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Chapter 1

Introduction

Many real-world optimization problems can be formulated as mixed inte-
ger programs (MIPs). Although solving MIPs is computationally hard [86],
state-of-the-art MIP solvers—commercial and non-commercial ones—are able
to solve many of these problems in a reasonable amount of time (see e.g.,
Koch [55]). A widely used technique to solve MIPs is the branch-and-cut
paradigm which is employed by most MIP solvers.

In this thesis, we regard a different, but related method to solve MIPs,
namely the branch-and-price method and its extension, the branch-cut-and-
price method. Their success relies on exploiting problem structures in a MIP
via a decomposition. The problem is split into a coordinating problem and
one or more typically well structured subproblems that can often be solved
rather efficiently. For many huge and extremely difficult, but well structured
combinatorial optimization problems, this approach leads to a remarkably
better performance than a branch-and-cut algorithm.

While there exist very effective generic implementations of branch-and-
cut, almost every application of branch-(cut-)and-price is ad hoc, i.e., problem
specific. Therefore, using a branch-(cut-)and-price algorithm usually comes
along with a much higher implementational effort. In recent years, there
has been a development towards the implementation of a generic branch-
(cut-)and-price solver. Such a solver should ideally detect the structure of a
problem, perform the decomposition—if promising—and solve the problem
without further user interaction. An actual implementation of such a fully
automated solving process is still a long way off. However, there are codes
in development, e.g., DIP [78] and BaPCod [93], that just require the user to
define the structure of the problem, before an automated branch-(cut-)and-
price solving process is started.

Typically, such a generic implementation does not achieve the perfor-
mance of a problem specific one. However, it ideally incorporates sophis-
ticated acceleration strategies and other expert knowledge that would be
missing in a basic problem specific implementation and that can partially
compensate the disadvantage due to the generic approach. A generic imple-
mentation provides the possiblity to solve a problem with a branch-(cut-)and-
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2 CHAPTER 1. INTRODUCTION

price algorithm without any implementational effort and enables researchers
to easily test new ideas.

This thesis deals with the generic branch-cut-and-price solver GCG that
extends the existing non-commercial state-of-the-art MIP solver and branch-
and-price framework SCIP [3] to a branch-and-price solver. GCG was devel-
oped by the author of the thesis and meets the aforementioned demands, i.e.,
for a given structure, it performs a decomposition and solves the resulting
reformulation with a branch-cut-and-price algorithm. Actually, it still takes
into account the original problem and solves both problems simultaneously,
profiting from the additional information.

We present the theoretical background, implementational details, and
computational results concerning the solver GCG. Computations are carried
out for four classes of problems that are known to fit well into the branch-and-
price approach. We investigate whether even a generic approach to branch-
cut-and-price is still more effective than a state-of-the-art branch-and-cut
MIP solver for these problems.

Outline of the thesis

In the remainder of this chapter we present some basic definitions, give a short
summary of the history of branch-and-price and review current developments
concerning this topic.

The foundation of the generic branch-cut-and-price approach presented
in this thesis is the Dantzig-Wolfe decomposition for MIPs which we discuss
in Chapter

After that, in Chapter [3] we present the branch-cut-and-price framework
SCIP which is the basis of our implementation. Furthermore, we describe the
general structure of GCG and some general information about the computa-
tional experiments that we conducted.

The next three chapters focus on the most important parts of a branch-
cut-and-price solver. The solving process of the employed relaxation by col-
umn generation is treated in Chapter 4l Chapter [5] describes how this is
combined with a branch-and-bound approach in order to compute an opti-
mal solution. Furthermore, in Chapter [6] we describe how to include cutting
plane generation to obtain a branch-cut-and-price algorithm. In each of these
chapters, we first present the theoretical background, followed by implemen-
tational details and some computational results.

Chapter [7] deals with the overall performance of the branch-cut-and-price
solver GCG and the impact of the features mentioned in the previous chapters.
Since SCIP with default plugins is a state-of-the-art branch-and-cut based
MIP solver, we also draw a comparison between the results obtained by GCG
and SCIP in order to assess the effectiveness of the generic branch-cut-and-
price approach.

Finally, we summarize the contents of this thesis in Chapter[8|and present
concluding remarks as well as directions for further research.
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In the appendix, we present a German summary, survey the symbols
used in this thesis, define the classes of problems used for our computational
experiments, and present detailed computational results.

1.1 Definitions

In this section, we define the most important terms that we use in this thesis.
For a more detailed introduction into combinatorial optimization, linear and
mixed integer programming we refer to [I8, 40, R5]. The notation used in
this thesis is summarized in Appendix

Problem definitions and some polyhedral theory

For a given set of real-valued variables, a linear program is an optimization
problem that either minimizes or maximizes a linear objective function, sub-
ject to some linear equations or inequalities. Using various transformations,
we can transform each linear program into the form that is presented in the
following definition.

Definition 1.1 (Linear Program)
Letn,m €N, c e R", A € R™" and b € R™. An optimization problem of
the form

min L

s.t. Az >0
z e RY

is called a linear program (LP).

Note that throughout this thesis, we denote by Z,, Q4, and R the non-
negative integer, rational, and real numbers, respectively.
The set of solutions to an LP forms a polyhedron:

Definition 1.2 (Polyhedron [69])
Let n € N.

e A polyhedron P C R"™ is the set of points that satisfy a finite number
m € N of linear inequalities; that is, P = {x € R"™ | Az > b}, where
(A,b) is an m x (n+ 1) matriz.

e A polyhedron is said to be rational, if there exists m’ € N and an
m’ x (n+ 1) matriz (A',b") with rational coefficients such that P =
{r eR"| Az <V}.

o A polyhedron is called bounded if there exists w € Ry such that
PC{zeR"| —w<z; <wforj=1,...,n}. A bounded poly-
hedron is called polytope.
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In this thesis, we restrict ourselves to rational polyhedra and assume
rational-valued matrices and vectors. This is actually no limitation in prac-
tice since computers are restricted to rational numbers, anyway.

When adding integrality restrictions to a part of the variables of an LP,
we get a mized integer program:

Definition 1.3 (Mixed Integer Program)
Letnym e N, ce Q", Ac Q™" be Q™ and I C [n] :={1,...,n}. An
optimization problem of the form

min L

s.t. Az >b
r e QY
x; € 7 Viel

(1.1)

is called mixed integer program (MIP).

Like in the case of linear programs, there are several variations of mixed
integer programs like maximization problems and problems containing equal-
ity constraints, but all of these can be transformed to the previously stated
form, see e.g., [39]. Since each MIP in maximization form can be transferred
into a minimization problem by multiplying the objective function coeffi-
cients by minus one, we restricted ourselves to minimization problems in the
following. Throughout this thesis, a solution is called integral, if and only if
it satisfies the integrality restrictions, even if continuous variables may have
fractional values.

We distinguish the following special cases of MIPs:

Definition 1.4
A MIP of form (1.1)) is called

e an integer program (IP) if I = [n]
e and a binary program (BP) if it is an IP and x; € {0,1} Vi € I.

The set X = {x € Q% | Az > b,x; € Z Vi € I} of solutions to a MIP
is a subset of the polyhedron P = {x € Q% | Az > b}. The latter is the
set of solutions to the so-called LP relaxation of the MIP, i.e., the LP that
we obtain by discarding the integrality restrictions of the MIP. Due to the
integrality restrictions, the set X is not a polyhedron. However, since we
assumed rational data, its convex hull conv(X) is a polyhedron:

Theorem 1.5 ([65])

If P is a rational polyhedron and X = PN{x € Q% | z; € ZVi € I} # 0,
then conv(X) is a rational polyhedron whose extreme points are a subset of
X and whose extreme rays are the extreme rays of P.

This does not neccessarily hold for polyhedra not restricted to rational
data and since Theorem [1.5] is an important result which we will use in
Chapter [2], it is one of the reasons for assuming rational data througout this
thesis.
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Solving methods

There exist solving methods which can solve LPs in polynomial time, e.g.,
the ellipsoid method [52] 53] and interior point methods [51), 81]. In practice,
the simplex method [21] is often used, although it may have an exponential
running time. In the context of MIP solving, however, it performs empirically
better than the alternatives mentioned previously. In this thesis, we will
therefore restrict ourselves to the simplex method for solving LPs.

Adding integrality constraints increases the complexity of the problem:
MIP-solving is NP-hard [86].

Two methods for solving MIPs are LP based branch-and-bound and the
general cutting plane method. Both rely heavily on the LP-relazation of the
problem, i.e., the linear program obtained when disregarding the integrality
restrictions of the MIP.

The branch-and-bound algorithm, a form of divide-and-conquer, divides
the problem into subproblems until these can easily be solved to optimality.
For each subproblem, the LP-relaxation is solved, providing a lower bound
(also called dual bound) on the best feasible solution of the current subprob-
lem. On the other hand, the best known primal solution to the global problem
is referred to as the incumbent, its objective value is called upper bound or
primal bound. If the lower bound of a subproblem is greater or equal to the
upper bound, the current subproblem can be ignored since it cannot contain a
solution with objective value better than that of the incumbent. Otherwise,
the current problem is divided into multiple—typically two—subproblems.
These two steps are called bounding and branching, respectively, which gives
rise to the name of the algorithm. They are repeated until all subproblems
are either solved to optimality or discarded due to their lower bound.

The branch-and-bound procedure can easily be illustrated as a tree, where
each node represents one of the (sub-)problems. In particular, the root node
of the tree represents the initial problem. Whenever a problem is divided into
subproblems, these problems are represented by child nodes of the current
problem’s node in the tree. When a subproblem can be ignored due to the
bounding process, the corresponding node is pruned.

On the other hand, in the general cutting plane method, the LP relaxation
of the problem is also solved first. If the computed optimal LP solution
is fractional, a wvalid inequality is added to the LP, which is satisfied by
all feasible solutions of the MIP, but violated by the current fractional LP
solution. Thus we can say that this inequality “cuts off” the fractional LP
solution, it is therefore called cutting plane. Since geometrically, the cut can
be seen as a hyperplane that separates the vector corresponding to the LP
solution from all feasible solutions of the MIP, this process is also referred to
as separation. This is repeated, until the optimal LP solution is integral and
therefore an optimal solution of the MIP.

Most state-of-the-art MIP solvers use a combination of these two methods,
called branch-and-cut. The LP relaxation of the subproblems is strengthened
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by a reasonable number of cutting planes thereby trying to preserve its nu-
merical stability. Often, only the LP relaxation of the root-node is strength-
ened by cutting planes, afterwards, the problem is solved by a branch-and-
bound method.

Furthermore, branch-and-price [10] is a variant of branch-and-bound,
where only a subset of the variables is given explicitly, most of them are
handled implicitly. The key idea is that most of the variables will never
be part of an optimal LP solution. They would just slow down the solu-
tion process and would consume too much memory. During the optimization
process, at each node, the LP relaxation is solved with a column generation
approach: Whenever one of the implicitly given variables might improve the
current LP solution, it is added explicitly to the problem. We go into detail
about column generation and branching in this context in Chapters |4 and
respectively.

Finally, branch-cut-and-price is a combination of branch-and-price and
branch-and-cut. The variables are given implicitly and added to the problem
only when needed. Additionally, cutting planes are added to the problem
during the solving process in order to strenghen the LP relaxation. Variables
and cutting planes are created alternately. Cutting plane generation in this
context will be treated in Chapter [6]

1.2 A Brief History of Branch-and-Price

When talking about the history of branch-and-price, we have to start with
column generation which is the foundation of branch-and-price.

Column generation is a method to solve linear problems with a huge num-
ber of variables. Instead of solving the complete linear program, we solve a
restricted problem containing only a subset of the variables; remaining vari-
ables are treated implicitly. Therefor, a high number of smaller, typically well
structured subproblems—called pricing problems—are solved that determine
some of the implicitly given variables which are then explictly added to the
restricted problem in order to improve its solution. Due to their structure,
the pricing problems can typically be solved rather efficiently. We give a
detailed description of column generation in Section

Column generation has its roots in the 1960s when George B. Dantzig and
Philip Wolfe proposed their decomposition principle for linear programs [22,
23]. The original problem is reformulated as a linear problem with (typically)
an exponential number of variables. These variables represent the extreme
points and rays of the polyhedra corresponding to the pricing problems which
are linear subproblems.

Shortly after that, Paul C. Gilmore and Ralph E. Gomory presented a
formulation of an integer program—the cutting stock problem—containing a
huge number of variables that were implicitly treated [36], 37]. The pricing
problem was a knapsack problem. However, only linear programming meth-
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ods were used to solve the problem, so integrality of the variables could not
be enforced: “That integers should result of the example is, of course, for-
tuitous” [36]. Nevertheless, similar reformulations were proposed for several
other combinatorial optimization problems [66].

Combining the column generation approach with a branch-and-bound
algorithm in order to solve these problems to integrality poses several chal-
lenges [8] [47] which we will discuss in Chapters[4{and |5, Hence, several years
had to go by before column generation was successfully combined in practice
with branch-and-bound to a method called branch-and-price or IP column
generation.

In the 1990s, this concept was applied for example to the bin packing
problem [90], the vertex coloring problem [63], and the generalized assignment
problem [83]; problem independent surveys are given in [10, O7]. Besides,
the column generation approach was based on a decomposition for integer
programs [28, [91] that is similar to the Dantzig-Wolfe decomposition. This
decomposition principle is presented in Chapter [2| of this thesis.

In the last decade, several general acceleration strategies for the branch-
and-price process were proposed [26] [57] and branch-and-price was success-
fully applied to many problems [27]. Furthermore, branch-and-price was com-
bined with the general cutting plane method to branch-cut-and-price [33}, [87].
We will go into detail about this in Chapter [6]

Nowadays, branch-and-price is a well-established method to solve huge
and extremely difficult combinatorial optimization problems. Its success re-
lies on exploiting structures contained in the problem via a decomposition
and being able to solve the occuring pricing problems rather efficiently with
problem specific algorithms.

The most widely used method to solve MIPs, however, is the branch-and-
cut algorithm employed by most state-of-the-art MIP solvers. Although the
user can extend the existing branch-and-cut solvers by adding problem spe-
cific plugins, these solvers—commercial and non-commercial ones—feature
very effective generic algorithms that can be used to solve many general
MIPs without further problem knowledge.

The situation differs strongly for branch-and-price algorithms. There
exist several branch-cut-and-price frameworks like ABACUS [48], BCP [80],
MINTO [68], and SCIP [3]—which is the one we used and extended in this
thesis. However, one cannot simply read in a problem and just solve it
with a branch-and-price algorithm since the most important properties—Ilike
the pricing routine and a branching scheme—have to be implemented and
provided by the user. Therefore, even when using the aforementioned possi-
bilities, several problem specific parts of the solver have to be implemented
before a problem can be solved.

It would be much more satisfactory to have generic implementations also
for branch-and-price. These implementations shoul provide the essential
functionalities to solve a general—or just a well structured—MIP with a
branch-and-price approach. This could be used to easily test new ideas. Fur-
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thermore, if it turns out that the branch-and-price approach performs well
for specific problems, some of the generic functionalities could be replaced
by problem specific ones to speed up the solving process.

In recent years, there has been some progress into this direction. Frangois
Vanderbeck has been developing important features [92, [94], 96, 95] for its own
implementation called BaPCod which is “a prototype code that solves Mixed
Integer Programs (MIP) by application of a Dantzig-Wolfe reformulation
technique” [93].

Also the COIN-OR initiative [20] hosts a generic decomposition code,
called DIP [76), [77] (formerly known as DECOMP), which is a “framework for
implementing decomposition-based bounding algorithms for use in solving
large-scale discrete optimization problems” [78].

