that depend on the fare vectorx and the number of trips k.
Let A%be the set of public transport alternatives. Then the travel choices

traveling k times during T with alternative a from sto t and similarly pgt;k(x)
for the price of this travel. It follows that

ak
. evst‘ (x)
) = s PEXK) Xa=kl = a % s Xeo= K (L4)
eV st

b2 A

where ¢ is the entry of the OD-matrix corresponding to (s;t) 2 D. The
revenue can then be written as:

X X X ak 2k X X .
r(x)= Pst (X) dgi (X) = Pet(X) s (X):
(s;it)2D a2 A0k=1 (s;t)2D i2C

This formula expresses theexpected revenue over the probability spaces
for X and disturbance terms §.

Note that r(x) is continuous and even di erentiable if the deterministic
utilities V¥ (and the price functions p&*(x)) have this property. This is, for
instance, the case for a ne functions as customary in discr&e choice models,
see also the example below.

1.6 Computational Results

In this section, we will present computational results for wo di erent fare
systems.

1.6.1 Fare System 1

For the rst fare system we use the following:
We distinguish two tari zones.
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Figure 1.3: Probabilities for the number of travels.

Travel choices: monthly ticket (M), single ticket (S), car (C); we use:
A=1fM;S;Cg.

Fare variablesx = (Xs;Xm) (Where xs and x,, are the fares for a single
and monthly ticket, respectively).

Gumbel parameter = &, =0

The probabilities for each number of trips can be seen in Fige 1.3,
where the maximum number of trips isN = 60.

The price functions for one tari zone are:
pst;.l;(xs;xm) = Xs k
pglt.'k (Xs;Xm) = Xm
Pt (XsiXm) = G + °§ av k, with g =100; gy =0:1.

Hence, for alternative single ticket one has to pay the fae for a single ticket
times the number of trips k. For a monthly ticket one pays the monthly ticket
price only. For using a car one pays a combination of a xed cdsgs and a
distance dependent price§; qv, where"§ is the length of the trip for a car
and gy are operating cost.

We use the following (deterministic) utilities for one tari zone:
VS?;.l;(XS;Xm) = (Xs k) 01 tst k

VS(t:M.,k (XS;Xm) = (Xm) 0:1 tst k

Vo ‘(Xsixm) = (G + g av k) 01 t§ k+ ys

Here, ts; and t$ are the travel times for using public transport and car,
respectively. The parametersys; measure the comfort of car travel and
are calibrated such that the model for the current fares yidals the original
demand data. The minus signs in the utilities are used, becae we want the
utility to decrease when the fares or travel times increase.The two parts
are weighted by0:1, i.e., one minute of traveling time is worth 0:1 monetary
units.
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Xs = 1:75=1:98e

Xm = 45:01=51:06e

r(x) =2165282e (+4%)
d(x) =57021:1 (-14%)
Modal Split 27% (-5%)

100 10

demand function

Xs
revenue function contour plot of the revenue
Figure 1.4: Results for maximizing demand Max-D . The fares are given for the two

tari zones. The pictures show results for tari zone 2. The ¢ omparison is with respect
to the status quo.

Using (1.4), the revenue can be computed as:

X X )(\I p:t'k(x ,Xm) evs?:k (Xs:Xm)
st

r(x) = (Xt = K:

bik
Vo (Xs;X
(s;t) a2f S;M g k=1 Vst (Xsixm)

b2f M,S,Cg

Note that we sum only over the public transport alternatives (S and M)
and that this expresses the expected revenue subject to botprobability
distributions (for the number of trips and the disturbance terms). This
revenue has to be combined for the two tari zones.

The demand and revenue functions and optimization resultsdr fare sys-
tem 1 are shown in Figure 1.4. Table 1.1 shows the optimizatio results of
all models presented previously.

Figure 1.5 shows the distribution of passengers for cars amgublic trans-
port. One can see that much more passengers use the car thanlgie trans-
port. One can also see the space distribution of the passenge

Figure 1.6 shows a plot of the objective function when we vansubsidy
in model Max-D . Here x = 0 is the optimal solution when we have thatS
is larger than 3200000. Ifx =0 we have 112000 (of totally 209 315)
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Table 1.1: Results for all models with fare system 1. We use a subsidy of 1000 000 for

the models marked with *, otherwise S=0.

Xs Xm revenue demand cost
SUsUO ;0 9% psams  sereo 1914519
MBR oo sio5  oeass  sezs 100217
o 3% G5 ‘e e
T T R
MO joo  saos  ossisa  s7aay  2070%
wor 3 BE Umm wED e

passengers with car pass. with public transport

Figure 1.5: Results for Max-D with S = 1000000. The size of the circles are propor-
tional to the number of passengers that start their travel at the corresponding districts

(which can be seen in the background).

x10*

0 1 2 3 4
S

Figure 1.6: Changing subsidy S for the model Max-D .

5

x 10°
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Table 1.2: Computational results for all models with fare system 2. We u se a subsidy of

1000000 for the parts marked with * and S =0 otherwise.

Xb Xd revenue demand cost
Max-R 27.34 0.26 1901102 59673.9 1456 154
Max-P 33.30 0.65 1568 256 33989.0 728189
Max-P * 30.88 0.45 1778231 44216.2 1000000
Max-D 20.68 0.18 1822608 71253.3 1822608
Max-D * 12.94 0.09 1402984 88144.1 2402984

passengers that use public transport.

1.6.2 Fare System 2

In the second fare system we do not distinguish the two tari znes, but
introduce a distance dependent fare. We have the followingravel choices:
standard ticket (S), reduced ticket (R), car (C) and dene A = fS;R;Cg.
For the reduced ticket one pays a basic farey once in the beginning and
then only has to pay half the distance dependent farexy (which is also used
for the standard ticket). More precisely, the price functions are as follows:

P (XpiXd) = Xd st K

PE (XpiXd) = Xp+ 3xq st K

pSK(Xpixa) = o + S av k, with g = 100; qy = 0:1.
Here, "4 is the distance for traveling from s to t with public transport.

The (deterministic) utilities are de ned as follows:

Vs?;k(xb;xd) = (Xg st k) 01 tg K

Ve (xpixa) = (xp+ $Xd st K) Ol tg K

Ve (oixa) = (GG v k) O t§ k+ v
These utilities are set up similar to fare system 1.

The (expected) revenue function can be computed as follows:

X X X K (xxg) eVt (Xoxa)
r(x) = s« ot (o7 Xa)
(s;t) a2f S;Rg k=1

(Xst = k)

eV DK (Xpixa)

b2f S,R,Cg

Table 1.2 shows optimization results for all models and Tald 1.3 presents
a comparison between the two fare systems. One can see thattivimodel
Max-D one can attract more passengers with fare system 2 than withafe
system 1, but with less revenue. The same holds for mod&lax-R .
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Table 1.3: Comparison between fare system 1 and 2. We useS =0.
revenue demand costs

Status quo 2072106 66 503.0 3597604

fare system 1 2165282 57021.1 1662187
Max-R fare system 2 1901102 59673.9 1456 154

fare system 1 2027026 70772.0 2027026
Max-D fare system 2 1822608 71253.3 1822608
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