The constraint programming G12 project develops “user-controlled map-
pings from a high-level model to different solving methods” [75], one of which
is branch-and-price.

Among these projects, only DIP is currently (March 2010) open to the
public, but just as a trunk development version, there has not been a release,
yet.

For all these implementations, the user has to specify the structure of
a problem after reading it in and an automated Dantzig-Wolfe decomposi-
tion is performed that reformulates the problem. The reformulation is then
solved with a branch-and-price algorithm; solving the pricing problems and
branching are handled in a generic way.

In relation to this thesis, we developed our own implementation of a
branch-cut-and-price solver called GCG. It extends the branch-cut-and-price
framework SCIP [3], which already features one of the fastest non-commercial
MIP solvers, to a branch-cut-and-price solver.



Chapter 2

Dantzig-Wolfe Decomposition
for MIPs

The Dantzig-Wolfe decomposition for linear programs [22] 23] can be trans-
ferred to MIPs in two different ways: the convezification approach [28, [91]
and the discretization approach [91),[47]. The former is the more general one,
while the latter leads to better computational results when the problem has
the appropriate structure so that it can be applied. The symbols related to
the decomposition that are introduced in this chapter can also be looked up
in Appendix

In this chapter, we present both concepts and and a comparison of them.
Our presentation is based on [29] 57] for the convexification approach and [92]
96] for the discretization approach.

The first steps of the decomposition are the same in both approaches.
Suppose we are given a MIP of the following form, which we will call the
original formulation:

Model 2.1 (Original Program)

ZHp = min Z cr Lok
ke[K]
s.t. > Afah > b (2.1)
ke[K]
DFzh > " vk € [K] (2.2)
* >0 Vk € [K]
e Vk € [K],i € [n]]. (2.4)

The problem is modeled using K € N vectors of variables 2% € Q" ,k €
[K] and corresponding objective function vectors ¢, € Q™. We have two
types of restrictions, linking constraints and structural constraints.

9
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A} A? e 14K xl b

D! d!
$2

D? X < d?

l)K' xK> dK

Figure 2.1: Structure of the constraints in the original problem

The linking constraints (2.1) are given by coefficient matrices
AF € Qma*™k and a right-hand side b € Q™4 and are “global” constraints

that contain variables of different vectors x*.

The structural constraints (2.2]) can be divided into K blocks, where each
block k € [K] imposes some restrictions on the variable vector z*. These
constraints are given by matrices DF € Q™*™ and right-hand sides d* €
Q.

In addition to that, all variables are non-negative and for each variable
vector 2*, the first nj, variables are of integral type.

The structure of the contraint maxtrix of the original formulation is il-
lustrated in Figure [2.1] This structure will be called bordered block diagonal
in the following.

Typically, when using the Dantzig-Wolfe reformulation, we have multiple
blocks, i.e., k > 1 . However, if we have just one block but the structural
constraints define a combinatorial optimization problem that can be solved
much more efficiently than the global problem, the Dantzig-Wolfe reformu-
lation can be used to exploit this structure, too. In this case, the linking
constraints do not link the values of the variables of different blocks but are
complicating constraints that destroy the structure of the subproblem when
treating all constraints together.

We will now introduce a set X}, for each block k € [K| that contains the
vectors satisfying the structural constraints as well as the non-negativity and
integrality constraints associated with this block:

*
ng—nj;

Xy, = {ab € 2% x Q¥ " | DF2F > b} (2.5)

Restricting the values of z¥ to this set X} for all k € [K], we treat con-

straints (2.2)), (2.3) and (2.4) implicitly and can therefore omit them in the
compact formulation:
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Model 2.2 (Compact Program)

ZHp = min Z cr Lok
ke[K]
s.t. Z Akzh > b (2.6)
ke[K]
e Xy vk € [K]. (2.7)

At this point, the further steps differ for the convexification approach
and the discretization approach. We start with a detailed description of the
convexification approach. After that, we present the discretization approach
and give a comparison between both approaches.

2.1 The Convexification Approach

In the convexification approach, we will now represent each vector z* € X},
by a convex combination of extreme points plus a conical combination of
extreme rays, like it is also done in the Dantzig-Wolfe decomposition for
linear programs (see [22), 23]).

In contrast to the classical Dantzig-Wolfe decomposition, the set X}, is not
a polyhedron since we have integrality conditions on some of the variables.
It is, however, the set of solutions to a MIP defined by rational data, so
its convex hull is a polyhedron (see Section . From now on, we thus
investigate the convex hull of X in order to get a polyhedron that we can
describe by a finite number of extreme points and extreme rays:

Theorem 2.3 (Minkowski and Weyl Theorems)

A set X C Q" is a polyhedron if and only if there exist finite sets
P = {p1,p2,...,pm} C Q" and R = {ri,re,...,m¢} C Q" such that
X = conv(P) + cone(R).

So, for each set X}, there exist finite sets P, C Zi’“ X Qik_n’“ of extreme
points of conv(Xy) and Ry C err’“ X Qi’“in’“ of extreme rays of conv(X}) so
that each 2% € X} C conv(X}y) can be represented as a convex combination
of the extreme points plus a non-negative combination of the extreme rays,
i.e., for each =¥ € X}, there exists A € Q'f'ﬂm with

xk:Z)\p-p—l—Z)\r-r; Z/\pzl. (2.8)

peEP reR peEP

With this result, we can substitute z* in the compact formulation (2.2))
according to ([2.8)) and get the following extended fomulation.
For ease of presentation, we define

cl; = ¢, T q and a'; .= AFq for g € P, U Ry, for all k € [K]. (2.9)
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Model 2.4 (Extended Formulation for Convexification)

Zppo = min Z Z cp)\l; + Z Z e\

ke[K] pePy ke[K]reRy
s.t. ST X+ Y D> X = (2.10)
ke[K] pePy ke[K]reRy
doN=1  Vke[K] (211)
pEPy

MW>0  VkelK] (212)
dopap+ > rai=a"  Vke[K] (213)

¥ eZ.  VkelK],
i€ ng]. (2.14)

This problem is a reformulation of the compact problem and thus equiv-
alent to the original problem. In addition to the K variable vectors z* that
represent the solution vectors of the compact problem (Model , we get
for each block k € [K] one variable )\]; for each extreme point p € P} as well
as one variable \¥ for each extreme ray r € Ry.

For each k € [K], the coupling constraints link the variable 2% to
the values given by the selected combination of extreme points and extreme
rays of conv(X}y), which is a convex one for the former and a conical one
for the latter because of constramts and - Using Theorem [2 -
(Minkowsky and Weyl), it follows z* € conv(X r) and, due to the integrality
constraints , even z¥ € Xj. Therefore, for each k € [K], 2 satisfies
the corresponding constraint of type in the compact problem.

The objective function and constraints ([2.10|) are equivalent to their coun-
terparts in the compact formulation: z* was substituted according to (2.8)
and definition (2.9)) was used.

When we want to solve the LP-relaxation of Model we relax the in-
tegrality of the variables z* and remove constraints (2.14). As the vectors

zF are only used to enforce integrality, after removing the integrality con-

straints ([2.14]), we can also remove the coupling constraints (2.13)) as well as
the variable vectors z*, k € [K], from the relaxation and get the following

linear program as a relaxation of Model
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Model 2.5 (Master Problem for Convexification)

2ypo = min Z Z cp)\k + Z Z e\

kE[K] pEPy }’FER}C
s.t. Z Z ap/\’; + Z Z a N> (2.15)
ke[K] pePy ke[K]reRy
Y A=1 Vke[K] (2.16)
pEP

>0 Vke[K]  (2.17)

This master problem (MP) is a relaxation of the extended formulation
and therefore, its optimal solution value is also a lower bound for the op-
timal solution value of the original problem. Each optimal solution to the
master problem (Model can be transformed into a (possibly fractional)
solution candidate of the original problem. As we will in Section the
master problem typically gives rise to a better lower bound than the LP-
relaxation of the original problem, but it also has a big handicap: It has,
in general, exponential many variables and these variables are given implic-
itly. Computing even just one of the variables is in general N"P-hard as they
correspond to solutions of an arbitrary MIP. Hence, computing all extreme
points and extreme rays in advance is far to costly and even if we would do so,
an LP containing all the variables explicitly would consume a vast amount of
memory and would be computationally hard to solve. In Chapter [ we will
describe how to solve this master problem in a more efficient way by using
column generation.

2.2 The Discretization Approach

In many cases when a problem can be decomposed in the described way, all
the blocks or a part of them are identical, i.e., the polyhedra conv(Xy) are
identical and all contained points have the same objective function value. In
the bin packing problem (see Section , for example, all bins have the
same size, so all the blocks are identical.

In the convexification approach however, in order to force the integrality
of the points chosen in each polyhedron, we have to distinguish between the
extreme points related to different blocks even if the polyhedra of these blocks
are identical. Therefore, we need to create multiple variables for the same
extreme point, each of which is related to a different block.

In case of pure integer programs, we can use the discretization approach
to avoid this.

Starting with the original program (Model , we transform it to the
compact program (Model like described previously. Instead of using the
Minkowski and Weyl theorems to get a representation of all points z € X},
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and introducing variables for the extreme points and extreme rays, we simply
create integral variables )\’; and AF for a number of points p € X}, and rays
r € 7. Again, we only allow a convex combination of points what is equal
to choosing exactly one of them this time.

The following therorem, a slightly modified version of Theorem 6.1 in [69],

shows that it is possible to get such a representation with finitely many points
and rays for each set X} defined like in ({2.5)).

Theorem 2.6

IfP={zecQ} | Ax <b} #0 and S = PNZ", where (A,b) is a rational
m x (n+ 1) matriz, then there exist a finite set of points {q¢*Yser, of S and a
finite set of rays {r?};cs of P such that

S = xe@’}r]:L':Zagqe—i-Zﬂjrj,Zag:1,046Z|f|,ﬁ€Z|;]|

el jed tinL

For the proof of this theorem, we refer to [69]. An integer matrix is
required there, but we can easily scale the rational matrix (A,b) to integer
values without changing the problem.

Corollary 2.7
For each set Xy defined like in ({2.5)), there exist finite sets P, C Xi and
Ry CZ™ such that the following is equivalent:

1. x € Xi

2. There exists \ € Zlf’“H'Rkl with 37 ,cp Ap = 1 such that

x = Z ApD + Z Ap. (2.18)

pE Py reRy

This looks similar to the Minkowski and Weyl theorems [2.3] except that
the factors A are integral. This is compensated by a higher number of points
in the set P, while the number of rays stays the same.

Using this representation of all points in X}, we can substitute z* in the
compact formulation (model [2.2) and get an extended formulation for the
discretization approach using the abbreviations ([2.9)).
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Figure 2.2: The points represented by variables in the convexification (left)
and the discretization approach (right) for a bounded polyhedron conv(X})

Model 2.8 (Extended Formulation for Discretization)

2Epp = man Z Z c’;)\]; + Z Z PR

ke[K] pEPy ke[K]|reRy
s.t. DD A+ > > apar > (2.19)
ke[K] pePy ke[K]reRy
> M=1 Vk € [K]
pE Py
(2.20)
A e ZIDHIRD g e (K
(2.21)

Model is again a reformulation of the compact problem and thus also
of the original problem. As mentioned previously, z* is replaced according
to and in objective function and linking constraints. Due to
Theorem constraints (2.20) and are equivalent to constraints (|2.7))
in the compact formulation.

Hence, we can impose integrality constraints directly on the variables
related to the points and rays in order to enforce integrality of the corre-
sponding solution in the original program and do not need the vectors z*
anymore.

Apart from the missing variable vectors z* and the integrality of the X
variables, this looks similar to the extended formulation of the convexification
approach. The only further difference is given implicitly in the definition of
the sets P, and Ry.

The relation between the sets of variables in the convexification and the
discretization approach are pictured in Figure and Figure The poly-
hedron conv(X}) is colored grey while the points and rays contained in the
sets P, and Ry, respectively, are colored red. The chosen points in the dis-
cretization approach for an unbounded polyhedron are the smallest set of the
form given in Corrolary [2.7] one could also choose a bigger set.
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Figure 2.3: The points and rays represented by variables in the convexifica-
tion (left) and the discretization approach (right) for an unbounded polyhe-
dron conv(Xy)

Furthermore, when relaxing the integrality restrictions, we get a master
problem, that is also equivalent to the master problem in the convexification
approach.

Model 2.9 (Master Problem for Discretization)

2ypp = Min Z Z c';)\]; + Z Z cEAF

ke[K] pePy ke[K] reRy
s.t. DD ALY N a0 (2.22)
ke[K] pePy ke[K]reRy

dM=1 Vke[K] (223)
pPE Py
MW>0 VkelK] (2.24)

The constraints ([2.23) and assure that a convex combination of
points and a conical combination of rays is chosen. The rays Rj have the
same directions as in the convexification approach, they are only scaled to
integral values. The set of points Pj contains all the extreme points that are
contained in the convexification approach, but even some more points. These
additional points, however, are all interior points, so they do not change
the polyhedron described by conv(Py) + cone(Ry). Thus, this polyhedron
is the same for the two different definitions of the sets P, and Rj in the
convexification and the discretization approach: it is the set conv(Xy), the
convex hull of the set Xj.

Therefore, in both master formulations, we optimize over the same poly-
hedron, namely the intersection of the polyhedron defined by the linking
constraints and the polyhedron conv(X%) and both problems have the same
objective function, so these problems are equivalent.

The integrality restrictions on the A-variables in the extended formula-
tion [2.8] allow standard primal heuristics to find feasible solutions and also
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cutting planes could be derived from this formulation. The biggest advantage,
however, is that we do not need the relation between blocks and variables in
order to enforce integrality, so we can treat identical blocks jointly and need
to create the same point only once for all these blocks.

Suppose [K] can be partitioned into L sets Ky, ¢ € [L] of identical blocks,
called identity classes in the following. For ease of presentation, we assume
that the first L blocks are pairwise different and for 1 < ¢ < L, block /
represents the set Ky, i.e.,

Ky ={k € [K]|cp =cp, A¥ = A", D¥ = D*, d* = d*}.

Since all blocks k € K, are identical, they have the same set of solutions
X = Xy and thus also the same points P, = P, and rays Ry = Ry in the
representation.

Moreover, in the extended formulation there is no distinction be-
tween two variables of different, identical blocks representing the same point
(or ray), they have the same objective function coefficient and the same co-
efficients in the linking constraints . Therefore, we can aggregate the
variables representing the same point or the same ray and get new variables

o= (2.25)

keK,

and

o= (2.26)

keK,

This leads to the following aggregated extended formulation, again using

the abbreviations ([2.9)).
Model 2.10 (Aggregated Extended Formulation for Discretization)

2Eppe = MAN ZZCV—FZZCV

Le[L) peP, Le[L]) rERy
s.t. Z Z ap » - Z Z alXo>b (2.27)
ZE[L] pEPy EE[L] reRy
>N =K Ve [L] (2.28)
PP,

Noe zIPIHRD g e (1) (2.29)

In the objective function and in the linking constraints (2.19), we intro-
duced the variables )\f, and \. according to their definitions ([2.25) and (2.26))
and we now get one summand for each class ¢ € [L] of identical blocks instead
of one for each block k € [K].
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The convexity constraints of identical blocks are added up, we
substitute /\f) = ke K, /\’p“, and the right-hand side changes to the cardinality
of the class of identical blocks.

Finally, the integrality constraints of identical blocks are combined
to constraints forcing the aggregated variables M to be integral.

Altogether, this leads to the following lemma:

Lemma 2.11 (Equivalence of the Extiended Formulations)

The aggregated extended problems (Model|2.10}) is equivalent to the extended
problem for the discretization apporach (Model @): FEach solution to
Model corresponds to a solution to Model with the same objective
function value and vice versa.

Proof 2.12

Given a solution to Model by applying the aggregation prescriptions (2.25))
and we get values of the aggregated variables that form a feasible so-
lution for Model [2.10 with the same objective value.

On the other hand, if we have a solution X to Model for each class of
identical blocks, all variables have non-negative integer values and the values
of variables that belong to points sum up to |K;|. We can distribute these
values among the set Ky of identical blocks of this class to get a feasible

solution of Modelf)y doing the following for each class ¢ € [L] of identical

blocks. Let 5\21, .. ")‘st be the variables corresponding to points that have
strictly positve value in the given solution and Ky = {k1, ... ,k:‘Kd}. We set
M= N Vr € Ry
M =0 Vk e Ko\ {k1},7 € Ry.

Fori=1,...,s cmdjzzifly —i—l,...,Zi:ly we set:

t=1"'p¢ Dt
i =1
k.
A = Vp € Py \ {pi}-

That is, we distribute the solution values among the set Ky of identical blocks
of this class, such that in each block, exactly one variable corresponding to a
point gets value 1, all other variables receive value 0.

Hence, the convexity constraints of Model are satisfied, as well as
constraints , since the value of each variable in the given solution was
distributed among variables that have the same coefficients in as the
given variable in (2.27). Finally, the values were also distributed among vari-
ables with the same objective function coefficient, thus, the objective function
value stays the same. O
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The disaggregation of a solution to the aggregated extended problem
presented in Proof is not unique. By permuting the set of blocks corre-
sponding to an identity class, we get a different solution in the non-aggregated
extended problem and in the original problem. This is due to the afore-
mentioned symmetry: In the original and in the non-aggregated extended
problem, we get, for each feasible solution, equivalent solutions by permuting
identical blocks. All these solutions correspond to a single solution in the ag-
gregated extended problem, since we do not distinguish the identical blocks
in this model.

Corollary 2.13
The following problems are equivalent:

e the original problem (Model[2.1])

the compact problem (Model

the extended problem for the convexification approach (Model

the extended problem for the discretization approach (Model@

the aggregated extended problem for the discretization approach

(Model [2.10)

When relaxing the integrality of the M variables in order to get the LP
relaxation, we get a master problem quite similar to the master problem in
the convexification approach (Model [2.5]).

Model 2.14 (Aggregated Master Problem for Discretization)

2N pDa = MiN ZZC/\Z—FZZC)\[

(e[L] peP, le[L)reR,
s.t. ZZal —i—ZZa/\ga
Le[L) peP, Le[L] TERy,
YN =IK| Ve[l
peP,
A >0 Ve e [L]

Like the extended formulations, the master problems of the two different
approaches are equivalent, as the following lemma states.

Lemma 2.15 (Equivalence of the Master Problems)
The aggregated master problem for the discretization approach (Model|2.14)) is
equivalent to the master problem for the convexification approach (Model|2.
Each solution to one of the problems corresponds to a solution of the other
problem with the same objective function value and vice versa.
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Proof 2.16

The convezification master problem (Model |2.5) is equivalent to the non-
aggregated master problem of the discretization approach (Model , so it
1s sufficient to show that the aggregated master problem for the discretization
approach (Model 1s equivalent to Model .

Given a solution to Model[2.9, by applying the aggregation prescriptions
and -, we get values of the aggregated variables that form a feasible
solutzon for Model [2.1]] with the same objective value.

On the other hand, if we have a solution X to Model. for each class
of identical blocks, all variables have non-negative values and the values of
variables that belong to points sum up to |Ky|. We construct a solution \ to
Model in the following way: For each class of identical blocks ¢ € [L] we
set B

. Z
A = \Kd
The values are distributed among variables with the same coefficients in ob-
jective function and linking constraints, so the objective function value stays
the same and constraints are still satisfied. The non-negativity con-
straints are still satisfied, too, and by dividing the values by |K|, the
sum of values of variables corresponding to points is 1 for each block, so con-
straints are also satisfied. Hence, this solution is feasible for Model-

and has the same objective value as the given one.

Vk € Ky,q € PpU Ry.

Thus, the aggregated master problem for discretization (Model [2.14))
has the same optimal objective value as the convexification master prob-
lem (Model and the discretization master problem (Model , ie.,
ype = Zyupp = Zuppe- 10 the following, when speaking of one of these
master problems, we will simply denote its optimal objective value by z},p.

Remark 2.17
When transferring a solution of the aggregated master problem (Model|2.1/
into a solution to the original problem, we also need to distribute the values
of variables corresponding to a class of identical blocks to the single blocks of
this class. This could be done in the way as described in Proof but in
practice, it is much more efficient to preserve integrality of the variables. As
far as possible, in each block, exactly one point should be chosen, only for the
last blocks, when all remaining values are fractional, a convex combination
of multiple points has to be chosen.

This way, an integral solution of the aggregated master problem results in
an integral solution of the original problem after the transformation. For a
more sophisticated scheme to transfer a solution from the aggregated extended
problem to the original problem which makes use of a lexicographical order
we refer to [95].

Like the convexification master problem, the both master problems for the
discretization approach have in general an exponential number of variables.
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We will give a detailed description of how to solve them with a column
generation approach in Chapter

Let us regard again the variables corresponding to integral points. Like
mentioned previously, we do not need them to solve the master problem and
as we will see later, we will only create variables corresponding to extreme
points in the column generation procedure. Nevertheless, in order to find
optimal or even feasible solutions to one of the extended formulations for
the discretization approach (Model or Model , interior points are
essential since they may be contained in an optimal solution or the linking
constraints may even forbid solutions containing only extreme points.

It is important to notice, that for a pure BP, all feasible integral points
are extreme points, so in this case, we do not need to bother about creating
interior points in the column generation procedure.

For an IP, we have two different possibilities: On the one hand, if the IP
is bounded, it can be converted into a BP by replacing each integral variable
by some binary variables. On the other hand, we can use branching rules
that modify the subproblems, the set of solutions Xy, k € [K] and thus also
the polyhedra conv(X}), so that each initially interior point will become an
extreme point at some level in the branching tree. In Chapter [5] we will
discuss different branching rules with that property.

The discretization approach can also be applied to MIPs but this is more
complicated. We will only give a short overview at this point, for which we
assume that the MIP is bounded. For a deeper discussion, we refer to [96].
Since the MIP is bounded, the projection of conv(X}) to the integral vari-
ables leads to a set P, of integral points and for each point of this set, we get
a polytope in the continuous variables. Like in the discretization approach
for IPs, we choose exactly one point of the set P, and for the continuous
variables, we choose a convex combination of extreme points of the poly-
tope corresponding to that integral point. The number of variables is still
finite since we have a finite number of integral points and for each of these
points a finite number of extreme points of the corresponding polytope in the
continuous variables.

2.3 Quality of the Relaxation

If we would solve the original problem (Model with a standard branch-
and-bound algorithm, we would get a lower bound 27, on the optimal ob-
jective value z7)p by solving its LP-relaxation.

The LP relaxation of the extended formulation is the master problem,
Model for the convexification, Model or for the discretization
approach. All these three models give rise to the same lower bound zj,p
which is in general a better bound than the bound 27, obtained by solving
the LP relaxation of the original problem:
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Theorem 2.18
For the optimal objective value 2p to the original problem and the solutions
27 p and zyp of its LP relazation and the master problem, respectively, the
following holds:

Zip < 2up < Z0p- (2.30)

Proof 2.19
In the LP relaxation, we minimize over the intersection of the two polyhedra

Pa=4 @ T eqr| Y Atk > b
ke[K]

and

PLP — {(wlT,...,xKT)T € Q" | Dkzk > dF vk € [K]}.

The set of feasible solutions to the master problem is the intersection of Pa
with the polyhedron

PYMP — conv(X1) x - x conv(Xg)

that further restricts the polyhedron P]%P since it 1s the inclusion minimal
polyhedron containing all points that satisfy both D*z* > d* as well as the
integrality restictions for each block.
Therefore, ng C Pl%P and so Py N Pg/[P CPyn Pﬁp. 1t follows
T T

2lp = min oozl < min A )Y =2
LP xEPAﬂpﬁp{( 1> ) K) }_CCEPAﬁPgI{( 1> ) K) } MP

and since the master problem is a relaxation of the extended formulation
which is equivalent to the original problem, it follows (2.30)). O

It can be shown (see [35]) that the master problem is the dual formulation
of the Lagrangean dual obtained by dualizing the linking constraints ,
so the master problem provides the same lower bound as the Lagrangean
relaxation.

The bound obtained by the master problem is typically strictly better
than the LP bound, using it as a relaxation helps in closing part of the inte-
grality gap. However, when the pricing subproblem possesses the integrality
property, i.e., each basic solution to the pricing problem is integral even if it
is solved as an LP, Pg P equals PEF, so the LP bound equals the bound ob-
tained by the master problem [57]. Examples are the shortest path problem
or a minimum cost flow problem with integral data.

We end this chapter with a small example that demonstrates the different
polyhedra and the better lower bound of the master problem.
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Example 2.20
Let the following original problem be given:

Model 2.21
min —z — 4y
s.t. Sx + 4y < 20 (2.31)
x4+ 6y <21 (2.32)
3z+y <10 (2.33)
z,y >0
z,y € Z.

We treat constraint as a linking constraint, i.e., it will be part of
the master problem, and regard constraints and as structural
constraints of the single block; they are used to define the set X;.

Figure illustrates the problem; the black line represents the linking
constraint , so the polyhedron P4 contains all non-negative points that
are to the left of this line.

Figure 2.4: The polyhedra considered by the LP relaxation and the master
problem

The blue lines enclose the polyhedron Pﬁp described by the structural
constraints and and the non-negativity constraints. The convex
hull of integral points in Pﬁp is surrounded by the red lines and equals the
polyhedron ng P

When solving the LP relaxation of the problem, we optimize over the
intersection of P4 and Pﬁp, which is the colored area (blue and red). Solving
the master problem corresponds to optimizing over the intersection of P4 and
ngp, this polyhedron is painted red and is a subset of the former polyhedron.
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For the given objective function, the integer point that is colored yellow
is the optimum of Model [2.21. The optimal solution to the LP relaxation
1s illustrated by the green point while the master problem’s optimal solution
1s represented by the red point. As one can easily see, the optimal objective
value of the LP relaxation is better than the optimal objective value of the
master problem, so the master problem gives rise to the tighter lower bound.



Chapter 3

Extending SCIP to a (Generic
Branch-Cut-and-Price Solver

In this chapter, we describe a way to integrate the Dantzig-Wolfe decompo-
sition into a MIP solver. First, we briefly explain the algorithmic concept of
the branch-cut-and-price framework SCIP, which is the basis of our imple-
mentation.

After that, we present the generic branch-cut-and-price solver GCG and
describe its general structure and its solution process. Details about the
solving process of the master problem, specific branching rules and specialized
cutting plane separators are given in Chapters and [6] respectively.

At the end of this chapter, we state general information about the com-
putational studies that we performed in order to evaluate the performance
of our implementation.

3.1 SCIpP—a MIP Solver

SCIP [2] is a framework created to solve Constraint Integer Programs, shortly
called CIPs. Constraint Integer Programming is an integration of Constraint
Programming (see for example [9]) and Mixed Integer Programming. For an
exact definition and discussion of CIPs we refer to [I],[4]. SCIP was developed
by Achterberg et al. [3] and is implemented in C.

SCIP is conceived as a framework that provides the infrastructure to im-
plement branch-and-bound based search algorithms. The majority of the
algorithms that are needed to control the search, e.g., branching rules, must
be included as external plugins. The plugins are user defined callback ob-
jects, which interact with the framework through a very detailed interface
provided by SCIP. This is, they define a set of methods that are registered in
the framework and called by SCIP during the solving process.

In the following, we give a short overview of the most important plugins.
A detailed discussion of all types of plugins supported by SCIP and the un-
derlying concepts can be found in [I, Chapter 3|. Furthermore, Figure

25
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| Start |—>| Presolving Ii

Node selection Stop

| Domain propagation l—
L{ Relaxation solving |

—| Constraint Enforcement |<—

Figure 3.1: Solving process of SCIP with detailed LP relaxation

Call LP solver
Variable Pricing I

Cut Separation

LP relaxation details

illustrates how the different plugins cooperate in the main solving loop of
SCIP. For clarity reasons, we missed out primal heuristics in the figure. They
can be called after each step of the solving loop.

The central objects of SCIP are the constraint handlers. Each of them rep-
resents one class of constraints, e.g., linear constraints, and provides methods
to handle constraints of its type. Their primary task is to check solutions for
feasibility with respect to their constraint class and to enforce that solutions
satisfy all constraints of their class. Furthermore, they can provide additional
constraint specific methods for presolving, separation, domain propagation,
and branching.

For the branch-and-bound process, branching rules and node selectors are
needed. The former split the current problem into subproblems and create
new nodes in the branch-and-bound tree, while the latter select the next node
to be processed when the solving process of a node is finished.

Domain propagation, also called node preprocessing, is performed at every
node of the branch-and-bound tree. Its goal is to tighten the local domains
of variables for the current subproblem.

LP based branch-and-cut algorithms try to solve the current subproblem
via its LP relaxations. If its solution satisfies the integrality restrictions, the
subproblem is solved, otherwise, the optimal LP objective value serves as a
dual bound for the subproblem. This is also the default strategy in SCIP.
However, other relaxations of the problem can be used, too. In SCIP, this
functionality is provided by relazation handler plugins, which can compute
dual bounds and primal solution candidates. They can be used in addition
to the LP relaxation or even replace it.

Furthermore, primal heuristics try to find feasible solutions and cutting
plane separators can produce valid inequalities that cut off the current LP
solution or a given arbitrary solution.
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Finally, variable pricers can add variables to the problem during the solv-
ing process. Variables can be treated implicitly and added to the problem
only when needed. This concept is called column generation—see Chapter
for a detailed discussion—and allows to implement branch-and-price algo-
rithms in SCIP.

The current distribution of SCIP already contains a bundle of plugins that
can be used for MIP solving. The most important ones are described in [I,
Chapter 5 — 10]. SCIP with default plugins is a state-of-the-art MIP solver
which is competitive (see Mittelmann’s “Benchmarks for Optimization Soft-
ware” [67]) with other free solvers like CBC [31], GLPK [38], and Symphony [79]
and also with commercial solvers like Cplex [43] and Gurobi [42]. Therefore,
in order to compare the performance of our branch-cut-and-price solver GCG
to a branch-and-cut MIP solver, we will use SCIP with default plugins as a
MIP solver of this kind.

3.2 GCG—a Generic Branch-Cut-and-Price Solver

GCG (an acronym for “Generic Column Generation”) is an add-on for SCIP
that takes into account the structure of a MIP and solves it with a branch-
cut-and-price approach after performing a Dantzig-Wolfe decomposion. It
was developed by the author of this thesis. GCG supports both the convex-
ification approach (see Section as well as the discretization approach
(Section . The description of the solving process and the structure of
GCG in the remainder of this section is valid for both these approaches. Dif-
ferences that occur for the pricing, branching, and separation process are
discussed in the following three chapters. The most important parameters of
GCG described in the following are summarized in Appendix [B]

Even though the specifications of SCIP did not always allow a straightfor-
ward implementation and sometimes lead to some overhead, by embedding
GCG into SCIP, we benefit from the efficient branch-and-bound framework
with all its sophisticated functionalities.

The general structure of GCG is the following: Besides the main SCIP
instance, that reads in the original problem, we use a second SCIP instance
that represents the extended problem. In the following, we will call these
instances the original and the extended (SCIP) instance, respectively. In
addition to these two SCIP instances, all pricing problems are represented by
their own SCIP instance, too.

The original SCIP instance is the primary one which coordinates the solv-
ing process, the extended SCIP instance is controlled by a relaxation handler
that is included into the original SCIP instance. This relaxation handler is
called DW relazator in the following. The relaxator provides the two parame-
ters usedisc and aggrblocks, that specify, whether the discretization approach
should be used for the decomposition and whether identical blocks should be
aggregated, respectively.
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Figure 3.2: Solving process of GCG

The structure of GCG can be interpreted in the following way: We treat
the original problem as the essential one, by actually solving it with a “stan-
dard” branch-and-bound method, like it is done by most state-of-the-art MIP
solvers. The only difference is, that we do not use the LP relaxation to com-
pute lower bounds and corresponding primal solution candidates, but another
relaxation, namely the master problem. Hence, the original SCIP instance
coordinates the solving process while the extended instance is only used to
represent and solve the relaxation.

In the following, we survey the solving process of GCG, the most important
parts are described in detail in the following chapters. The main solving loop
of GCG is illustrated in Figure (3.2

Dantzig-Wolfe decomposion In the current version of GCG, information
about the structure of the problem has to be provided in an additional file
that is read in after reading the MIP. In particular, the number of blocks
in the constraint matrix and the variables corresponding to each block can
be specified in this file. In addition to that, constraints can be explicitly
labelled to be linking constraints (see in Model , which forces these
constraints to be transferred to the extended problem (see Model
and . In the following, we describe the decomposition and the setup of
the SCIP instances, an ilustration is given in Figure|3.3

After the original instance has finished its presolving process, the relax-
ator performes the Dantzig-Wolfe decomposion and initializes the extended
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Figure 3.3: Example for the decomposition process of the original problem’s
constraint matrix. We miss out the right-hand sides of the linear constraint
for the sake of clarity. Note that the extended SCIP instance does not contain
any variables right from the beginning so the corresponding constraints do
neither.

SCIP instance as well as the SCIP instances representing the pricing prob-
lems. Initially, the extended instance does contain neither constraints nor
variables. The variables that are labelled to be part of a block are copied
and added to the corresponding pricing problem: For each constraint of the
original instance, it is determined whether it only contains variables of one
block. If this is the case, the constraint is regarded as a structural constraint
of this block and added to the corresponding pricing problem. Otherwise, it
is viewed as a linking constraint, transformed according to the Dantzig- Wolfe
reformulation and added to the extended instance. If a constraint is explic-
itly labeled to be a linking constraints, it will be transferred to the extended
instance even if all contained variables belong to the same block. Further-
more, the convexity constraints (see e.g., (2.11)) in Model are created in
the extended problem.

We do not add variables to the extended instance in this process. This is
only done in the solving process of the master problem. Hence, we do not only
use a restricted master problem, but we also restrict the extended problem to
the same set of variables. Therefore, the constraints in the extended problem
do not explicitly contain any variables at the beginning, but they implicitly
know the coefficients of all implicitly given variables.
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When using the discretization approach and aggregation of blocks, iden-
tical blocks are identified during the reformulation process and aggregated.
We provide a rather basic check for identity, i.e., in the problem definition,
constraints and variables have to be defined in the same sequence for identi-
cal blocks. Much more sophisticated methods could be used for this process,
but that was not the aim of this thesis.

Coordination of the branch-and-bound trees During the solving pro-
cess, the extended instance builds the same branch-and-bound tree as the
original instance. Each node of the original instance corresponds to a node
of the extended instance. In the following, we describe, how this is estab-
lished. An illustration is given in Figure [3.4

The connection between a node in the original instance and the corre-
sponding node in the extended instance is established by additional constraint
handlers in the original and the extended instance. In a slight abuse of the
proper sense of constraint handlers, they do not handle problem restrictions
but establish the coordination of both branch-and-bound trees. In the follow-
ing, we will call the constraint handler in the original instance the origbranch
constraint handler and the one in the extended instance the masterbranch
constraint handler. The corresponding constraints are called origbranch and
masterbranch constraints, respectively. These constraints are added to the
nodes of the original and extended instance, respectively, to synchronize the
solving process of both instances.

Each origbranch constraint knows the node in the original instance it
belongs to and the origbranch constraints associated with the father and the
children of this node in the branch-and-bound tree. Furthermore, it contains
a pointer to the masterbranch constraint of the corresponding node in the
extended instance. Each masterbranch constraint knows about the node
in the extended instance to which it belongs, the masterbranch constraints
corresponding to its father and its children and the origbranch constraint of
the corresponding node in the original instance.

We need this overhead, since we cannot create branch-and-bound nodes
of two SCIP instances at the same time. Nodes of one instance can only be
created by a branching rule plugin included in this instance.

When branching in the extended instance (see step 2 in Figure , we
just create two children without imposing any further branching restrictions.
To each of these children, a masterbranch constraint is added and pointers
to these constraints are stored in the masterbranch constraint of the current
node. The masterbranch constraints of the child nodes only know the node
they belong to as well as the masterbranch constraint corresponding to their
father node. The connection to the origbranch constraint of the correspond-
ing node in the original instance is established later.

In a subsequent step, branching is performed at the corresponding node
in the original instance (see step 3 in Figure . The branching rule of
the original instance creates two child nodes, too. To these child nodes,
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1. Connection between the two current nodes established,
solve the master problem

5. Select the corresponding node in the extended SCIP instance,
establish the connection between the nodes

Figure 3.4: The coordination of the branch-and-bound trees. The branch-
and-bound tree of the original SCIP instance is pictured on the left side, the
one of the extended instance on the right side. We identify the origbranch and
masterbranch constraints with the branch-and-bound nodes and represent
the pointers stored at the constraints by the dotted lines.
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origbranch constraints are added. Like the masterbranch constraints, they
initially only know about the corresponding node in the original instance and
the origbranch constraint of the father node. Furthermore, the branching rule
imposes restrictions on the (original) subproblems corresponding to the child
nodes.

The corresponding subproblems in the extended instance were created
without any restrictions. In order to transfer the restrictions imposed on the
original subproblems to the corresponding nodes in the extended instance,
the original branching rule can store information about these restrictions
at the origbranch constraints added to the child nodes. Furthermore, it
can provide callback functions that are called when a node in the extended
instance is activated. These callback functions can be used to finally enforce
the branching restrictions in the subproblems of the corresponding nodes in
the extended instance. More details about these callback functions and how
the branching rules incorporated in GCG use them can be found in Chapter

Node selection We currently use the default node selection rule of SCIP in
the original instance, which realizes a best first search. When solving a node
in the branch-and-bound tree of the original SCIP instance, the lower bound of
the node is not computed by solving its LP relaxation, but the DW relaxator
is called for this purpose. It instructs the extended SCIP instance to continue
its solving process. A special node selector in the extended instance chooses
as the next node to be processed the node corresponding to the current node
in the original instance. Its subproblem is always a valid reformulation of the
subproblem corresponding to the current node in the original instance.

As described previously, the connection between the nodes was not yet
established. It is established by the node selector when it activates the node
in the extended instance that corresponds to the current node in the original
instance. The origbranch constraint corresponding to the current node in
the original instance knows the origbranch constraint of its father node. If
there does not exist a father node, then the current node is the root node
and the node selector activates the root node in the extended instance, too.
Otherwise, the father node was activated before and the corresponding orig-
branch constraint already knows the corresponding masterbranch constraint.
If the current node in the original problem is a left child, then the node
selector activates in the extended problem the left child of the node corre-
sponding to the father node of the current node in the original problem (see
step 5 in Figure . Otherwise, it chooses the right child of the node in
the extended problem corresponding to the father node. Furthermore, the
orighranch and the masterbranch constraints corresponding to the selected
nodes in the original and extended instance, respectively, store the pointer
to each other.

When the node in the extended instance is activated, one of the pre-
viously mentioned callback methods, that is defined by the branching rule
in the original instance, is called. Since the branching rule in the original
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instance did not know about the corresponding node in the extended in-
stance when it performed branching, this callback method is used to apply
the branching restrictions to the selected node in the extended instance. For
this purpose, it uses the information about the branching restriction that was
stored in the origbranch constraint of the corresponding node and transfers it
to the subproblem corresponding to the newly selected node in the extended
instance.

Relaxation solving Then, the extended SCIP instance solves the selected
node. Therefor, the LP relaxation of the problem corresponding to the
node—the master problem—is solved by column generation. For this pur-
pose, we added a variable pricer plugin to the extended instance. An in-
troduction into column generation and a detailed description of the solving
process of the master problem are given in Chapter 4} The computed dual
bound can be strengthened further by cutting planes (see Chapter@. During
and after this process, primal heuristics are applied that try to find feasible
solutions to the extended problem.

After the master problem is solved, the node is pruned if its lower bound
exceeds the primal bound. If the solution to the master problem is feasible
in the extended problem, we have solved the problem corresponding to the
node to optimality. Otherwise, the branching rule of the extended instance
is called which simply creates two children in the branch-and-bound tree and
the corresponding masterbranch constraints as described previously.

The solving process of the extended problem is then put on hold and the
DW relaxator transfers the new information: The dual bound of the node
in the extended instance is transferred to the current node of the original
instance. Furthermore, the current solution to the master problem and—
if existing—mnew feasible solutions are transformed into the original variable
space and added as the current relaxator’s solution and new feasible solutions,
respectively.

Branching The node in the original instance is pruned if and only if the
corresponding node in the extended instance was pruned, too. Both nodes
have the same dual bound and since each solution of the extended prob-
lem corresponds to a solution of the original problem and vice versa, both
instances have the same primal bound, too.

Basically, the relaxator’s solution substitutes the solution obtained by
solving the LP in the branch-and-bound solving process: It satisfies all but
the integrality restrictions of the original problem. The problem correspond-
ing to the current node has been solved to optimality if the integrality re-
strictions are satisfied, too. Furthermore, this solution guides the branching
decisions and it can be used by primal heuristics to derive feasible solutions
in the original variable space.

If the node was not pruned, i.e., if the relaxator’s solution is fractional
and the dual bound does not exceed the primal bound, we perform branching
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in the original instance and create two children as described previously. The
branching decisions will be transferred to the corresponding nodes in the
extended problem later. Different possibilities to perform branching in this
context are presented in Chapter

After branching, the original SCIP instance selects a node that is solved
next and the process is iterated.

An alternative interpretation of the branch-cut-and-price process

Like stated previously, we treat the original instance as the essential one
and actually solve it with a “standard” branch-and-bound method. The LP
relaxation is substituted by the DW relaxator that uses the extended SCIP
instance to solve the master problem.

Anyhow, solving a MIP using the Dantzig-Wolfe decomposion and branch-
cut-and-price can also be interpreted in another way: The problem that is
actually solved is the extended problem, we only need the original problem to
ensure integrality of the solution in the original variable space and to guide
branching decisions. Thus, another possible structure for the implementation
would have been to make the extended instance the coordinating one and to
store the original problem only for the previously mentioned purposes.

For the discretization approach, integrality can even be directly enforced
in terms of the variables of the extended formulation and branching is often
performed in terms of these variables as well (see Chapter [5)). Hence, we
could actually forget about the original problem, solve the extended problem
to optimality by branch-cut-and-price and transfer the optimal solution of
the extended problem to the original problem afterwards.

Motivation for the employed structure

We had to weight these possibilities against each other and we chose the
former one for our implementation since it fits better into the SCIP framework
and makes better use of the functionalities already provided by SCIP. The
original problem can be read in by the original instance using the default file
reader plugins provided by SCIP, so there is a variety of formats that can
be read in. If we do not read an additional file defining the structure of the
problem, the problem is solved by SCIP with a branch-and-cut algorithm.

On the other hand, if we read such an additional file, the DW relaxator is
activated, it creates the second SCIP instance, performes the Dantzig-Wolfe
decomposion and substitutes the LP relaxation in the branch-and-bound pro-
cess. Furthermore, by choosing this structure, we solve both problems simul-
taneously and can transfer information from one problem to the other during
the solving process. Hence, techniques that speed up the solving process,
e.g., presolving and domain propagation, can be used in both instances.

We provide possibilities to use either the convexification or the discretiza-
tion approach, so we had to make sure, that the structure of the implemen-
tation fits for both approaches. For the convexification approach, the first
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interpretation is the more natural structure, anyway, since integrality is de-
fined in terms of the original variables. For the discretization approach, we
can define branching rules that branch in terms of the variables in the ex-
tended problem and do not change the original problem explicitly, turning
the implementation into an algorithm that essentially realizes the second
interpretation.

However, we do not forget about the original problem and under certain
conditions, we can conclude that a problem is solved to optimality due to the
additional information provided by the original problem: If we only used the
extended problem and the solution to the master problem was fractional, we
would perform branching unless the node can be pruned. Anyhow, a frac-
tional solution of the master problem may correspond to an integral solution
of the original problem, like in the convexification approach. In this case, we
have solved the current subproblem since this original integral solution can
be retransferred into an optimal solution of the current extended problem.

3.3 Computational Environment

For the computational experiments presented in the following chapters con-
cerning the pricing process (Section , different branching schemes (Sec-
tion , and the separation of cutting planes (Section , and for final
results and comparisons to SCIP (Chapter , we used four classes of prob-
lems: The bin packing problem (BPP), the vertex coloring problem (VCP),
the capacitated p-median problem (CPMP), and a resource allocation problem
(RAP).

Problem definitions and the different test sets for each of the problem
classes are presented in Appendix [C] For each test set, we also defined a
small test set containing less instances. In order to reduce the computational
effort, we used these test sets in all computations concerning the performance
effect of certain features of GCG. As some of these small test sets were defined
with respect to the performance of GCG for the single instances, we did not
use them for the comparison of GCG and SCIP. In this context, we used
the complete test sets; the results are presented in Section We present
summaries of the results in the according chapters and interpret the results.
Detailed results of the computations can be looked up in Appendix [D}

For all computations presented in this thesis, we used GCG version 0.7.0
and SCIP version 1.2.0.5, which were compiled with gcc 4.4.0 with the
-03 optimizer option under openSUSE 11.2 (64 Bit). Cplex 12.1 [43] was
always used as underlying LP solver for solving the LP relaxations.

The computational tests described in Section [4.4| and [6.4] were carried out
on a 3 GHz Intel Xeon with 4 MB cache and 8 GB RAM. In the remaining
chapters, the computations for the BPP and the VCP were performed on a
3.60 GHz Intel Pentium D with 2 MB cache and 4 GB RAM, those for the
CPMP on a 2.66 GHz Intel Core 2 Quad with 4 MB cache and 4 GB RAM.
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The computations for the RAP test sets were performed on a 2.83 GHz Intel
Core 2 Quad with 6 MB cache and 16 GB RAM.

When summarizing the results and not listing individual results for each
single instance, we report average values for each test set. However, there
are different possibilities to define the average values.

Since the values for the instances in our test sets differ highly in their
magnitude, we use the shifted geometric mean. For non-negative numbers
ai,...,ar € Ry, for instance the number of nodes or the final gap of the
individual instances of a test set, and a shift s € R, it is defined as

1
k E
vs(al, ..., a) = <H max{a; + s, 1}) —s.
i=1

It focuses on ratios instead of totals, so it does not overestimate the huge
numbers, as it is done by the arithmetic mean. By shifting the values, we
prevent the smaller numbers from having a bigger influence which is often
encountered for the geometric mean. For a more detailed description and
comparison of these three possibilities to compute averages, we refer to [].

In the summary tables in the following chapters and also in Tables
to in Appendix we just list shifted geometric means for each test
set, only the number of timeouts is always given in absolute numbers. All
time measurements are given in seconds. We often present percental changes
of some settings compared to a “default” setting. In this case, we highlight
changes of at least five percent by printing them blue if they represent an
improvement and red in case of a deterioration.

We use a shift of s = 5 for the LP solving time, s = 10 for pricing time,
solving time of the master problem and total time as well as for the number
of nodes. A shift s = 100 is used for the number of pricing problems that
are solved, the number of pricing rounds, the number of variables created
in the master problem, and the final gap in percent. We used the small
shifts for time and nodes since many of the regarded problems are solved
in a small amount of time and after a small number of nodes. The other
numbers are typically higher so we also used a greater shift. Since all shifts
are larger than 1, the maximum in the definition of the shifted geometric
mean is always achieved for the first value, so the shifted geometric mean is
actually given as

k %
Vs(a1,...,a) = (H(ai+5)> —s.

i=1
We define the final gap of an instance by p l@f‘lbl with pb and db being the
global primal and dual bound, respectively, at the moment when the solving
process was stopped. The dual bound db is always positive for the instances
we regarded, so we do not divide by zero. However, if we did not find a
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solution for the instance within the time limit, the gap for this instance is
infinity, denoted by a “~” in the tables. In this case, we charged a gap of
100% for the computation of the average. For general MIPs, this value is
often exceeded and would therefore not be a good choice, for the problem
classes that we examined in this thesis, however, final gaps larger than that
did not occur.

In the summary tables, we typically list the shifted geometric mean for
each test set. In order to get an average number over all test sets, we compute
the shifted geometric mean of the mean values for the single test sets. Since
the test sets have different sizes (the small test sets range from 12 to 28
instances), the single instances from the smaller test sets have a greater
influence on the overall average. This is intended as we want to give the same
weight to each test set. Furthermore, since we defined multiple test sets for
some of the problem classes treated in this thesis, these classes of problems
are overrepresented in the computation of the average values. However, the
different test sets for one class typically differ from each other in terms of
problem size so we decided to treat each size the same way as all other test
sets. If there are big differences between the results for different classes of
problems, we name these differences, anyhow, and do not just consider the
average value.
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Chapter 4

Solving the Master Problem

As described previously, we solve the original and the extended problem
simultaneously. In order to compute dual bounds, we use the LP relaxation
of the extended formulation, which we called the master problem (Model
Model or Model for the different approaches). As the extended
formulation has an exponential number of variables, the master problem does
S0, too. In this chapter, we describe how we solve the master problem despite
this.

We present the concept of column generation (sometimes also called de-
layed column generation) in Section which is a method to solve LPs with
a huge number of variables. Instead of treating all variables explicitly, only
a small subset of variables is added to the LP, the remaining variables are
considered implicitly and added to the LP only when needed.

In Section we illustrate how this concept can be used to solve the
master problem obtained by the Dantzig-Wolfe decomposition. After that,
in Section we describe the integration into the generic branch-cut-and-
price framework GCG and discuss implementational details. Finally, in Sec-
tion we present computational results for the pricing process based on
the problems classes presented in Appendix [C]

4.1 Basics in Column Generation

Column generation is a method for solving linear programs with typically a
huge number of variables but a reasonable number of constraints.

It is mostly used for solving the LP relaxation of certain (mixed-)integer
programs where the variables are not given explicitly but by a specific struc-
ture (see [27]). In the set partitionig formulation of the bin packing problem
(see Section [C.1)), for instance, we define a binary variable for each feasible
packing of a bin, that is a set of items that can be assigned to a bin without
exceeding its capacity. There is a huge number of these packings, so we do
not want to enumerate all of them but treat them implicitly.

In this section, we focus on the solution process of such an LP, which is

39
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an important basis for the concepts presented in this thesis.
We start with an LP that explicitly contains all variables. This problem
is called the master problem (MP).

Model 4.1 (Master Problem)

ZMP = Min 'z
s.t. Az > a (4.1)
Bx=1b (4.2)
r e Qf

withce Q", A e Qm™*", Be QP a € Q™, and b € QP.

In Chapter[2 we also defined master problems, namely the LP relaxations
of the extended fomulations. We did so, since we will solve these problems—
which are also LPs with an exponential number of variables—using column
generation (see Section . In this process, they will be the counterpart of
Model In this section, however, we regard the general master problem
defined in Model 411

Storing the whole LP explicitly in the memory of a computer is typi-
cally impossible due to the enormous number of variables, so we restrict the
problem to a subset of the variables and add variables to this subset only

when needed. The resulting problem is called the restricted master problem
(RMP).

Model 4.2 (Restricted Master Problem)

ZRMP = TN CNTN
s.t. A NzN > a (4.3)
B. nyzy =b
N
TN € QL |

with N C {1,...,n}

In order to define subsets of vectors and matrices, we normally need an
ordered set. As we do not need a special ordering in this section, we assume
the set NV to be ordered increasingly and use it in a slight abuse of notation
in order to define subvectors and submatrices.

Each solution to the RMP is also a solution to the master problem, if we
set all variables not contained in the master problem to 0. In the following,
we assume that this is done whenever we speak of solutions of the RMP that
are regarded with respect to the master problem. An optimal solution to the
RMP, however, may be suboptimal in the master problem, since considering
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Figure 4.1: The solving process of the master problem

the whole set of variables could lead to a better solution. Nevertheless, we
start the solving process of the master by solving the RMP to optimality.

If the RMP is primally unbounded, then this also holds for the master
problem (see Theorem at the end of this section). We can stop the solving
process since we have proven the master problem to be unbounded.

If the RMP is primal infeasible, the master problem might also be primal
infeasible. In most cases, however, we only have to add some variables to the
set N in order to restore feasibility. In particular, when solving the RMP
the first time, we can start without variables, i.e., N = (), so the RMP is
infeasible if @ £ 0 or b # 0. The process that looks for variables that can
help to restore feasibility is called Farkas pricing [41), 16] in the following.

In case we get an optimal primal solution to the RMP, we do not know
whether it is also optimal for the master problem. Hence, we have to look for
variables in the master problem, that could improve that solution and add
these variables to the set IV of variables of the RMP. We refer to this process
as reduced cost pricing since we look for variables with negative reduced costs.

After variables have been added, the RMP is resolved and the process is
iterated. This is repeated, until no more variable can improve the current
solution or can help to fix an infeasibility. If the RMP is still infeasible, then
the master problem is infeasible, too. If the RMP has an optimal solution,
then this solution is also optimal for the master problem. We will prove these
statements at the end of this section.

The solving process of the master problem is illustrated in Figure [4.1

Once the RMP is feasible, it stays feasible since adding variables conserves
feasibility. Hence, Farkas pricing is used until the RMP gets feasible, after
that, we use nothing but reduced cost pricing.

In the next two subsections, we specify how the two pricing types work
exactly, starting with reduced cost pricing and concluding with Farkas pric-
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ing.
Before that, we take a look at the dual of the master problem which
gives us some more insight into the pricing problems.

Model 4.3 (Dual Mastef Problem)
For the master problem|4.1|, the dual problem looks as follows:
Zpp = Max a7 +blo
s.t. ATr+ BT < ¢ (4.5)

m
m e QY
o e QP.

The vector 7 represents the dual variables related to the inequality con-
straints , o is associated with the equality constraints .

As we miss out variables in the RMP, the dual of the restricted mas-
ter problem does not contain all constraints but only those related to the
variables x;,j € N.

4.1.1 Reduced Cost Pricing

Reduced cost pricing is performed whenever the RMP is solved to optimality,
so there exist an optimal primal solution z* and the corresponding optimal
dual solution (7*,c*).

The reduced cost of a non-negative primal variable x; with objective
function coefficient ¢; and coefficients A.; and B.; w.r.t. constraints
and , respectively, is given as ¢; — AT‘ZW — BEO' for the current dual so-
lution (7, 0). The corresponding dual constraint is A?;iﬂ' + BE-U < ¢;, so the
dual constraint is violated if and only if the corresponding primal variable
has negative reduced cost.

Therefore, looking for a variable that could improve the RMP’s optimal
solution equals searching a constraint of type in the dual master problem
that is violated by the optimal dual solution (7*,¢*) of the restricted master
problem.

The pricing problem

¢* =min {¢; — A,:[’;w* — B.:,Fﬂ* i€ [n]} (4.6)

computes the smallest reduced cost of all variables in the master problem
w.r.t. this dual solution. If ¢* < 0, this optimum is achieved for a variable
z;+ and we add this variable to the set IV of variables of the RMP. If ¢* > 0,
we have the proof, that the current solution to the RMP is also optimal for
the master problem.

In general, the pricing problem could be solved by iterating over all vari-
ables and computing their reduced costs, it is, however, usually much more
efficient to solve an optimization problem that exploits a certain structure of
the variables. For example, for the bin packing problem, where each variable
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corresponds to a feasible packing of the items, the pricing problem can be
solved by solving a knapsack problem.

4.1.2 Farkas Pricing

If the RMP is infeasible, the Farkas-Lemma gives us a possibility to prove
this infeasiblity.

Lemma 4{4 (Farkas)
For Model|4.2, exactly one of the following holds:

1. Jzy € Q‘_{_\” with A. NNy > a, B.yzy =b
2. Ju e Q7T,v e QP with uTA.’N + UTB.JV < 0T and uTa+ v'b > 0.

For the proof of Lemma [4.4] we refer to [35], [39).
Given u € Q',v € QP that prove the infeasiblity of the RMP, the in-
equality

(uTA.7N + vTB.,N)xN >ula+0Tb

is a valid inequality in the restricted master problem since it is a combi-
nation of valid inequalities.

This inequality cannot be satisfied: As zy is non-negative, (ul'A. x +
UTB., ~N)Zn is non-positive while the right-hand side u”a + v7b is strictly
positive.

In the dual problem, the vector (uT,vT)T represents a ray; adding this
vector to a feasible dual solution will never violate a constraint but improve
the objective value of the solution. We call the vectors u and v the (dual)
Farkas multipliers in the following.

The goal of the Farkas pricing is to now find a variable of the master
problem that corrupts this proof and add it to the RMP, or to detect that
there is no such variable and the master is infeasible, too. The proof is
corrupted if a variable z;,i € [n] is found with uTA‘,Z- —H}TB.J- > 07, From the
dual point of view, this variable induces the dual constraint A_J:Z-TF—i—BE-U <g¢
that is always violated when adding a sufficiently large multiple of the vector
(u?,vT)T to a dual feasible solution. Therefore, the vector (u’,v™)T is not
a feasible ray for the dual of RMP enlarged by x;, anymore.

The pricing problem in this case looks as follows:

= min{—A?:iu — Bﬂv |ien]}.

Hence, the pricing problem for Farkas pricing is similar to the pricing problem
for reduced cost pricing. We simply use a zero objective function and the
farkas multipliers u and v instead of the dual solution values 7 and o.
Finally, let us note that in most implementations of column generation
procedures, Farkas pricing is not performed in the explicit form stated previ-
ously. Instead, the RMP is often initialized with some variables corresponding
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to a previously computed heuristic solution or with artificial variables that
are penalized by a big M cost, like in the the simplex first phase. However,
due to the generic approach presented in this thesis, we restrict ourselves to
Farkas pricing for restoring feasibility of the RMP.

4.1.3 Finiteness and Correctness

We conclude this section with two theorems proving the finiteness and the
correctness of the column generation procedure as described above.

Theorem 4.5 (Finiteness of the column generation process)
The column generation process terminates after a finite number of iterations.

Proof 4.6
In each iteration, we either are finished and stop or add at least one variable
of the master problem to the restricted master problem.

Since the number of variables in the master problem is finite, it is suffi-
cient to show that each variable is added to the RMP at most once.

When performing reduced cost pricing, we add a variable x;x to the RMP
only if the optimum c* of is achieved for i* and ¢* < 0. Since ¢* equals
the reduced cost of x;~, T« has negative reduced cost. The current solution to
the RMP, however, is optimal and thus, there exists no variable in the RMP
with negative reduced cost. Therefore, x;x was not part of the RMP before.

In the case of Farkas pricing, a variable is added only if it corrupts the in-
feasibility proof given by u and v. For the dual of the current RMP, (u”,vT)T
forms a ray; the variable that is added corresponds to a new constraint in the
dual of the RMP that limits this ray. If the variable that is added was part
of the RMP before, the corresponding dual constraint would have been part of
the RMP’s dual before, too. This is not possible since (ul,v")T is a ray in
the dual of the current RMP. O

Theorem 4.7 (Equivalence of master problem and RMP)
After the column generation process has finished, the following holds:

e The RMP is unbounded if and only if the master problem is unbounded.
o The RMP is infeasible if and only if the master problem is infeasible.

e The RMP has an optimal solution if and only if the master problem
has an optimal solution and each optimal solution to the RMP is also
optimal for the master problem.

Proof 4.8

The column generation procedure can be interpreted as a generalization of the
simplex method. Instead of explicitly enumerating all variables to find one
with negative reduced cost, the pricing step of the simplex method is implicitly
performed by solving the pricing problem. However, we give a formal proof
for the equivalence in the following.
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o If the RMP is unbounded, there exist a ray r € Qliw with cyr < 0,
A N7 >0, and B. yv = 0 that proves the unboundedness. Let 7 € Q'}
with 7; = rj ifi = Nj and7; = 0, ifi ¢ N. Then ¥ is a ray in the master
problem proving its unboundedness: cr = cyr < 0, A7 = A n7 > 0,
and BT = B. yv = 0. Hence, the master problem is also unbounded.

o If the RMP is infeasible, then there exist a vector (u’,v")T that proves
the infeasibility (see Section . This vector represents a ray in the
dual of the RMP with strictly positive objective function value. The
dual of the RMP contains the same variables as the dual of the master
problem—the RMP contains all constraints—but only a subset of the
constraints, since the RMP does not contain all variables contained in
the master problem.

The column generation process is finished, so we did not add a variable
in the last pricing round. Since the RMP is infeasible, we performed
Farkas pricing and searched for a variable x; in the master satisfying
ul' A ;+vTB.; > 0. We did not add a variable to the RMP, thus, such
variable does not exist in the master problem. So in the dual of the mas-
ter problem, adding (u”',v")T to a feasible solution preserves feasibility

as it does not increase the left-hand side of any of the constraints.

Thus, (u”',v")T is also a feasible ray in the dual of the master problem
with strictly positive objective function value. Therefore, the master
problem is infeasible, too.

o Let the RMP have an optimal solution. As the RMP is feasible and
the column generation process is finished, we performed reduced cost
pricing in the last pricing round but did not add a variable.

For the optimal solution of the RMP, we get a corresponding solution
Z in the master problem by setting the solution values of all variables
not contained in the RMP to 0. This solution is also a basic solution,
so we can perform a simplex iteration in order to improve it. In the
stmplex method, we search for a variable in the master that has negative
reduced cost w.r.t. . This is exactly what was done in the last pricing
round and since no variable was added to the RMP, all variables in the
master have non-negative reduced cost. Due to the optimality criterion
of the simplex method, T is an optimal solution of the master problem.

4.2 Solving the Dantzig-Wolfe Master Problem

When applying the Dantzig-Wolfe decomposition to a problem like described
in Chapter we get an extended problem with typically an exponential
number of variables. Now, we describe how the master problem—the LP
relaxation of this problem—is solved with a column generation approach.
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For the two different approaches to the Dantzig-Wolfe decomposition,
we get slightly different master problems, Model for the convexification
approach and Model and Model for the discretization approach.

In this section, we picture how the master problem of the convexifica-
tion approach (Model is solved. This can easily be transferred to the
non-aggregated and to the aggregated master problem for the discretization
approach (Model and Model , for the latter, one has to replace the
set [K] of all blocks by the set [L] of partitions. Hence, whenever we mention
the master problem in this section, we refer to Model

The master problem has less constraints than the original problem, but
in general exponentially many, implicitly given variables. Even if we would
generate all variables, reading in such a big LP would consume much memory
and solving it would be computationally hard.

In order to avoid this and since most of the variables will not be needed
in an optimal solution of the master problem, we use the concept of column
generation, which was introduced in the last section, to solve the master
problem to optimality. We focus on the reduced cost pricing in the following,
Farkas pricing is handled in the same way, replacing the dual solution values
by the Farkas multipliers and omitting the objective function coefficients.

As described in the last section, we regard a restricted master problem
(RMP) in which we do not consider all extreme points and extreme rays,
but only subsets P, C P, and Rj, C Ry, for k € [K]. Variables are added to
these subsets only when needed to improve the current solution or to repair
an infeasibility.

Before we state the pricing problem, we first take a look at the dual of
the master problem (Model [2.5)).

Model 4.9 (Dual Master Problem)

ma
Zhup =maz > bimi+ »_ pi
i=1 ]

ke[K
s.t. al;Tﬂ +pi < cl; Vp € Py, k € [K] (4.7)
aTr < VreRke[K]  (48)
>0
p free

The vector m € K/'* represents the dual variables related to the linking
constraints while p € KX refers to the convexity constraints .

As we miss out variables in the restricted master problem, the dual of the
restricted master does not contain all constraints of type and but
only those related to the extreme points p € Py, k € [K] and extreme rays
re Rk, k€ [K ]
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Looking for a variable that could improve the optimal solution of the RMP
equals searching a constraint of type or in the master problem that
is violated by the current dual solution of the restricted master problem.

For a given block k € [K], the reduced cost of the variable corresponding
to an extreme point p € Py are given as

_ (2.9
&y = cp — (1" ay + pr) = e 'p— (" Afp + py)

while an extreme ray r € Ry has corresponding reduced cost

-k _ k T
Cr=¢C —T

2.9
ak e Tr —nt Ak,
We get a variable with negative reduced cost belonging to block &k by
solving the MIP

¢ = min { (CkT — WTAk> T—pplTE Xk} . (4.9)

If ¢ > 0, there exists no column belonging to block k with negative
reduced cost, so no extreme point or extreme ray of conv(Xy) can improve
the RMP’s current solution.

If ¢; < 0 and finite, the optimum is achieved at an extreme point p
of conv(X}y) which has negative reduced cost w.r.t. the current solution of
the master problem. Thus, we can add a column to the RMP with objec-
tive function coefficient ¢, ”p and coefficients A*p and 1 in constraints (2.15)
and , respectively.

If ¢ = —oo, then there exists an extreme ray r of conv(Xj) with
(ckT — WTAk) r < 0 and we can add a column with objective function co-
efficient ¢;,Tr and coefficients A¥r and 0 in constraints and ,
respectively.

In order to solve the master problem to optimality, we start with solving
the RMP to optimality. Afterwards, we solve the pricing problems for
all blocks k € [K]. If we find a new variable with negative reduced cost, we
add it to the RMP and resolve it. We repeat this until all pricing MIPs have
non-negative objective values so that there exists no variable in the master
problem with negative reduced cost w.r.t. the current solution of the RMP.
The latter is therefore also optimal for the master problem.

There are multiple degrees of freedom concerning the pricing of new vari-
ables. We can stop the pricing routine after adding one variable, search the
variable with the most negative reduced costs, take all optimal solutions with
negative reduced costs or much more. We will discuss these options in the
next section.

Naturally, the optimal objective value 2%;,p of the RMP in each iteration
of the column generation process is an upper bound on the optimal objective
value zj,p of the master problem since it converges from above towards the
optimal master solution value. It is, however, in general not an upper bound
on the optimal objective value zj,p of the original problem, since the master
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problem does not respect the integrality restrictions in the original program.
Only if the current solution tranfers into a solution of the original program
that satisfies the integrality restrictions, the current solution to the RMP
corresponds to a feasible solution to the master problem and z%,,p is thus
an upper bound on z7)p.

Additionally, even if the master problem is not yet solved to optimality,
the optimal objective value 2%,,p of the RMP can be used to compute a
lower bound in case we know the optimal solution values ¢; to the pricing

problems (4.9) for all k € [K].

Theorem 4.10 ([97])

Let z7,)p be the optimal objective value of the current RMP and ¢, k € [K]
be the solution values to the pricing MIPs w. 1. t. the the RMP’s current
solution. Then

LBrup = Zgup + Y, & < 20p-
ke[K]

s a valid lower bound on the optimal objective value of the master problem.

4.3 Implementation Details

The solving process of the master problem is a crucial part of the branch-cut-
and-price solver in terms of performance: it typically consumes most of the
running time. Thus, it is very important to perform it as efficient as possible.

As described in the last sections, after solving the RMP, we solve pricing
problems of the form . They give rise to further variables that can be
added to the RMP to improve its solution—or fix an infeasibility—or the
proof, that the solvability of the RMP equals that of the master problem and
an optimal solution to the RMP—if existent—is also optimal for the master
problem.

The pricing process is structured into two components in our implementa-
tion: the variable pricer and a set of pricing solvers. The former coordinates
the pricing process, while the latter are called by the variable pricer to solve
a specific pricing problem. SCIP itself supports the use of variable pricers
(see Section and [I, Chapter 3]), so we implemented a plugin of this type
and included it into the SCIP instance corresponding to the extended prob-
lem. This type of plugin has two essential callbacks that are called during
the pricing process, one for Farkas pricing, the other for reduced cost pricing.
The former is called by SCIP whenever the RMP is infeasible, the latter is
called if the RMP is feasible. This is repeated until no more variables were
added in the last pricing round.

The concept of pricing solvers was added to the project by the author of
this thesis. They are used by the pricer in a black box fashion: Whenever
a specific pricing problem should be solved, it is given to the set of solvers.
The pricing problem is solved by one of the solvers and a set of solutions is
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returned. We chose this concept, which is similar to the way the LP solver
is handled in SCIP, in order to provide a possiblity to add further solvers
without the need to change the inner structure of the branch-cut-and-price
solver.

Although the usage of a problem specific pricing solver can improve the
performance of the pricing process by far, we will in the following focus on the
influence of the pricer itself since we discuss a generic approach to branch-cut-
and-price. Therefore, the default pricing solver incorporated in the current
version of GCG is used, which solves the pricing problem as a MIP using SCIP.
This is the most general pricing solver: each pricing problem is formulated
as a MIP, so the solver can solve all kinds of pricing problems. Solving
specific subproblems within a branch-and-bound algorithm by modeling them
as a MIP (a so-called “subMip”) and solving them with a MIP solver has
previously been applied successfully in primal heuristics and separators, for
a survey see [30].

The second pricing solver included in the current version of GCG is a knap-
sack solver. It serves as an example for a special purpose pricing solver. It will
be used in Chapter [7] to demonstrate the potential savings in computational
time when using such a solver.

Since the goal of this thesis was to develop a generic branch-cut-and-price
solver, we will concentrate on the MIP pricing solver, which was also used
for most of the computations presented in this thesis.

In the remainder of this section, we will discuss implementational de-
tails and parameters that can be adjusted to tune the pricing process. An
overview of the parameter provided by GCG, the symbols used for them in this
thesis and the effect of these parameters can be found in Appendix[B] We will
start with the Farkas pricing in Section and deal with the reduced cost
pricing in Section In the current version of GCG, we assume the pricing
problems to be bounded, so we only have to create variables corresponding to
extreme points in the pricing routine. Although this is to be extended in the
future, we only cover the case of creating extreme points in the following as
it also eases the presentation. Also for clarity reasons, we base the discussion
on the master problem of the convexification approach (Model . For the
discretization approach, pricing is performed in the same way, only when ag-
gregating blocks, the number of blocks that are actually treated changes from
K to L. In Section [4.4], we finally present computational results concerning
the described methods.

4.3.1 Farkas Pricing

When the current RMP is infeasible, the SCIP instance representing the ex-
tended problem automatically calls the variable pricer that we implemented.
The infeasibility proof by Farkas multipliers is provided by the LP solver.
The task of the Farkas pricing is to find a variable that corresponds to a dual
constraint that cuts off that ray.
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Farkas pricing problem

Given dual Farkas multipliers u € Q' corresponding to the linking
constraints and v € QF corresponding to the convexity constraints,
find a block k£ € [K] and a point p € Py of this block with

ul AFp + v > 0 (4.10)

or conclude that no such point exists.

If we have only one block (K = 1), the implementation is straightforward:
We solve the pricing problem

¢; = max {uTAkxk + vy, | a* € Xk:} . (4.11)

The solution corresponds to a point p € Pj. If ¢ > 0, the corresponding
extreme point is added to the set P, of points regarded in the RMP. If
¢; < 0, the infeasibility of the master problem is proven. The pricing round
is finished and SCIP calls the LP solver to reoptimize the RMP if and only
if variables were added in this pricing round. Afterwards, the variable pricer
is called again, if needed.

For the case of K blocks (and if these blocks were not aggregated for the
discretization approach), it gets more involved. For each block k € [K], we
have a pricing problem of the form and we have to solve these pricing
problems consecutively. During this process, we can stop solving the pric-
ing problems once we find a solution with positive objective function value.
However, we can also continue the pricing process and try to find multiple
variables. This implies more effort since we solve more pricing problems, but
it possibly gives rise to more variables to add to the RMP which hopefully
reduces the number of Farkas pricing rounds needed to restore feasibility of
the RMP. However, one variable suffices to cut off the dual ray (ul,vT)T
and thus, it is not clear whether adding more variables speeds up the solving
process. In particular, if the ray may be cut off only by variables of a specific
block, solving all remaining pricing problem without the hope to find other
variables is unnecessary.

Hence, we decided to stop the pricing procedure after finding one variable
that cuts off the dual ray and add just this variable to the RMP in the
default settings. Nevertheless, we introduced a parameter M; € [1,00] that
defines the maximum number of variables that are added in one Farkas pricing
round. In addition to that, using the parameter Ry € [0, 1], a relative limit
on the number of pricing problems that are solved in a pricing round can be
imposed. It is a relative limit, so setting Ry = 0.5 corresponds to solving half
of the pricing problems. If new variables were added after solving this part
of the pricing problems, the current pricing round is stopped, otherwise, it
is continued until a problem gives rise to variables that cut off the dual ray.
Note, that for all solutions of these problems with positive objective function
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value, that were found during the solving process of the pricing problem, we
add a variable to the RMP, in particular also for suboptimal solutions. By
setting Ry = 0, the pricing process is stopped after a pricing problem with
positive optimal objective function value is found and a variable is added for
each solution with positive objective function value, that was found during
the solving process.

In case we do not solve all pricing problems in a Farkas pricing round due
to these parameters, the order in which the pricing problems are examined is
very important. The goal is to solve those pricing problems at first that are
more likely to have a positive optimum. This way, we hope that the pricing
procedure can be stopped after solving a small number of pricing problems.

A possible order of the pricing problems can be defined in terms of the
dual Farkas multipliers v associated with the convexity constraints of the
blocks. A higher value corresponds to a higher probability that the optimal
objective function value of the problem is positive, especially if we have no
estimate for the value u” A*z* of optimal solutions z* of the different blocks
k € [K]. Hence, we solve the pricing problems in decreasing order of the dual
Farkas multipliers vy.

Input: Farkas multipliers u € Q™4 and v € QX w.r.t. linking and
convexity constraints, respectively

[y

Sort the pricing problems k& € K by v in descending order k1, ..., kg
fori«+ 1 to K do
Solve the pricing problem

W N

Cr, < max {uTAkix +oug, |z € in} .

4 if ¢, > 0 then
Add the computed optimal solution z* to the set Py,
stop!

Algorithm 1: Default Farkas Pricing Algorithm

For the problems that we regard in this thesis, this approach outper-
formes solving the problems in their natural order, i.e., by increasing block
number k, by far. We have to admit that most of the regarded problems have
rather similar blocks and a set partitioning structure in the master problem.
Therefore, the sets X}, of solutions to the pricing problems of the blocks are
similar and these variables lead to similar values u” A¥z* so that the optimal
objective function value of the pricing problems depends in large part on the
dual Farkas multipliers. However, many of the problems that are solved with
a Dantzig-Wolfe decomposition approach have that structure, so solving the
pricing problems in the specified order should perform well for most of these
problems. Nevertheless, for rather different blocks and arbitrary structure in
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the master problem, defining another order could be more efficient.
The default Farkas pricing method is pictured in Algorithm In Sec-
tion [4.4.1]) we give a comparison to some other settings.

4.3.2 Reduced Cost Pricing

In the reduced cost pricing routine, we look, from the theoretical point of
view, for a variable of the master problem with the most negative reduced
cost. This variable is added to the RMP and the process is iterated. For the
master problem obtained by the Dantzig-Wolfe decomposition, this translates
into solving the pricing problem for each block k € [K]. After that, if
and only if the best optimal objective value is negative, a variable is added to
the RMP that represents the extreme point given by the computed optimal
solution.

By solving all pricing problems, however, we potentially get a whole bunch
of variables that can improve the RMP’s current solution, namely for each
pricing problem with negative optimal objective value at least the variable
corresponding to the optimal solution. If we found further (suboptimal) so-
lutions with negative objective value during the solving process of the pricing
problems, we could add these variables as well. Note, that in Section [£.1], we
added only one variable to the RMP per pricing round, however, finiteness
and correctness of the pricing process are obviously conserved when adding
more than one variable. In this case, the size of the RMP grows faster and we
run the risk of creating variables that will never be part of the basis which
leads to a slowdown of the simplex algorithm. We have to trade this off
against the benefit that variables are created without further effort, which
would possibly have been created in one of the successive pricing rounds,
anyway.

Additionally, when adding only the variable with the most negative re-
duced cost, this variable will definitely be chosen to enter the basis, which
equals to the so-called Dantzig pivot rule of the simplex method. Compu-
tational experiments (see [32]), however, have shown that this pivot rule is
mostly inferior to more sophisticated rules, like steepest-edge pivot rules. We
will not go into details about pivot rules of the simplex method in this thesis
and refer to [85, [32] and the references given there, but we want to give an
indication, that adding more than just one variable to the RMP per round
can help to reduce the number of simplex iterations during the solving pro-
cess of the master problem. Since the LP solver is treated as a black box,
we do not know which pivot rule is used by it, thus we cannot modify the
pricing process to search the variable with the highest priority according to
this pivot rule and add just this variable. However, when adding more than
one variable, the LP solver can choose the “best” of the new variables to
enter the basis according to the pivot rule employed by it. Additionally, af-
ter performing one simplex iteration, there is the possibility that one of the
other newly created variables still has negative reduced cost and can further
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improve the objective function value. This way, we can reduce the number
of times pricing has to be performed and hopefully also the total time spent
for the solving process of the master problem.

Another approach to reduce the effort of the pricing routine is to stop
the pricing process after a given number of variables with negative reduced
costs were found in this pricing round, add these variables to the RMP and
iterate the process. That way, we do not solve the pricing problem as stated
in Section [4.1} since we do not calculate the most negative reduced cost. We
find, however, variables with negative reduced cost that can enter the basis
when the RMP is re-optimized. Finiteness and correctness of the procedure
is assured as long as we do not abort the pricing process before finding a new
variable. Thus, at least in the last pricing round, we have to solve all pricing
problems to optimality in order to guarantee that no variable with negative
reduced cost exists in the master problem that can improve the solution of
the RMP.

We included these approaches into our branch-cut-and-price solver GCG
and provide some parameters to tune them. In the following, we will name
the most important parameters and their influence.

First of all, let us notice that without imposing limits by parameters, we
solve all pricing problems and add all variables with negative reduced cost to
the RMP that were found in this pricing round. In particular, we also add
suboptimal solutions of the pricing problems as long as they have negative
reduced cost.

Since these can be quite a lot of variables, a maximum number M, € [1, 00|
of variables that are added per reduced cost pricing round can be specified.
In the default setting, it is set to 100.

In addition to that, we can choose whether the pricing routine is stopped
after this number of variables with negative reduced cost was found or, al-
ternatively, all pricing problems are solved and after that, the M, variables
with the most negative redced costs are added to the RMP. By choosing
the second possiblity, the parameter is called onlybest, together with a limit
M, = 1, we perform pricing as stated in Section i.e., we only add one
variable with the most negative reduced cost to the RMP.

Furthermore, we can limit the number of variables created for one block
in a pricing round by a value M, € [1, 00]. Setting this value to 1 corresponds
to taking into account only variables corresponding to an optimal solution of
a pricing problems while a greater value allows to create variables for sub-
optimal solutions, too. In the default setting, we set M, = oco. Apparently,
the parameters M, and M, overlap in some cases: By setting M, > M, or
M, < %, one of these parameters becomes redundant.

Like for the farkas pricing, we introduced a parameter R, € [0,1]. It is
a relative limit on the number of pricing problems that are solved in each
pricing round. If the limit is reached and new variables were added in the
current pricing round, the round is stopped, otherwise, it is continued until
improving variables have been found.
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In case we do not solve all of the pricing poblems in each pricing round
due to the parameter settings, it is also important, in which order the pricing
problems are examined. If we start with solving those pricing problems that
are expected to have the more negative solutions, we avoid solving instances
that are likely to have a non-negative optimum. The order can be specified by
the parameter sorting. The pricing problems can be solved in their natural
order, i.e., by increasing k (sorting = 0) or by decreasing dual solution value
of the convexity constraint corresponding to that block (sorting = 1), like
it is also done for the Farkas pricing. This makes use of the fact that for
each block, the negation of the corresponding dual solution value goes into
the reduced costs of the variables corresponding to that block. Hence, the
higher the value, the more likely it is that variables of the block have negative
reduced cost. It turned out that like for the Farkas pricing, this ordering of
the pricing problems is superior, so it is used per default.

Another approach to speed up the pricing process is the use of heuristics.
Instead of solving the pricing problems to optimality, we use a heuristic
that is expected to find “good” solutions in a reasonable amount of time.
For this purpose, each pricing solver can provide a routine that solves the
given pricing problem in a heuristic fashion. If a heuristic finds variables
with negative reduced costs, we add them to the RMP, according to the
previously defined settings. After that, the RMP is resolved and the process
is iterated. If the heuristic does not find any variable with negative reduced
cost, however, we have to solve the pricing problems to optimality in order
to find an improving variable or to prove that no such variable exists. The
usage of heuristics can be turned on with the parameter useheur, per default,
it is disabled.

For the MIP pricing solver, solving the problem heuristically is done by
solving the pricing problem with SCIP, too. In order to limit the effort spent
for the heuristic call of the pricing solver, we limit the number of solving nodes
and the number of stalling nodes. The first one is a hard limit on the number
of nodes that are at most processed, the latter defines the number of nodes,
that may be processed without finding an improving solution. Additionally,
we set a limit on the objective value of solutions, thus only solutions with
negative reduced costs are accepted and we cancel the solving process once
a given gap has been reached.

The reduced cost pricing process is presented in Algorithm [2]

4.3.3 Making Use of Bounds

In Section we defined a lower bound LBpyp on the optimal objective
value of the master problem that can be computed using the current optimal
solution 2%,,p of the RMP and the optimal solutions ¢, k € [K] of all pricing
problems (see Theorem . In the following, we describe how we use this

bound to speed up the solving process.
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Input: An optimal dual solution of the RMP 7 € Q™4, p € Q¥
w.r.t. linking and convexity constraints, respectively

nvars «<— (0 // number of variables added

heur < useheur // solve pricing problems heuristically?

V < 0 // set of variables found so far

Sort the pricing problems k € [K] according to the selected sorting
method and obtain an order kq,..., kg

fori«+—1 to K do

nvarsprob <— 0 // nr. of variables found in this problem
Solve the pricing problem

¢ < min { (ckiT - FTAki) x—pg | T € in} (4.12)

heuristically, if heur = TRUE, otherwise, solve it to optimality.
if ¢;, <0 then
for each solution x* of that is found (sorted increasingly
w. . t. objective function value) do
if (ckiT — WTA"’L') x* — pg, <0 then
if onlybest then
V — Vu{(z*i)}
nvarsprob «— nvarsprob + 1
else
Py, — By, U{z*}
nvars «— nvars + 1
nvarsprob «— nvarsprob + 1

if nvarsprob = M, or nvars = M, then
L break!

if nvars = M, or (i > R,- K and nvars > 0) then
L break!

if onlybest then
Sort the set V w.r.t. the reduced costs of the saved variables
for (z*,i) € V in increasing order w.r.t. reduced costs do
Pki <_Pkiu{x*}
nvars <— nvars + 1
if nvars = M, then
L break!

if nvars =0 and heur = TRUE then
heur «+— FALSE
Goto Line

Algorithm 2: Reduced Cost Pricing Algorithm
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Early branching First, it is possible to define a maximum number of
reduced cost pricing rounds mazrounds € [0,00] to be performed at each
node of the branch-and-price tree.

When creating a node, SCIP initially sets its local dual bound to the dual
bound of the father node, for the root node, it is set to minus infinity. This
local bound is automatically updated once the LP relaxation at the node
is solved to optimality. If maxrounds < oo and this number is exceeded
for a branch-and-price node, we do not know whether further variables with
negative reduced cost exist in the master problem. Thus, we did not solve
the master problem to optimality and the RMP’s optimal objective function
value is not a valid lower bound for the optimal solution value of the original
program.

However, the reduced cost pricing callback of variable pricers in SCIP
provides the possibility to specify a lower bound on the optimal objective
value of the local master problem. SCIP then automatically updates the
dual bound of the node to this value if it is better, i.e., higher, than its
current dual bound. Hence, in each pricing round in which the RMP and
all pricing problems are solved to optimality, the pricer computes the lower
bound LB gjp and returns this value so that SCIP updates the dual bound
of the node, if possible.

The behavior resulting from setting mazrounds < oo is denoted by early
branching in the following, since the solving of the current node is interrupted
and branching is performed “earlier”.

We decided to give no possibility to limit the number of Farkas pricing
rounds, since then we would not have a feasible solution to the current master
problem and would not even know whether such a solution exists. On the one
hand, if the current master problem is infeasible, proving this by completing
the Farkas pricing process allows us to prune the current node in the branch-
and-bound tree. On the other hand, if it is not infeasible, we will have to
restore the feasibility in its children, anyway. All the dual rays providing
an infeasibility proof at the current node can still proof the infeasibility in
the subsequent nodes, so they have to be forbidden by adding new variables
to the RMP, anyhow. Besides, without knowing a feasible solution of the
master problem, we do not have the guidance for the branching process that
is usually provided by the relaxator’s current solution.

Early branching typically results in a slower increase of the dual bound.
In return, the branch-and-price tree is explored faster and nodes that are
situated deeper in the branch-and-price tree are investigated earlier. Since
these nodes correspond to problems that are more likely to have an integral
solution (e.g., since some variables are fixed to integral values), it may result
in feasible solutions being found earlier in the solving process.

Due to the weaker dual bound, this is primarily useful when we do not
want to solve the problem to optimality, but want to find a solution with
a given quality, e.g., a solution that has at most 10% additional cost com-
pared to the optimal solution. Besides, this concept is often used for primal
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heuristics. For example, pricing is performed only at the root node. After
that, one hopes, that the current set of variables contains a feasible solution
to the extended problem and tries to find a solution quickly by branching in
a depth-first-search way (see [10]).

Per default, we set mazrounds = oo so the number of pricing rounds per
node is not limited.

Early termination Nevertheless, we use a weakened form of early branch-
ing, also called early termination of the pricing process (see [97]) even with
the default settings. In case we know that the objective function value of each
feasible solution is integral—e.g., if the original problem’s objective function
contains only integer variables with integral coeflicients—we stop the pricing
process if further improvements of the node’s dual bound will never have
any advantages with regard to the bounding process. In the following, we
describe how this is detected.

Let z%,p be the optimal objective value of the RMP and LB be the
current dual bound of the active node, i.e., the maximum of the parent node’s
dual bound and all feasible lower bounds LB rysp computed in former pricing
rounds at the current node. By solving the master problem to optimality,
we obtain a lower bound z},p on the optimal objective function value of the
current original problem. This one lies between the two former values, i.e.,
LB < z3p < 25p (see Section .

If [LB] > z},p then it follows [LB]| = [2};p|. This means, that the best
feasible solution for the current problem has objective value at least [ LB], so
we can set the lower bound of the node to [LB]. Solving the master problem
to optimality can lead to no better dual bound, thus we can stop the solving
process of the master problem. Actually, the dual bound of the node does
not have to be updated to [LB| as SCIP knows about the integrality of the
objective function value of each solution. Therefore, it prunes the node as
soon as a solution with value [LB] or better is found, even if the dual bound
LB is maintained.

This result can easily be generalized to problems, for which z € Q exists
such that each feasible solution has value k - z with k € Z: if [£2] > Zﬁ%,
the solving process of the master at the current node can be stopped.

By using early termination, we reduce the so-called tailing-off effect [57].
That means, that the column generation process finds a near optimal solution
in a reasonable amount of time, but obtaining optimality and proving it
typically needs many pricing rounds. Furthermore, the pricing problems often
get much harder to solve when the dual variables converge to the optimal
dual solution of the master problem. The long tail of computations needed
to prove the optimality is avoided by stopping the column generation earlier.

However, computing the exact lower bound by solving the master problem
to optimality can improve the effectiveness of methods that make use of
so-called pseudocosts. Pseudocosts denote the average increase in the dual
bound after tightening the bound of a certain variable (also see Section .
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They are used for example by branching rules [5], node selection strategies [,
and some primal heuristics [11].

Nevertheless, our computational studies (see Chapter [7) show that the
effort saved in the pricing routine compensates this disadvantage and the
overall computation time is decreased when using early termination. How-
ever, it can be deactivated with the abortpricing parameter.

Objective limit for LP solving Finally, let us note that the RMP is not
always solved to optimality before the pricing plugin is called. Like most
state-of-the-art MIP solvers, SCIP imposes a limit on the objective function
value of the LP. When solving the LP with the dual simplex algorithm,
e.g., after adding branching restrictions, the solving process of the LP is
stopped as soon as the objective value of the current LP solution is greater
or equal to the primal bound. By continuing the solving process of the LP,
we would obtain an optimal solution with an objective value not smaller than
the current objective value of the LP, hence also not smaller than the primal
bound. If the LP contains all variables explicitly, i.e., no pricers are active,
the current node can be pruned since the current problem cannot contain
solutions that are better than the incumbent.

If pricers are active, however, the current LP is just a restricted version
of the implicitly given actual LP. Therefore, by adding more variables to
the restricted LP, we can improve its optimal objective value and will finally
get an optimal solution for the actual LP. This solution can have a better
objective value than the optimal solution of the restricted LP, hence the node
must not be pruned. Instead, in order to obtain this optimal solution of the
actual LP, pricing has to be performed. If and only if the optimal objective
value is then still greater or equal to the primal bound, the node can be
pruned.

When the solving process of the LP was stopped due to the objective limit,
however, we do not need to solve the restricted LP to optimality. We can
use the current dual solution values, since this solution has to be forbidden
in the dual of the LP in order to obtain a primal LP solution that is better
than the primal bound. If we find variables with negative reduced costs, we
add them to the LP and iterate the process. If we do not find any variable
with negative reduced cost, then the current dual solution is feasible in the
dual of the actual LP and thus, the optimal solution value of the actual LP
is greater or equal to the primal bound and the node can be pruned.

4.4 Computational Results

In this section, we describe our experiences of the solving process of the
master problem. We investigate different settings and variants mentioned in
the last section and compare their effectiveness.

We focus on the master problem at the root node and investigate the effort
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needed to obtain feasibility of the RMP in Section In Section we
look at the process of solving the master problem to optimality. However,
we do not regard the impact on the performance of the total branch-and-
price process. We cannot guarantee that pricing strategies that dominate
the solving process of the master problem at the root node are also superior
for the branch-and-price process. For example, it could be an advantage to
create more variables at the root node even if the pricing process at the root
node takes slightly longer in this case, since the additional variables could
speed up the solving process of the master problem at subsequent nodes. On
the other hand, adding much more variables also slows down the simplex
algorithm and it is not clear whether these variables help in finding good
primal feasible solutions or actually derange this process.

Since the branch-and-bound process and different branching rules were
not yet introduced (this will be done in the next chapter), we will in the
following regard several possible pricing strategies and name a subset that
seems to perform well. In Chapter [7} we will then compare some strategies
with respect to the branch-and-price process.

4.4.1 Farkas Pricing

We ran benchmarks to compare the performance of the default Farkas pricing
settings (see Algorithm (1)) with the following variations.

e “All vars”: all pricing problems are solved in each pricing round and
all variables are added to the RMP that cut off the dual ray, i.e., fulfill
condition (4.10)). This corresponds to M; = occ.

e “No sort.”: like in the default setting, just one variable is added to the
RMP per pricing round, but the pricing problems are not sorted w.r. t.
the dual Farkas multipliers v, instead they are solved in their natural
order.

e “2 vars”: the pricing problems are sorted as for the default settings,
but instead of adding just the first variable, we add up to two variables.
With this setting, we want to investigate, whether adding not just one,
but also not all variables found is a good idea. This corresponds to
My =2.

e “2%7”: the pricing problems are sorted as for the default settings, but
instead of adding just the first variable, we solve 2% of the pricing
problems. The pricing round is stopped, if variables were added so far,
otherwise, it is continued until the first variable is added. We obtain
this behavior for My = oo and R; = 0.02.

e “1 prob”: the pricing problems are sorted as for the default settings,
but instead of adding just the best solution of a pricing problem, we
add all solutions of the problem that have a positive objective function
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value. As soon as a pricing problem gave rise to new variables, the
pricing round is stopped. This corresponds to M; = oo and Ry = 0.

Table summarizes the results, further details can be found in Ta-
bles to in Appendix [D] The computational environment and the
test sets are described in Section [3.3]

The upper and middle part of Table picture the number of pricing
rounds and solved pricing problems, respectively, the lower part the time that
was needed to achieve feasibility of the RMP at the root node. We excluded
the time needed for presolving, problem creation, primal heuristics etc. and
list only the sum of pricing and LP solving time. The solving process was
stopped after at most 5 minutes.

The first column shows—in absolute numbers—for each test set the shif-
ted geometric mean of these values when performing Farkas pricing with
default settings. The columns “all vars”, “no sort.”, “2 vars”, “2%”, and
“1 prob”, show the percental change in the shifted geometric mean for the
variations compared to the default settings.

We used the convexification approach for these computations so the iden-
tical blocks in the vertex coloring and the bin packing problem where treated
independently. Hence, for these problems, all pricing problems have equiva-
lent optimal solutions, so the pricing problems with greater Farkas multipli-
ers have better optimal objective values. The same holds for the capacitated
p-median problem (CPMP): The only difference between the blocks is the ob-
jective function, which is disregarded for the Farkas pricing. For the resource
allocation problems, obtaining feasibility is rather easy since setting all vari-
ables to zero in the original problem gives us a feasible solution. Therefore,
for each of the pricing problems, the zero solution has to be found and the
corresponding variable has to be added to the RMP in order to restore fea-
sibility. Nevertheless, the presented results give us some indication for the
impact of the different settings.

For the default settings (column “default”), we solved exactly one pricing
problem per round, which was to be expected due to the similar structure of
the pricing problems.

When adding all variables (column “all vars”), the shifted geometric mean
of the number of pricing rounds is decreased by 68%. This was to be expected
since we add more variables in each round, in particular, in each round we
also add the variable that would be added when performing this pricing round
with default settings. The additional variables potentially cut off other dual
rays that would have caused an infeasibility in a subsequent iteration. In
return, we have to solve all pricing problems in each pricing round, hence we
solve about sixteen times as many pricing problems in spite of the consid-
erably smaller number of pricing rounds. Because of this, the total running
time increased more than sevenfold.

When not sorting the pricing problems (column “no sort.”), the number
of pricing rounds, the number of pricing problems that are solved, and the
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test set default all vars  no sort. two vars 2 % 1 prob
cpPMP50Ss 238.4 -60 +763 -25 -32 -32
cPMP100s 571.3 -67 +1038 -30 -49 -41
cPMP150s 1011.4 =77 +424 -35 -57 -48
cpPMP200s 1457.7 -82 +126 -38 -60 -52
£  COLORING 241.1 -40 +829 -10 -8 -4
% RAP32S 37.7 0 0 0 0 0
= RAPOG4S 19.0 0 0 0 0 0
BINDATA1-N1S 227.3 -73 +771 -24 -11 -4
BINDATA1-N2S 545.6 -78 +684 -24 -37 -15
BINDATA1-N3S 1463.0 -84 +237 -24 -56 -8
mean 385.4 -68 +353 -23 -38 -25
CPMP50S 238.4 +1895 +1938 +773 -32 -32
cPMP100s 571.3 +3209 +3453 +1215 +3 -41
cPMP150s 1011.4 +3428 +2315 +1553 +30 -48
" cPMP200s 1457.7 +3563 +1831 +1880 +60 -52
GEJ COLORING 241.1 +1251 +1444 +163 +9 -4
%‘ RAP32S 37.7 +3444 +1744 +3444 +23 0
5, RAP64s 19.0 +1721 +885 +1721 0 0
BINDATA1-N1S 227.3 +906 +6052 +319 -3 -4
BINDATA1-N2S 545.6 +1517 +5372 +505 +27 -15
BINDATA1-N3S 1463.0 +2273 +1618 +809 +57 -8
mean 385.4 +1690 +1849 +745 +16 -25
cPMP50s 0.5 +891 +2603 +76 -30 -31
cpMP100s 3.6 +4964 +7982 +95 -40 -58
cPMP150s 15.2 +1964 +1854 +52 -31 -62
cpMP200s 50.7 +501 +481 +21 -26 -T2
o COLORING 3.9 +903 +5294 +117 +10 -3
E RAP32s 0.1 +193 +99 +194 +2 +1
~  RAP64S 0.0 +79 +40 +80 0 0
BINDATA1-N1S 0.2 +151 +10832 +40 -1 +1
BINDATA1-N2S 1.1 +852 +27542 +177 -14 -23
BINDATA1-N3S 8.5 +701 +3315 +134 -31 -1
mean 5.2 +602 +1857 +63 -21 -44

Table 4.1. Performance effect of different variants of the Farkas pricing for obtaining
feasibility of the RMP at the root node. The first column denotes the shifted geometric
means of the number of pricing rounds (top), the number of pricing problems that were
solved (middle) and the master problem solving time in second (bottom) for the default
settings. The other columns denote the percental changes in the shifted geometric mean of
the values for the other settings. Positive values represent a deterioration, negative values
an improvement.
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solving time of the master problem are increased by far. The increase of the
number of pricing problems is consequential, since for the default settings, the
pricing problem that is solved first has the best solutions due to the structure
of the problems in our test set. Hence, we only solve one pricing problem
per pricing round for the default settings. When not sorting the pricing
problems, it can happen that we need to solve several pricing problems until
we find a solution with positive objective function value. However, also the
number of pricing rounds is more than quadrupled. This can be explained by
the fact, that we add a variable with negative objective value in its pricing
problem, but there also exists an equivalent variable in the pricing problem
with the highest corresponding Farkas multiplier, which thus has a better
objective function value and which is added in the default settings. This
shows, that also for the Farkas pricing, adding variables that have a better
objective function value in the pricing problem reduces the number of pricing
rounds by far. A motivation for this is that a variable with better objective
value in its pricing problem corresponds to a potentially tighter constraint
in the dual of the RMP, at least, it only allows smaller multiples of the ray
given by the dual Farkas multipliers than a solution with smaller objective
function value.

Adding at most a given number of variables in each pricing round—
we tried adding two variables in each round (column “two vars”)—helps in
decreasing the number of pricing rounds, but it has an essential drawback: If
there only exists one variable that fulfills condition , we have to solve
all the pricing problems. This results in an eightfold increase of the number
of pricing problems that are solved, although the number of pricing rounds
is decreased by 23% in the shifted geometric mean. Therefore, the shifted
geometric mean of the total time is increased by 63%, too.

In order to overcome this drawback, we limit the number of pricing prob-
lems that are solved and not the number of variables added. Column “2%”
shows the results for solving 2% of the pricing problems and adding all vari-
ables that are found during this process. If no variable was found so far,
we continue the pricing round until variables are added, otherwise, we stop
the pricing round. This way, we obtain a decrease in the shifted geometric
mean of the number of pricing rounds of 38% with a moderate increase of
only 16% in the number of pricing problems that are solved. The shifted
geometric mean of the total time is even decreased by 21%.

Finally, we tried to add all variables of a pricing problem instead of only
the first one (column “one prob”). This way, we still solve just one pricing
problem per pricing round, but we add more variables and thus, we can
reduce the number of pricing rounds by 25% and the total time by 44%.
Hence, this variant seems to be superior to the default settings.

Finally, let us note that adding two variables led to one timeout, adding
all variables resulted in 38 timeouts and without sorting the pricing problems,
the time limit was reached by 95 out of 198 instances, so the results for these
settings would have been even worse without imposing a time limit.
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We draw the following conclusions that are valid at least for our test sets:

e Adding better variables, i.e., variables with higher objective function
value in the pricing problems, significantly reduces the number of pric-
ing rounds and the number of pricing problems that are solved as well
as the total time.

e Although one variables suffices to cut of the dual ray, adding more
variables per pricing round typically reduces the number of pricing
rounds.

e However, a fixed limit greater than one—also infinity—of variables to
add typically increases the number of pricing problems, that are solved
and also the total time, since all problems have to be solved if this
number is not exceeded. Imposing a limit on the number of pricing
problems is therefore superior.

Aggregating blocks in the discretization approach

Until now, we only investigated the Farkas pricing strategies for the convexi-
fication approach. In the following, we give a comparison between convexifi-
cation and discretization approach. When not aggregating blocks, the pricing
process is exactly the same for both approaches. Hence, we only investigate
the vertex coloring and the bin packing instances in this subsection, for which
blocks are identical and can thus be aggregated. In Table we picture the
number of pricing rounds, the number of pricing problems that are solved
and the solving time of the master problem for setting “1 prob”, which out-
performed the default settings for the convexification approach. Since we
only have one pricing problem in the discretization approach, we do not have
the variety of possible pricing strategies as in the convexification approach.
We solve one—the only—pricing problem. We tried two possibilities of how
many variables are added. On the one hand, we can add to the RMP just
one variable corresponding to an optimal solution. This is done in setting
“disc best”. On the other hand, we can also add all variables corresponding
to solutions with positive objective function value that were found during
the solving process of the pricing problem. The results for this approach are
listed in column “disc all”.

Setting “disc all” resembles “1 prob” for the convexification approach,
where we solve the pricing problem with the most positive dual Farkas mul-
tiplier and add all variables corresponding to solutions with positive objective
function value, afterwards. Although this sounds similar, setting “disc all” is
superior in terms of pricing rounds, pricing problems that are solved and total
time needed for Farkas pricing at the root node. In the convexification ap-
proach, it may happen that a variable representing a point was created in one
of the blocks, but a variable corresponding to the same point will be needed
in another block later on. Then, in another pricing round, this variable has
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test set 1 prob disc all disc best
COLORING 232.4 -26 -24
2 BINDATA1-N1S 219.1 -72 -71
g BINDATA1-N2S 462.1 -74 -72
©  BINDATAI1-N3S 1352.8 -83 -81
mean 442.5 -69 -67
COLORING 232.4 -26 -24
£ BINDATAI-NIS 219.1 -72 -71
=  BINDATA1-N2S 462.1 -74 -72
% BINDATA1-N3S 1352.8 -83 -81
mean 442.5 -69 -67
COLORING 3.7 -24 -20
BINDATA1-N1S 0.2 -15 -14
% BINDATA1-N28 0.8 -73 -64
< BINDATA1-N3S 8.4 -95 -91
mean 2.9 -73 -68

Table 4.2. Performance effect of the discretization approach for obtaining feasibility of
the RMP at the root node. The first column denotes the shifted geometric means of the
number of pricing rounds (top), the number of pricing problems that were solved (middle)
and the runtime (bottom) for the convexification approach with setting “1 prob”, The next
columns denote the percental change in the geometric mean of these values when using the
discretization approach and adding only the best variable (second column) or all variables
that cut off the dual ray (third column). Positive values represent a deterioration, negative
values an improvement.

to be created, too. This cannot happen in the discretization approach with
aggregated blocks since we do not distinguish the blocks and only have one
pricing problem. In some sense, the pricing in the discretization approach
is similar to pricing in the convexification approach, thereby adding not just
variables for one block, but the equivalent variables for all the other blocks,
too. However, this leads to a much bigger RMP slowing down the simplex
method and also the number of constraints in the RMP is slightly smaller for
the discretization approach since we have just one convexity constraint.

Like for the convexification approach, adding just one variable per round
is inferior to adding all variables with positive objective function value of one
problem (which this time is the only one). Thus, we should think about
changing the default setting from adding just one variable to adding all
variables of one problem with positive objective function value for both ap-
proaches. However, we do not know whether adding all variables is also
superior w.r.t. the branch-and-price process. We performed computations
about this and answer this question in Section

To sum up, the discretization approach outperforms the convexification
approach in the case of identical blocks as it was to be expected. Especially
for test sets BINDATA1-N2S and BINDATA1-N3s, where each instance has 100
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and 200 identical blocks, respectively, feasibility of the RMP is obtained
about four and twenty times faster, respectively.

4.4.2 Reduced Cost Pricing

In this subsection, we present some computational results for the reduced
cost pricing. We just list the effort of the reduced cost pricing process of the
master problem at the root node, so we excluded the effort for the Farkas
pricing process. Furthermore, for the time listed in the tables, we also elimi-
nated the time needed for presolving, problem creation, primal heuristics etc.
and list only the time needed for the solving process of the master problem,
i.e., the sum of pricing and LP solving time. We imposed a time limit of five
minutes for each instance, except for the resource allocation problems where
we set a time limit of thirty minutes as the solving process of the master
problem takes much longer for these instances.

Again, we start with a comparison of some fundamental strategies. The
default pricing routine adds at most 100 variables to the RMP in each pricing
round (M, = 100). The pricing process is stopped after this number of
variables was added, so we set onlybest = FALSE. We do neither limit the
number of variables created per pricing problem (M, = 0o) nor the number of
pricing problems that are solved in a single pricing round (R, = 1). Table
summarizes the results of the computations. More details can be found in
Tables [D.11] to [D.20l

A first observation is the considerably smaller number of pricing rounds
for the default settings compared to Farkas pricing, which corresponds in
parts to the fact that we add much more variables in each pricing round.
In the shifted geometric mean, about 30 pricing problems are solved in each
pricing round and the time needed for reduced cost pricing is about six times
higher than the time needed for Farkas pricing. This shows, that the reduced
cost pricing is much more important than the Farkas pricing for the overall
performance. This holds even more for the branch-and-price process since at
the subsequent nodes, we start with the set of variables that were created
before so we have to perform just a few—if any—Farkas pricing rounds to
repair an infeasibility caused by the branching restrictions.

Pricing strategy “only best” solves all pricing problems and adds the vari-
able with the most negative reduced cost. This corresponds to the pricing
process as we described it from the theoretical point of view in Section
We set M, = 1 and onlybest = TRUE. This pricing method does not per-
form well: The number of pricing rounds, the number of pricing problems
that are solved and the time needed for reduced cost pricing are increased
by far. Actually, the values would have been even worse if we had not im-
posed a time limit: 101 out of 198 instances hit the time limit and were thus
stopped before the master problem was solved to optimality. This is also
the explanation for the decrease of the number of pricing rounds for test set
BINDATA1-N3S. As conjectured in Section [.3.2] adding more than just the
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test set default only best  all vars  100best  one prob
cpPMP50Ss 21.7 +1319 -15 +3 +2245
cPMP100s 35.8 +1761 -34 +5 +2890
CcPMP150s 51.3 +662 -46 +5 +2979
cpPMP200s 69.6 +118 -55 -4 +2160
£ COLORING 40.5 +12 -21 -22 +21
% RAP32S 48.4 +332 -63 -51 +602
= RAPOG4S 35.3 +190 -56 -45 +324
BINDATA1-N1S 34.2 +55 +5 +7 +7
BINDATA1-N2S 79.1 +64 -2 +18 -6
BINDATA1-N3S 132.6 -19 -26 -14 -14
mean 52.2 +237 -32 -10 +511
CPMP50S 753.3 +1916 +20 +42 +333
cPMP100s 1539.0 +4214 +51 +136 +712
cpPMP150s 2515.1 +2210 +62 +212 +671
" cPMP200s 3534.6 +729 +73 +273 +402
% COLORING 487.3 +71 +24 +24 -83
%‘ RAP32S 792.2 +831 -14 +12 +390
5, RAP64s 321.9 +453 -6 +14 +159
BINDATA1-N1S 937.4 +77 +22 +25 -92
BINDATA1-N2S 3370.1 +166 +b5 +89 -95
BINDATA1-N3S 6902.7 +128 +98 +142 -96
mean 1438.0 +551 +35 +81 +9
cPMP50s 1.9 +1548 +27 +49 +462
cpMP100s 4.5 +3608 +84 +159 +788
cPMP150s 9.3 +2920 +112 +237 +799
cpMP200s 16.5 +1270 +129 +281 +622
o COLORING 34.1 +52 +23 +21 -82
E RAP32s 178.0 +684 -16 +4 +427
~  RAP64S 289.7 +342 -10 +7 +198
BINDATA1-N1S 6.8 +149 +25 +25 -90
BINDATA1-N2S 51.1 +190 +64 +82 -88
BINDATA1-N3S 106.7 +160 +138 +127 -90
mean 33.8 +438 +37 +62 +47

Table 4.3. Performance effect of different variants of reduced cost pricing for solving the
master problem to optimality at the root node. We list the shifted geometric means of the
number of pricing rounds (top), the number of pricing problems that were solved (middle)
and the runtime (bottom) for reduced cost pricing with default settings (first column).
The other columns denote the percental changes in the shifted geometric mean of these
values for the other settings. Positive values represent a deterioration, negative values an
improvement.
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variable with the most negative reduced cost speeds up the solving process
by far.

Strategy “all vars” is the opposite: We solve all pricing problems and add
all variables to the RMP that are found during the solving process and that
have negative reduced costs. Therfor, we set M, = oo, M, = oo, and do not
limit the number of pricing problems that are solved in each pricing round
(R, = 1). As for the Farkas pricing, this typically reduces the number of
pricing r